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Abstract. Shininess is one of the main theory combination methods4

in Satisfiability Modulo Theories. We present two infinite families of5

generalizations of it: one involving a property between gentleness and6

shininess, which helps us see gentleness itself as a variation of shininess;7

and another having no further computability requirements on the weaker8

theory, in addition dropping the need for smoothness. We prove these9

methods sharp, and compare them with existing methods.110

1 Introduction11

There are three combination methods that have become widespread. First and12

foremost, the Nelson–Oppen method [7], requiring the two theories to be com-13

bined to be decidable and stably infinite. In a close second place, the polite14

method, which requires one theory to be decidable and strongly polite while the15

other is allowed to be simply decidable [9,5]; it is known, thanks to [1,2] that,16

for decidable theories, strong politeness is equivalent to shininess [10], a prop-17

erty that is more difficult to implement but is easier to understand. And, finally,18

the gentle method [4], which requires a theory to be gentle and the other to be19

decidable and have computable finite spectra [11].20

These methods are all sharp [8], e.g.: a decidable theory that can be combined21

with all decidable theories must be strongly polite or, equivalently, shiny. The22

machinery necessary to prove sharpness of combination methods, involving the23

notions of test theories and a Galois connection, also provides a reasonably effec-24

tive approach to finding new combination methods. We showcase this feature by25

producing two infinite families of methods closely resembling shiny combination.26

The first is inspired by a method from [8] involving the notions of n-decidability27

and n-shininess. It offers a new way of understanding gentleness as a variation28

of shininess, helping contextualize that method. The second comes from drop-29

ping smoothness from the definition of shininess, a quite restrictive and often30

undesirable requirement, which imposes no computability requisites other than31

decidability on the weaker theory to be combined (much like the Nelson–Oppen32

and strongly polite combination methods).33

We start with some basic notions necessary for the rest of the paper in Sec-34

tion 2. Sections 3 and 4 give two sets of generalizations of shininess. In Section 535

we prove that these new combination results are sharp, in the sense that they36

1 Funding: U.S-Israel Binational Science Foundation (BSF) grant 2024049, and Israel
Science Foundation (ISF) grants 619/21 and 209/25.
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≠ (x1, . . . , xn) =
n−1
⋀
i=1

n

⋀
j=i+1

¬(xi = xj)

ψ≥n = ∃x1, . . . , xn. ≠ (x1, . . . , xn)

ψ≤n = ∃x1, . . . , xn. ∀ y.
n

⋁
i=1
y = xi

ψ=n = ψ≥n ∧ ψ≤n

Fig. 1. Cardinality formulas

cannot be theoretically strengthened. A brief conclusion and plans for future37

work can be found in Section 6.38

2 Preliminaries39

We denote N ∖ {0} by N∗, for any S ⊆ N the set N ∪ {ℵ0} by Sω, and {n ∈ Nω ∶40

p ≤ n ≤ q} by [p, q].41

2.1 First-order logic42

We review standard definitions and notations regarding first-order logic. For43

more details, see, e.g., [3]. A signature Σ is an at most countable infinite set of44

function and predicate symbols with fixed arities and containing equality. Two45

signatures are disjoint if they share only the equality symbol; Fixed a countably46

infinite set of variables, we define literals, formulas and sentences (formulas with47

no free variables) as usual; let QF (Σ) be the set of quantifier-free Σ-formulas.48

A Σ-interpretation A is a non-empty set dom(A) (its domain) equipped49

with functions fA and predicates PA over dom(A) of the same arity as their50

corresponding symbols, and values xA ∈ dom(A) assigned to all variables x. We51

define the truth-value of a formula φ in an interpretation A in the usual way,52

and if that value is true we write A ⊧ φ. In Figure 1 the formula ≠ (x1, . . . , xn)53

states the variables x1 through xn all take different values (for n ≥ 2, when n = 154

we can take it to be any tautology); the formulas ψ≥n, ψ=n and ψ≤n state that55

there are at least, exactly, and at most n elements in the domain, respectively.56

A Σ-theory is a set of Σ-sentences, called its axioms, and if an interpre-57

tation satisfies all of them it is said to be a T -interpretation. A formula is58

T -satisfiable if there is at least one T -interpretation that satisfies it. A Σ-59

theory T is decidable when there is an algorithm that takes a quantifier-free60

Σ-formula and returns whether or not it is T -satisfiable. Given signatures Σ161

and Σ2, Σ1 ⊔Σ2 is their disjoint union, which is the union of their symbols after62

renaming them to avoid overriding; and given a Σ1-theory T1 and a Σ2-theory T2,63

their disjoint combination T1 ⊔ T2 is the Σ1 ⊔Σ2-theory with axiomatization64

equal to the union of T1 and T2 (after possible renaming).65

The spectrum Spec
T
(ϕ) of a formula φ in a theory T is the subset of Nω66

of those elements n such that there exists a T -interpretation A with A ⊧ φ and67

∣dom(A)∣ = n. We use the following ubiquitous result in first-order logic.68

Theorem 1 ([6, Theorems 2.3.4 and 2.3.7]). Let ∆ be a set of formulas69

over a countable signature, and let κ ≥ ℵ0. Then, ∆ is satisfied by an interpre-70

tation of size κ if and only if it is satisfied by an interpretation of size ℵ0.71
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The following is a classical result we make use of, obtained as an immediate72

corollary from compactness.73

Corollary 1. If ϕ is T -satisfiable but ℵ0 ∉ Spec
T
(ϕ) then Spec

T
(ϕ) is finite.74

2.2 Theory combination and its Galois connection75

T is said to have computable finite spectra [11] when there is an algorithm76

that takes a quantifier-free formula ϕ and an n ∈ N∗, returning whether n ∈77

Spec
T
(ϕ). A theory T is stably infinite if Spec

T
(ϕ) ≠ ∅, for a quantifier-free78

ϕ, implies ℵ0 ∈ Spec
T
(ϕ). A theory T is smooth when, for every quantifier-79

free ϕ, T -interpretation A ⊧ ϕ and κ ≥ ∣dom(A)∣, there is a T -interpretation80

B ⊧ ϕ with ∣dom(B)∣ = κ. T has the finite model property when, for every81

T -satisfiable quantifier-free formula ϕ, Spec
T
(ϕ)∩N∗ ≠ ∅. And, if T is decidable,82

its minimal model function is the function minmodT that takes a quantifier-83

free formula ϕ and returns minSpec
T
(ϕ), if that set is not empty (and any value84

in Nω otherwise). A theory is then said to be shiny [10] when it is smooth, has85

the finite model property, and its minimal model function is computable.86

Proposition 1. A theory is shiny if and only if there is an algorithm that takes87

a quantifier-free formula ϕ and returns an n ∈ N such that Spec
T
(ϕ) = ∅ if n = 0,88

or Spec
T
(ϕ) = [n,ℵ0] otherwise.89

Proof. Suppose T is shiny: if ϕ is not T -satisfiable we return 0; if it is, we
make n = minmodT (ϕ). This value is in N because T has the finite model
property; and Spec

T
(ϕ) = [n,ℵ0] because T is smooth. For the reciprocal, we

make minmodT (ϕ) = n; T has the finite model property because this value is
always in N; and it is smooth because Spec

T
(ϕ) = [n,ℵ0] and due to Theorem 1.

⊓⊔

A theory T is gentle ([4], though we use the equivalent definition of [11])90

when there is an algorithm that takes a quantifier-free formula ϕ and returns91

a pair (S, b), where S ⊂ N∗ is finite and b is a Boolean, such that: if b is true,92

Spec
T
(ϕ) = S; and if b is false, Spec

T
(ϕ) = Nω∖S. Using the notations for sets2 of93

theories found in Table 1 we present the following proposition, whose proof can94

be found in Proposition 6.1 of [8]. It says that for decidable theories, shininess95

implies gentleness, that in turn implies having computable finite spectra.96

Proposition 2. Tshiny ⊆ Tgentle ⊆ TCFS ⊆ T.97

One important tool in what is to come is the following result from [4,8] .98

Lemma 1 (Fontaine’s lemma). T1 ⊔ T2 is decidable iff the following prob-99

lem is decidable: given conjunctions of literals φ1 and φ2, determine whether100

Spec
T1
(φ1) ∩ Spec

T2
(φ2) = ∅.101

2 These, in principle, would not constitute sets, but proper classes. But, we can select
all symbols for our (countable) signatures from a countable pool of symbols to ensure
these are sets.
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Symbol Description (decidable and . . . ) Definition
T —

Section 2
Tshiny Shiny
Tgentle Gentle
TSI Stably infinite
TCFS Computable finite spectra
TS-d S-decidable

Section 3
TS-s S-shiny
TS-r S-restricted

Section 4
TS-f S-final

Table 1. Notations for sets of theories.

Two theories are combinable if their disjoint union is decidable, and two102

sets of theories are combinable if any theory in the first is combinable with any103

theory in the second; if one of these sets is a singleton, we may simply say the104

theory it contains is combinable with the other set. For each X ⊆ T, let G(X) be105

the set of all decidable theories that are combinable with X, that is, the largest106

set of decidable theories that is combinable with X.107

If X ⊆ Y , as every theory combinable with Y is also combinable with X, we108

get G(Y ) ⊆ G(X); and X is combinable with Y iff Y is combinable with X,109

meaning X ⊆ G(Y ) iff Y ⊆ G(X). Both these facts make G an antitone Galois110

connection with respect to ⊆. A combination theorem typically says two sets111

of theories are combinable, meaning X ⊆ G(Y ) and Y ⊆ G(X). Such a theorem112

is sharp if, in fact, X = G(Y ) and Y = G(X). In this case G(G(X)) = X and113

G(G(Y )) = Y , which is the same as saying, in lattice theory, that X and Y are114

closed; for an arbitrary X, G(G(X)) is its closure, the minimum closed set115

containing X.116

3 First Generalization117

We now provide a new combination method, which generalizes shiny combi-118

nation, and requires the following properties, that parameterize shininess and119

decidability by a computable set S.120

Definition 1. Take a computable set S ⊆ N∗.121

1. A decidable theory T is S-decidable when there is an algorithm that takes a122

quantifier-free formula ϕ and an n ∈ N∗ and returns: whether n ∈ Spec
T
(ϕ)123

if n ∈ S; and an arbitrary Boolean value otherwise.124

2. A decidable theory T is S-shiny if there is an algorithm that takes a quantifier-125

free formula ϕ and returns a pair (n,S0), where n ∈ N and S0 is a finite126

subset of S (possibly empty), such that: if n = 0, Spec
T
(ϕ) = S0; if n ≠ 0,127

Spec
T
(ϕ) = S0 ∪ [n,ℵ0].128
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Algorithm 1 Pseudocode for showing T is S-decidable if it is S-shiny.
1: function SD(ϕ,m)
2: (n,S0) ← computed for T and ϕ, according to Definition 1
3: if m ∈ S0 then return true
4: else
5: if n > 0 then
6: if m ≥ n then return true
7: return false

Remark 1. n-decidability and n-shininess were defined in [8] for any n ∈ N∗. The129

former corresponds to {n}-decidability, the latter to {n}-shininess.130

Now, it was shown in [11] that every shiny theory is decidable. This also131

holds for the new generalizations.132

Proposition 3. An S-shiny theory is S-decidable.133

Proof. Suppose T is S-shiny, and that we are given a quantifier-free ϕ and an
m ∈ S: we want to return whether m ∈ Spec

T
(ϕ). As T is S-shiny, there is an

algorithm that takes ϕ and returns a pair (n,S0) such that S0 ⊆ S is finite,
if n = 0 then Spec

T
(ϕ) = S0, and otherwise Spec

T
(ϕ) = S0 ∪ [n,ℵ0]. If n = 0,

m ∈ Spec
T
(ϕ) iff m ∈ S0; otherwise m ∈ Spec

T
(ϕ) iff m ∈ S0 or m ≥ n. This

procedure may be seen in Algorithm 1. ⊓⊔

First, we show that these notions are indeed generalizations of decidable and134

shiny theories, in particular when S is taken to be the empty set. Additionally,135

we show that when S is taken to be the entire set N∗, we get computable finite136

spectra and gentleness. This shows gentle and shiny theory combination are two137

ends of a spectrum: gentleness is the weakest form of S-shininess, and shininess138

the strongest; reciprocally, having computable finite spectra is the strongest form139

of S-decidability, and decidability itself the weakest.140

Proposition 4. T∅-d = T, TN∗-d = TCFS, TN∗-s = Tgentle, and T∅-s = Tshiny.141

Proof. T∅-d = T should be clear, as no condition is imposed on its theories other142

than being decidable. If a theory T is in TN∗-d then there is an algorithm that143

takes a quantifier-free formula ϕ and an n ∈ N∗ and returns whether n ∈ Spec
T
(ϕ),144

what corresponds precisely to the definition of having computable finite spectra.145

That T∅-s = Tshiny follows from the fact that in a ∅-shiny theory T there146

is an algorithm that takes a quantifier-free formula ϕ and returns a pair (n,∅)147

such that: either n = 0 and Spec
T
(ϕ) = ∅ (meaning ϕ is not T -satisfiable); or148

n ∈ N∗ and Spec
T
(ϕ) = [n,ℵ0], as expected of a shiny theory by Proposition 1.149

Finally, it is clear N∗-shiny theories are gentle. And if a theory T is gentle we150

either have Spec
T
(ϕ) finite, when we output (0,Spec

T
(ϕ)), which is compatible151

with being an N∗-shiny theory as Spec
T
(ϕ) ⊆ N; or Spec

T
(ϕ) is cofinite, and152

from gentleness we get S = Nω ∖Spec
T
(ϕ). In this case take the greatest element153

n not in Spec
T
(ϕ), and we have154

Spec
T
(ϕ) = ([1, n] ∖ S) ∪ [n + 1,ℵ0],
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Algorithm 2 Pseudocode for determining non-emptyness of Spec
T1
(ϕ1) ∩

Spec
T2
(ϕ2) when T1 is S-decidable and T2 is S-shiny.

1: function SD+SS(ϕ1, ϕ2)
2: if ϕ2 is not T2-satisfiable then return false
3: (n,S0) ← computed for ϕ2 and T2, according to Definition 1.
4: if n ≠ 0 and ϕ1∧ ≠ (x1, . . . , xn) is T1-satisfiable then ▷ x1, . . . , xn are fresh
5: return true
6: for m ∈ S0 do
7: if m ∈ SpecT1(ϕ1) then
8: return true
9: return false

also compatible with T being N-shiny as certainly [1, n]∖S ⊆ N, when we output
(n + 1, [1, n] ∖ S). ⊓⊔

The following theorem is the main result of this section. It generalizes the155

shiny combination theorem, according to which the disjoint combination of a156

shiny theory with a decidable theory is itself decidable [10].157

Theorem 2. If T1 is S-decidable and T2 is S-shiny for some S, and both T1 and158

T2 are decidable, then T1 ⊔ T2 is decidable.159

Proof (sketch). By Lemma 1, it suffices to show a decision procedure that de-
cides, given conjunctions of literals ϕ1 and ϕ2 whether Spec

T1
(ϕ1) ∩ Spec

T2
(ϕ2)

is empty. This decision procedure is shown in Algorithm 2. ⊓⊔

We now study how S-decidability and S-shininess change with S.160

Proposition 5.161

1. If S ⊊ T , then TT-d ⊊ TS-d and TS-s ⊊ TT-s.162

2. If S and T are incomparable (i.e. S /⊆ T and T /⊆ S), so are TS-d and TT-d,163

and also TS-d and TT-d.164

Thus, the collections of S-decidable and S-shiny theories, for computable165

S ⊆ N∗, have the structure of the computable subsets of N∗, and its dual. More166

precisely, we have Figure 2: the Galois connection G is simply the reflection over167

the dashed line. Below it we find the many variations of S-shininess, having the168

structure of the computable subsets of N∗, with shininess at the bottom and169

gentleness on top. Above the dashed line we find the variations of S-decidability,170

having the structure of the dual of the computable subsets of N∗, with com-171

putable finite spectra at the bottom and decidability at the top.172

We conclude the first generalization of shininess with an example:173

Example 1. Consider a one-sorted variant of the SMT-LIB theory of bit-vectors,174

where the single domain includes all bit-vectors of the same width. The set X175

of all possible sizes of models is comprised of all the powers of two, a decidable176

set. Thus, this variant is X-decidable, and can be combined with any X-shiny177

theory, thanks to Theorem 2.178
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T = T∅-d

T{1}-d T{2}-d T{3}-d ⋯

⋮ ⋮ ⋮

TN∗(1)-d TN∗(2)-d TN∗(3)-d ⋯

TCFS = TN∗-d

Tgentle = TN∗-s

TN∗(1)-s TN∗(2)-s TN∗(3)-s ⋯

⋮ ⋮ ⋮

T{1}-s T{2}-s T{3}-s ⋯

Tshiny = T∅-s

G G

Fig. 2. The rich universe of S-decidable and S-shiny theory combination. For readabil-
ity, N∗(n) denotes N∗ ∖ {n}.

4 Second Generalization179

We now present our second generalization of the shiny combination theorem. It180

allows one to combine two sets of theories: the first, weaker set, has no require-181

ment on the existence of algorithms for it (other than decidability, of course).182

The second requires an algorithm for computing a variant of a spectra.183

Definition 2. Take a computable, infinite set S ⊆ N∗.184

1. A decidable theory T is S-restricted if, for every quantifier-free formula ϕ,185

Spec
T
(ϕ) ∖ S ≠ ∅ implies ℵ0 ∈ Spec

T
(ϕ).186

2. A decidable theory is S-final if there is an algorithm that takes a quantifier-187

free formula ϕ and returns 0 if ϕ is not T -satisfiable, and otherwise an n ∈ N∗188

such that189

Spec
T
(ϕ) ∩ Sω = [n,ℵ0] ∩ Sω.

Let us first see relations between these properties and others.190

Proposition 6. TS-f ⊆ TSI ⊆ TS-r, for any S.191

Proof. Suppose T is S-final, and take a quantifier-free ϕ: if ϕ is not T -satisfiable
we have nothing to prove; otherwise our algorithm gives an n ∈ N∗ such that
Spec

T
(ϕ)∩Sω = [n,ℵ0] ∩Sω, and since ℵ0 ∈ S, T is stably infinite. If T is stably

infinite we get that if Spec
T
(ϕ) is not empty then ℵ0 ∈ Spec

T
(ϕ), meaning T is

trivially S-restricted. ⊓⊔
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Algorithm 3 Pseudocode for determining non-emptiness of Spec
T1
(ϕ1) ∩

Spec
T2
(ϕ2) when T1 is S-restricted and T2 is S-final.

1: function SR+SF(ϕ1, ϕ2)
2: if ϕ2 is not T2-satisfiable then return false
3: n← computed for ϕ2 and T2, according to Definition 2.
4: if ϕ1∧ ≠ (x1, . . . , xn) is T1-satisfiable then ▷ x1, . . . , xn are fresh
5: return true
6: return false

Proposition 7. TN∗-r = T, and TN∗-f = Tshiny.192

Proof. An N∗-restricted theory imposes no further requirements on the theory
other than being decidable, as we cannot have Spec

T
(ϕ) ∖N∗ not empty unless

Spec
T
(ϕ) already contains ℵ0. N∗-finality implies there is an algorithm that takes

a quantifier-free ϕ and returns 0 if ϕ is not T -satisfiable, and otherwise an n ∈ N∗
such that Spec

T
(ϕ) = [n,ℵ0], exactly the definition of shininess in Proposition 1.

⊓⊔

Now, we present our second new combination theorem.193

Theorem 3. Let T1 be S-restricted, and T2 be S-final. Then T1⊔T2 is decidable.194

Proof (sketch). Much like Theorem 2, but this time using Algorithm 2. ⊓⊔

Example 2. The first example of a finitely witnessable (property related to po-195

liteness) theory that is not strongly finitely witnessable (property related to196

strong politeness, equivalent to shininess over decidable theories) was T ∞even: this197

theory has only interpretations of even size, or infinite ones. Yet, in a sense, it is198

a surprisingly well-behaved theory: if S is the set of positive even numbers, then199

it should not be too hard to prove that Spec
T ∞even

(ϕ) = [n,ℵ0]∩Sω, where n is the200

minimal size of any first-order model of ϕ, which we assume to be quantifier-free.201

This is almost the definition of shininess, except for the pesky intersection with202

S. Using the notions just defined, T ∞even is seen in fact to be S-shiny, and thus203

combinable with any S-restricted theory.204

As we did for S-decidability and S-shininess, we analyze how the sets of205

S-restricted and S-final theories change as S changes.206

Proposition 8. 1. If S ⊊ T , TS-r ⊊ TT-r, and TT-f ⊊ TT-f.207

2. If S and T are incomparable, so are TS-r and TT-r, and TS-f and TT-f.208

5 Sharpness of the new methods209

In this section, we prove that the new combination theorems Theorems 2 and 3210

are, in fact, sharp. For the former, we prove that every theory that can be211

combined with all S-decidable theories must be S-shiny, and that every theory212

that can be combined with all S-shiny theories must be S-decidable. Similar213

sharpness results are proven for the latter. We utilize the method of test theories,214

introduced in [8].215
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T

TS-d TS-r

TCFS

TSI

Tgentle

TS-s TS-f

Tshiny

G

Fig. 3. The general picture involving the notions defined in this paper.

5.1 Test Theories216

The idea behind test theories goes more or less as follows: we want to prove217

that if a theory T is combinable with every theory of X, then it admits some218

property; this could be done by looking at all T ⊔T ′, for T ′ ∈X. But considering219

all theories of X is rarely feasible, and is certainly not very effective. So, from X,220

we select special theories, test theories, such that the satisfiability problem of the221

combination of T and a test theory directly relates to properties from T . In this222

sense, the set of test theories will be a very difficult set of theories to combine223

with T , as being combinable with them forces T to have a given property.224

We need 5 sets of test theories, three found in [8], and two new. Let ΣN
P be the225

signature with no function symbols, and nullary predicate symbols {Pn ∶ n ∈ N∗}:226

all of our test theories will be ΣN
P -theories, and are described in Table 2, which227

relies on an undecidable set U ⊆ N∗, and a function F ∶ N∗ → N∗ ∪ {ℵ0} such228

that {(m,n) ∈ N∗2 ∶ n ≤ F (m)} is decidable, but {n ∈ N∗ ∶ F (n) = ℵ0} is not.3229

The three test theories from [8] are T m
n , T P

=
and T S

≤
. T m

n is a ΣN
P -theory with230

only interpretations of size m or n, and where Pk only has interpretations of size231

m whenever k ∈ U ; so Spec
Tm
n
(Pk) = {n,m} if k ∉ U , and {m} otherwise. A T P

=
-232

interpretation where Pn is true must have exactly n elements; so Spec
T P
=

(Pn) =233

{n}. The theory T S
≤

has only interpretations of cardinality in Sω, and if Pn is234

true and F (n) is finite, then we have at most F (n) elements; so Spec
T
(Pn) =235

S ∩ [1, F (n)] if F (n) is finite, and Sω otherwise.236

The two new test theories are T S
=

and T m,n
S-r . The theory T S

=
is similar to T P

=
,237

with a twist: if Pn is true (what can only happen for n ∈ S) then the interpretation238

has size n. So, Spec
T S
=

(Pn) = ∅ if n ∉ S ⊆ N∗, and {n} otherwise. The theory239

T
m,n
S-r is quite similar to T m

n , and will be used to test whether the spectrum of240

a formula is entirely contained in a computable, infinite set S ⊆ N∗. It depends241

on two numbers m and n, with m > n and n ∉ S, and its interpretations must:242

have cardinality in S or equal to n; have cardinality n or at least m; and, if243

they have cardinality n, then Pk can only be true if k ∈ U . To summarize it,244

Spec
T

m,n
S-r
(Pk) = Sω ∩ ({n} ∪ [m,ℵ0]) if k ∈ U , and Sω ∩ [m,ℵ0] otherwise.245

Theorem 4. Table 2 is correct: each theory satisfies the properties listed for it.246

3 An example for F assumes an enumeration of Turing machines, takes the index of a
machine, and returns the number of steps it takes to halt, or ℵ0 if it doesn’t.
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Theory Details

T m
n

Axiomatization
{ψ=n ∨ ψ=m} ∪ {Pk → ψ=m ∶ k ∈ U} ∪ P≠

Properties
Decidable, S-decidable (if n ∉ S), S-restricted (if m,n ∈ S)

m ∉ SpecT (ϕ), n ∈ SpecT (ϕ) ⇒ [ϕ ∧ Pk is T ⊔ T m
n -SAT⇔ k ∉ U]

T P
=

Axiomatization
{Pn → ψ=n ∶ n ∈ N∗}

Properties
Decidable, S-decidable (for any S)

ϕ ∧ Pn is T ⊔ T P
= -SAT⇔ n ∈ SpecT (ϕ)

T S
≤

Axiomatization
{Pn → ψ≤F (n) ∶ F (n) ∈ N} ∪ {¬ψ=n ∶ n ∉ S} ∪ P≠

Properties
Decidable, S-decidable, S-restricted

SpecT (ϕ) ≠ ∅, S ∩ SpecT (ϕ) = ∅ ⇒ [ϕ ∧ Pk is T ⊔ T S
≤ -SAT⇔ F (k) = ℵ0]

T S
=

Axiomatization
{Pn → ψ=n ∶ n ∈ S} ∪ {¬Pn ∶ n ∉ S} ∪ P≠

Properties
Decidable, S-shiny, S-restricted

k ∈ S ⇒ [ϕ ∧ Pk is T ⊔ T S
= -SAT⇔ k ∈ SpecT (ϕ)]

T m,n
S−r

Axiomatization
{¬ψ=k ∶ k ∉ S ∪ {n}} ∪ {ψ=n ∨ ψ≥m} ∪ {ψ=n → ¬Pk ∶ k ∉ U} ∪ P≠

Properties
Decidable, S-final

n ∈ SpecT (ϕ),m =MT (ϕ) ⇒ [ϕ ∧ Pk is T ⊔ T m,n
S−r -SAT⇔ k ∈ U]

Table 2. Test theories and their properties; S ⊆ N∗; for the first and last theories,m > n;
for the last, n ∉ S. We define P≠ = {Pi → ¬Pj ∶ i ≠ j} and MT (ϕ) = 1+maxSpecT (ϕ) to
make the table more readable.

5.2 Sharpness for S-shininess247

We now prove that Theorem 2 is sharp, that is: Given S, all decidable theories248

that can be combined with all S-shiny theories must be S-decidable, and all249

decidable theories that can be combined with all S-decidable theories must be250

S-shiny. Formally, we utilize operator G from Section 2.2.251

Theorem 5. G(TS-s) ⊆ TS-d and G(TS-d) ⊆ TS-s.252

Proof. 1. Suppose that T ∈ G(TS-s), and take a quantifier-free formula ϕ: since253

T S
=

is decidable and S-shiny (see Theorem 4), for any n ∈ S we have n ∈254

Spec
T
(ϕ) if and only if ϕ ∧Pn is T ⊔ T S

=
-satisfiable, a problem for which we255

have an algorithm since T ⊔T S
=

is decidable; we thus have T is S-decidable.256

2. Suppose now that T ∈ G(TS-d). First we show that T must have computable257

finite spectra. T P
=

is decidable and S-decidable by Theorem 4; this means258
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Algorithm 4 Pseudocode for showing T is S-shiny if T ∈ G(TS-d).
1: function SS(ϕ)
2: k ← 1
3: S0 ← ∅
4: while True do
5: if k ∈ SpecT (ϕ) then
6: if k ∉ S then return (k,S0)
7: S0 ← S0 ∪ {k}
8: k ← k + 1
9: else

10: if ϕ∧ ≠ (x1, . . . , xk) is not T -satisfiable then return (0, S0)
11: k ← k + 1

T ⊔ T P
=

is decidable, and k ∈ Spec
T
(ϕ) (for a quantifier-free ϕ) if and only if259

ϕ∧Pk is T ⊔T P
=

-satisfiable, proving T indeed has computable finite spectra.260

We now prove T is S-shiny by showing, in Algorithm 4, the algorithm that261

outputs (n,S0). Checking (for k ∈ N∗) whether k ∈ S in line 5 is possible be-262

cause S is computable, whether k ∈ Spec
T
(ϕ) in line 4 is possible because we263

just proved T has computable finite spectra, and whether ϕ∧ ≠ (x1, . . . , xk)264

is T -satisfiable in line 10 is possible because T is decidable. We notice that265

S0 is nothing but Spec
T
(ϕ)∩[1, k−1]. Now, to see that our algorithm stops,266

there are two cases to consider: whether Spec
T
(ϕ) ∖ S is empty or not.267

If it is empty, and Spec
T
(ϕ) is infinite, using Corollary 1 we get ℵ0 ∈268

Spec
T
(ϕ), and that leads to a contradiction: Spec

T
(ϕ) ∖ S = ∅, ℵ0 ∉ S269

and ℵ0 ∈ Spec
T
(ϕ) cannot be simultaneously true. So, if Spec

T
(ϕ) ∖ S is270

empty, Spec
T
(ϕ) must be finite (and contained in S), and eventually we will271

find a k such that k ∉ Spec
T
(ϕ) and ϕ∧ ≠ (x1, . . . , xk) is not T -satisfiable,272

when our algorithm must stop. In that case it returns (0, S0) for S0 =273

SpecT (ϕ) ∩ [1, k − 1], which is a finite subset of S and equals Spec
T
(ϕ).274

So now we assume Spec
T
(ϕ) ∖ S ≠ ∅: we will then prove Spec

T
(ϕ) has a275

finite value not in S, and our algorithm will stop when it finds the first such276

value, and will output (k,S0) for S0 = Spec
T
(ϕ) ∩ [1, k − 1] a finite subset of277

S; second, we will prove that the existence of a finite value k in Spec
T
(ϕ)278

that is not in S implies [k,ℵ0] ⊆ Spec
T
(ϕ), so the spectrum indeed has the279

form suggested by the algorithm280

Spec
T
(ϕ) = (Spec

T
(ϕ) ∩ [1, k − 1]) ∪ [k,ℵ0].

Suppose, then, that Spec
T
(ϕ) ∖ S ≠ ∅ but (Spec

T
(ϕ) ∖ S) ∩N = ∅. We then281

have that Spec
T
(ϕ) ∖ S = {ℵ0}, and therefore ϕ ∧ Pi is T ⊔ T S

≤
-satisfiable if282

and only if F (i) = ℵ0, an undecidable problem. This leads to a contradiction,283

as T S
≤

, for S = N∗ ∖ S, is decidable and has no interpretations with sizes in284

S, thus being S-decidable (see Theorem 4). Next, suppose n ∈ Spec
T
(ϕ) ∖ S285

is finite and there is an n < m < ℵ0 such that m ∉ Spec
T
(ϕ). Then ϕ ∧ Pi is286

T ⊔ T m
n -satisfiable if and only if i ∉ U , an undecidable problem. This again287

leads to a contradiction, as T m
n is decidable and S-decidable (Theorem 4).288
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⊓⊔

5.3 Sharpness for S-finality289

We now prove that Theorem 3 is sharp, namely: given S, every decidable theory290

that can be combined with all S-final theories must be S-restricted, and every291

decidable theory that can be combined with all S-restricted theories must be292

S-final. Again, we utilize operator G from Section 2.293

Theorem 6. G(TS-f) ⊆ TS-r and G(TS-r) ⊆ TS-f.294

Proof. 1. Suppose that T ∈ G(TS-f) is not S-restricted, that is, there are a295

quantifier-free formula ϕ, an n ∈ Spec
T
(ϕ) ∖ S and a maximum element of296

Spec
T
(ϕ); define m = 1+maxSpec

T
(ϕ). We state that T m,n

S-r is decidable and297

S-final, so T ⊔ T
m,n
S-r should be decidable; yet ϕ ∧ Pk is T ⊔ T

m,n
S-r -satisfiable298

if and only if k ∈ U , leading to a contradiction.299

2. Suppose that T ∈ G(TS-r): first we prove that, if ϕ is T -satisfiable (otherwise300

we just return 0), there is a finite number in Spec
T
(ϕ)∩Sω, for any quantifier-301

free formula ϕ. Were that not the case we would get ϕ∧Pk is T ⊔ T S
≤

if and302

only if F (k) = ℵ0, what contradicts the fact that T S
≤

is S-restricted.303

Next we show how the least element of Spec
T
(ϕ) ∩ Sω can be calculated:304

using that T S
=

is decidable and S-restricted, we simply search for the first305

k ∈ S such that ϕ∧Pk is T ⊔T S
=

-satisfiable, which must be finite by what we306

have seen above. Finally, suppose n ∈ Spec
T
(ϕ) ∩S but, for some n <m < ℵ0307

in S (which we can always find as S is infinite), m ∉ Spec
T
(ϕ). Then ϕ ∧ Pk308

is T ⊔ T m
n -satisfiable if and only if k ∉ U , contradicting the fact that T m

n is309

decidable and S-restricted.310

⊓⊔

6 Conclusion and Future Work311

We have presented two infinite families of sharp combination methods resem-312

bling shininess. One motivates gentleness as simply one extreme of a range of313

properties, the other extreme being shininess itself. The other requires very lit-314

tle from the weaker theory to be combined, not unlike Nelson–Oppen and polite315

theory combination. This is in line with [8], which suggests that new combina-316

tion methods should also be proven sharp given the new techniques available to317

researchers in the area.318

Directions for future work are many: the Galois connection of theory combi-319

nation makes finding new combination methods much easier; but perhaps more320

interesting than finding new methods would be trying to generalize those we321

have at hand to the many-sorted case, a task currently being carried out.322
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A Proof of Theorem 4361

In what follows, TEq is the theory having no axioms, over the empty signature362

(with only equality).363

Theorem 4. Table 2 is correct: each theory satisfies the properties listed for it.364

Proof. 1. T m
n is decidable according to [8]. So we move on to prove that, if365

n ∉ S, T m
n is S-decidable, and if m,n ∈ S, then T m

n is S-restricted. T m
n366

only has interpretations of cardinality n or m, so the S-decidability of T m
n367

will follow from the fact every T m
n -satisfiable quantifier-free formula ϕ has368

a T m
n -interpretation of size m: indeed, it is enough to simply add m − n369

more elements to the domain of a T m
n -interpretation of size n that satisfies370

ϕ. It is obvious that T m
n is S-restricted as the spectra of all its formulas are371

contained in {n,m}, itself contained in S.372

2. T P
=

is decidable by [8]. Let ϕ be a conjunction of literals, without loss of373

generality with at most one positive P -literal, and let ϕ′ be the result of374

removing from ϕ any P -literals. If the positive P -literal in ϕ is Pn, then375

Spec
T P
=

(ϕ) = {n} if minmodTEq
(ϕ′) ≤ n, and is empty otherwise. If ϕ contains376

no positive P -literals then Spec
T P
=

(ϕ) = [minmodTEq
(ϕ′),ℵ0]. In both cases377

we can decide whether an element m of S is in these sets, so T P
=

is S-378

decidable.379

3. Again we find the proof that T S
≤

is decidable in [8]. Now we provide a380

proof that T S
≤

is S-decidable and S-restricted. It is obvious this theory is381

S-decidable, as it contains no interpretations of cardinality in S; it is also382

obvious this theory is S-restricted, as it only contains interpretations of car-383

dinality in Sω.384

4. Let ϕ be a conjunction of literals, with at most one positive P -literal (other-385

wise the formula is immediately not T S
=

-satisfiable), and let ϕ′ be the result386

of removing from ϕ all of its P -literals. If the positive P -literal in ϕ is Pn,387

for n ∉ S, then ϕ is not T S
=

-satisfiable; if n ∈ S, then Spec
T S
=

(ϕ) = {n} if388

minmodTEq
(ϕ′) ≤ n, and is empty otherwise. For the non-trivial part of this389

statement, when minmodTEq
(ϕ′) ≤ n, we take a TEq-interpretation satisfying390

ϕ′ with n elements (what we can do as TEq is smooth), make Pn true and391

all Pm false.392

If ϕ contains no positive P -literals then Spec
T S
=

(ϕ) = [minmodTEq
(ϕ′),ℵ0].393

This proves not only that this theory is decidable, but also that it is S-shiny:394

in the case that the spectrum equals {n} we must have n ∈ S.395

Suppose now that k ∈ Spec
T
(ϕ), so there is a T -interpretationA that satisfies396

ϕ with k elements in its domain; we make it into a T ⊔ T S
=

-interpretation397

by making Pk true and all other Pi false, and of course it satisfies ϕ ∧ Pk.398

Reciprocally, suppose ϕ ∧ Pk is satisfied by the T ⊔ T S
=

-interpretation A:399

becauseA is a T S
=

-interpretation satisfying Pk it contains k elements; because400

A is also a T -interpretation satisfying ϕ, we get k ∈ Spec
T
(ϕ).401

It is obvious T S
=

is S-restricted, as it only has interpretations of cardinality402

in S.403
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5. We proceed to prove T m,n
S-r is decidable and, if n ∉ S and m ≥ n, S-final. Take404

a conjunction of literals ϕ: we may assume it contains at most one positive405

P -literal, otherwise it will not be T m,n
S-r -satisfiable. Let ϕ′ be the result of406

taking from ϕ any P -literals, and we state ϕ is T m,n
S-r -satisfiable if and only407

if ϕ′ is TEq-satisfiable.408

For the non-trivial direction take a TEq-interpretationA that satisfies ϕ′ with409

any cardinality in Sω∩[m0,ℵ0], form0 =max{m,minmodTEq
(ϕ′)} (so the set410

does not contain n and is not empty), make Pk true only if it occurs positively411

in ϕ, and the resulting interpretation is a T m,n
S-r -interpretation that satisfies412

ϕ. Moreover, no element in Sω ∩ [1,m0 − 1] can be in the spectrum of ϕ, as413

either: ϕ′ is not satisfiable, if m0 =minmodTEq
(ϕ′); or simply S ∩ [1,m0 − 1]414

is empty, if m0 =m.415

Now, let n ∈ Spec
T
(ϕ) ∖ S and m = 1 +max(Spec

T
(ϕ) ∪ {n}), and suppose416

that k ∈ U : because n ∈ Spec
T
(ϕ) there is a T -interpretation A that satisfies417

ϕ with n elements in its domain; we make Pk true and all other Pi false in A,418

and the result is a T ⊔T m,n
S−r -interpretation as k ∈ U , that in addition satisfies419

ϕ ∧ Pk. Reciprocally, assume A is a T ⊔ T
m,n
S−r -interpretation that satisfies420

ϕ∧Pk: because A is a T -interpretation that satisfies ϕ, the cardinality of its421

domain is bounded by max(Spec
T
(ϕ)); since A is also a T m,n

S−r -interpretation422

this implies the domain of A has exactly n elements, what in turn implies423

k ∈ U .424

⊓⊔

B Proof of Theorem 2425

Theorem 2. If T1 is S-decidable and T2 is S-shiny for some S, and both T1 and426

T2 are decidable, then T1 ⊔ T2 is decidable.427

Proof. Using Lemma 1, it suffices to show that it is then decidable whether428

Spec
T1
(ϕ1)∩Spec

T2
(ϕ2) ≠ ∅, where ϕ1 and ϕ2 are conjunctions of literals over the429

signatures Σ1 and Σ2, respectively. We state Algorithm 2 presents an adequate430

decision procedure. We can compute a pair (n,S0), where S0 ⊆ S is finite, such431

that Spec
T2
(ϕ2) equals S0 ∪ [n,ℵ0] if n ≠ 0, and S0 otherwise, from the fact that432

T2 is S-shiny. We can test whether ϕ1∧ ≠ (x1, . . . , xn) is T1-satisfiable from the433

fact that T1 is decidable. Finally, we can test if an m ∈ S0 is also in Spec
T1
(ϕ1)434

since T1 is S-decidable, and S0 ⊆ S.435

Next we prove correctness.436

(⇒): Suppose Spec
T1
(ϕ1) ∩ Spec

T2
(ϕ2) is not empty. If n ≠ 0 and they share an437

element in [n,ℵ0] then line 4 of our algorithm will return true. If not they must438

share an element in S0 and the loop starting on line 5 will return true.439

(⇐): Suppose now Spec
T1
(ϕ1) ∩ Spec

T2
(ϕ2) is empty. The conditional in line 3440

won’t be satisfied, as otherwise the intersection would not be empty; and neither441

will be any conditional in the loop starting at line 5, so eventually, we will return442

false.443

⊓⊔
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C Proof of Proposition 5444

Proposition 5.445

1. If S ⊊ T , then TT-d ⊊ TS-d and TS-s ⊊ TT-s.446

2. If S and T are incomparable (i.e. S /⊆ T and T /⊆ S), so are TS-d and TT-d,447

and also TS-d and TT-d.448

Proof. Suppose T is T -decidable: this means there is an algorithm that takes a449

quantifier-free ϕ and an n and, if n ∈ T , it returns whether n ∈ Spec
T
(ϕ); since450

S ⊆ T , this same algorithm shows that T is S-decidable. For S and T -shininess451

it is enough to notice that if S0 is a finite subset of S, and S ⊆ T , then S0 is also452

a finite subset of T .453

Let ns ∈ S ∖ T , and nt ∈ T ∖S. Define the ΣN
P -theory Ts with axiomatization454

{ψ=ns ∨ ψ≥k ∶ k ∈ N
∗
} ∪ {ψ=ns → ¬Pk ∶ k ∉ U} ∪ {Pi → ¬Pj ∶ i ≠ j};

we define Tt analogously. Ts is decidable: given a quantifier-free ϕ, we may assume455

it contains at most one positive P -literal; if ϕ′ is obtained from ϕ by removing456

any P -literals, then ϕ is Ts-satisfiable if and only if ϕ′ is TEq-satisfiable. One457

direction of this is trivial; for the other we can use TEq is smooth to find an458

infinite interpretation that satisfies ϕ′, and we make it into a Ts-interpretation459

that satisfies ϕ by making Pk true if and only if it occurs positively in ϕ. Ts is460

also T -decidable, as it contains no interpretations with cardinality in T ; yet it461

is not S-decidable, as ns ∈ Spec
Ts
(Pk) if and only if k ∈ U . The results for Tt are462

completely analogous.463

Now consider the theories T=ns and T=nt , axiomatized by respectively {ψ=ns}464

and {ψ=nt}, which are decidable ([8]). T=ns is S-shiny, since Spec
Tns
(ϕ) = {ns}465

if minmodTEq
(ϕ) ≤ ns, and otherwise it is empty: for the non-trivial direc-466

tion, if minmodTEq
(ϕ) ≤ ns we can use the fact TEq is smooth to get a TEq-467

interpretation that satisfies ϕ with ns elements, and of course that will also be468

a T=ns-interpretation. But T=ns is obviously not T -shiny: the spectrum of a tau-469

tology such as x = x in T=ns is {ns}, and this set is not of the form T0 ∪ [n,ℵ0],470

for any n and T0 ⊆ T , since it does not contain ℵ0; it is also not of the form T0,471

for a finite T0 ⊆ T , as ns ∉ T . Analogous results hold for T=nt .472

If S ⊊ T and nt ∈ T ∖S, the theories Tt and T=nt above also show TT-d ⊊ TS-d
and TS-s ⊊ TT-s. ⊓⊔

D Proof of Theorem 3473

Theorem 3. Let T1 be S-restricted, and T2 be S-final. Then T1⊔T2 is decidable.474

Proof. Let ϕ1 and ϕ2 be conjunctions of literals over the signatures Σ1 and475

Σ2, respectively. We state Algorithm 3 presents an adequate decision procedure.476

That we can compute an n ∈ N∗ such that Spec
T2
(ϕ2) ∩Sω = [n,ℵ0] ∩Sω follows477

from the fact that T2 is S-final. We can compute if ϕ1∧ ≠ (x1, . . . , xn) is T1-478

satisfiable since T1 is decidable. Next we prove correctness.479
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(⇒): Suppose Spec
T1
(ϕ1) ∩Spec

T2
(ϕ2) is not empty. If ℵ0 is an element they480

share then ϕ1∧ ≠ (x1, . . . , xn) is T1-satisfiable, so we will get true. If ℵ0 is not in481

the intersection of the spectra, then ℵ0 ∉ Spec
T1
(ϕ1) and so Spec

T1
(ϕ1) ⊆ S, and482

the fact that ϕ1∧ ≠ (x1, . . . , xn) is T1-satisfiable implies Spec
T1
(ϕ1) ∩ [n,ℵ0] ⊆483

Sω ∩ [n,ℵ0] is not empty, thus again we get true.484

(⇐) Suppose this time Spec
T1
(ϕ1) ∩Spec

T2
(ϕ2) is empty. Then we have that485

ϕ1∧ ≠ (x1, . . . , xn) will not be T1-satisfiable, since otherwise the intersection486

would not be empty. As ℵ0 ∉ Spec
T1
(ϕ1) we get Spec

T1
(ϕ1) ⊆ S, and since487

Spec
T2
(ϕ2) ∩ Sω = [n,ℵ0] ∩ Sω we get false.488

⊓⊔

E Proof of Proposition 8489

Proposition 8. 1. If S ⊊ T , TS-r ⊊ TT-r, and TT-f ⊊ TT-f.490

2. If S and T are incomparable, so are TS-r and TT-r, and TS-f and TT-f.491

Proof. Suppose T is S-restricted, so if Spec
T
(ϕ)∖S ≠ ∅ then ℵ0 ∈ Spec

T
(ϕ) (for492

quantifier-free ϕ). If Spec
T
(ϕ)∖T ≠ ∅, as S ⊆ T we obtain Spec

T
(ϕ)∖S ≠ ∅ and493

thus ℵ0 ∈ Spec
T
(ϕ), meaning T is T -restricted.494

Now suppose T is T -final: there is an algorithm that takes a (quantifier-free)495

ϕ and returns 0 if it is not T -satisfiable, and otherwise an n ∈ N∗ such that496

Spec
T
(ϕ)∩Tω = [n,ℵ0]∩Tω. In this last case, since, again, S ⊆ T , T ∩S = S, and497

so Spec
T
(ϕ) ∩ Sω = (Spec

T
(ϕ) ∩ Sω) ∩ Tω = ([n,ℵ0] ∩ Tω) ∩ Sω = [n,ℵ0] ∩ Sω, we498

get the same algorithm shows T is S-final.499

Take ns ∈ S∖T , and nt ∈ T ∖S. The theory T=ns is decidable and S-restricted,500

but not T -restricted, and analogous statements can be made about T=nt
.501

Define the ΣN
P -theory Ts axiomatized by502

{ψ=nt → ¬Pk ∶ k ∉ U} ∪ {Pi → ¬Pj ∶ i ≠ j}.

It is decidable: given a conjunction of literals ϕwith at most one positive P -503

literal Pk, where ϕ′ is obtained from ϕ by removing all P -literals, we state ϕ is504

Ts-satisfiable if and only if ϕ′ is TEq-satisfiable; furthermore, its spectrum equals505

[minmodTs(ϕ
′),ℵ0] if k ∈ U , and [minmodTs(ϕ

′),ℵ0] ∖ {nt} otherwise. Indeed,506

given a TEq-interpretation satisfying ϕ′ with any cardinality greater than or equal507

to minmodTEq
(ϕ′), we simply make Pn true if and only if n = k; this construction508

only fails to work when k ∉ U and the desired cardinality is nt.509

Because nt is not in S, Spec
Ts
(ϕ)∩Sω = [minmodTEq

(ϕ′),ℵ0]∩Sω (assuming510

ϕ′ is TEq-satisfiable, otherwise we just return 0), and thus Ts is S-final. But either511

nt is not the first element of T , and Spec
Ts
(Pk) ∩ Tω = Tω ∖ {nt} for a k ∉ U512

(which is not a set of the form [n,ℵ0] ∩Tω); or it is, and then Spec
Ts
(Pk) ∩Tω =513

[nt,ℵ0] ∩ Tω if k ∈ U , and [n,ℵ0] ∩ Tω otherwise, for any n > nt, meaning no514

algorithm could output the nt, respectively n, given k. Ts is therefore not T -final,515

a similar construction giving a T -final theory which is not S-final.516

Finally, if S ⊊ T and nt ∈ T ∖ S, we have that the theories T=nt and Tt also
show TS-r ⊊ TT-r and TT-f ⊊ TT-f. ⊓⊔
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