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Satisfiability

What does it mean that a formula is satisfiable?

▷ It is consistent

▷ It does not entail a contradiction

▷ It has a model

What is a model?

▷ Domain + Interpretation of symbols

▷ Example 1: ∃x .P(x) ∧ P(a)

• Domain: N
• Interpretation of P: Even numbers
• Interpretation of a: 2

▷ Example 2: ∀x∃y .Q(x , y) ∧ Q(a, b)

• Domain: {1}
• Interpretation of Q: {1, 1}
• Interpretations of a and b: 1
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What Modulo What?

▷ The story of SMT
(the way I tell it)

...
(assert (forall x forall y ... (= (f x y) x)))
(assert (forall x ... (P x) ...))
(assert (forall ...))

...

(assert (= (f c d) d))
(assert (not (=> (P (g c c)) (= c d))))
...

(check-sat)
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Satisfiability Modulo Linear Arithmetic

...
(assert (forall x forall y (= (+ x (+ y 1)) (+ (+ x y) 1))))
(assert (forall x (= (+ x 0) x)))
(assert (forall x forall y (=> (> x y) (exists ...))))
...

(assert (> (+ x x x y y) 1))
(assert (> (+ z z y y y y) 0))

(check-sat)

∗ check-sat now means check-LIA-sat.
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Satisfiability Modulo Linear Arithmetic
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(assert (forall x (= (+ x 0) x)))
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(assert (> (+ x4 x4 x4) x4))

(check-sat)

∗ check-sat now means check-LIA-sat.

7



Satisfiability Modulo Linear Arithmetic
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Satisfiability Modulo Linear Arithmetic

...
(assert (forall x forall y (= (+ x (+ y 1)) (+ (+ x y) 1))))
(assert (forall x (= (+ x 0) x)))
(assert (forall x forall y (=> (> x y) (exists ...))))
...

(assert (> (+ x1 x2 x3 x4 x5 x6 x7) w))
(assert (> (+ x1 x1 x1 x1) w))
(assert (> (+ x3) 1))
(assert (> (+ y1 y2 y3 y4 y5 y6 y7) w))
(assert (> (+ z1 z2 z3 z4 z5 z6 z7) w))
(assert (> (+ x1 x2 x3 x4 x5 x6 x7) x8))

(check-sat)

∗ check-sat now means check-LIA-sat.
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Satisfiability Modulo Linear Arithmetic

(set-logic QF_LIA)

(assert (> (+ x1 x2 x3 x4 x5 x6 x7) w))
(assert (> (+ x1 x1 x1 x1) w))
(assert (> (+ x3) 1))
(assert (> (+ y1 y2 y3 y4 y5 y6 y7) w))
(assert (> (+ z1 z2 z3 z4 z5 z6 z7) w))
(assert (> (+ x1 x2 x3 x4 x5 x6 x7) x8))

(check-sat)

∗ check-sat now means check-LIA-sat.
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Satisfiability Modulo Lists

...
(assert (forall l,a. (distinct nil (cons a l))))
(assert (forall l (=> (= l (cons a ll)) (= ( head l) a))))
(assert (forall l (=> (= l (cons a ll)) (= ( tail l) ll))))
...

(assert (distinct i j))
(assert (= (const a i) (cons a j)))

(check-sat)
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Satisfiability Modulo Lists

...
(assert (forall l,a. (distinct nil (cons a l))))
(assert (forall l (=> (= l (cons a ll)) (= ( head l) a))))
(assert (forall l (=> (= l (cons a ll)) (= ( tail l) ll))))
...

(assert (distinct a b))
(assert (distinct (cons i (cons a l)) nil))
(assert (distinct a b c d e))

(check-sat)
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Satisfiability Modulo Lists

...
(assert (forall l,a. (distinct nil (cons a l))))
(assert (forall l (=> (= l (cons a ll)) (= ( head l) a))))
(assert (forall l (=> (= l (cons a ll)) (= ( tail l) ll))))
...

(assert (= a1 b1))
(assert (= a2 b2))
(assert (= a3 b3))
(assert (= a b c d e))
(assert (= (head (cons a i)) (head l)))

(check-sat)
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Satisfiability Modulo Lists

(set-logic QF_DT)

(assert (= a1 b1))
(assert (= a2 b2))
(assert (= a3 b3))
(assert (= a b c d e))
(assert (= (head (cons a i)) (head l)))

(check-sat)
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Logic Zoo
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Theory Combination

...
(assert (forall x forall y (= (+ x (+ y 1)) (+ (+ x y) 1))))
(assert (forall x (= (+ x 0) x)))
(assert (forall x forall y (=> (> x y) (exists ...))))
...

...
(assert (forall l,a. (distinct nil (cons l a))))
(assert (forall l (=> (= l (cons a ll)) (= ( head l) a))))
(assert (forall l (=> (= l (cons a ll)) (= ( tail l) ll))))
...

...
(assert (< (head a) (head (tail b))))
...
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Theory Combination

(set-logic QF_DTLIA)

...
(assert (< (head a) (head (tail b))))
...
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Theory Combination

The Question
Given algorithms for T1 and T2, can we construct an algorithm for T1 ∪ T2?

Formally
Suppose T1 and T2 are decidable. Is T1 ∪ T2 decidable? Hopefully with a constructive proof?
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Theory Combination

The Question
Given algorithms for T1 and T2, can we construct an algorithm for T1 ∪ T2?

Formally
Suppose T1 and T2 are decidable. Is T1 ∪ T2 decidable? Hopefully with a constructive proof?

The Decision Problem for T :
Given a QF formula, is it T -SAT?
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First Step: Purification

DT Solver Arith Solver

a0, a1, a2 ̸= nil

a0 ̸= a1, a1 ̸= a2, a0 ̸= a2

tail(a0) = tail(a1) = tail(a2) = nil

0 ≤head(a0), head(a1), head(a2)≤ 1
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First Step: Purification

DT Solver Arith Solver
a0, a1, a2 ̸= nil

a0 ̸= a1, a1 ̸= a2, a0 ̸= a2

tail(a0) = tail(a1) = tail(a2) = nil

x = head(a0), y = head(a1), z = head(a2) 0 ≤ x , y , z ≤ 1
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Second Step: Combination

Naive Method
A ∧ B is (T1 ∪ T2)-SAT

⇔

A is T1-SAT and B is T2-SAT.

DT Solver Arith Solver
a0, a1, a2 ̸= nil 0 ≤ x , y , z ≤ 1

a0 ̸= a1,a1 ̸= a2,a0 ̸= a2

tail(a0) = tail(a1) = tail(a2) = nil

x = head(a0), y = head(a1), z = head(a2)

SAT SAT

The formlua is UNSAT Method says SAT 14
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Exchanging Information

Arrangements

▷ Equivalent classes of variables

▷ Which variables should have the same value

▷ Conjunction of (dis)equalities between variables
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Second Step: Combination

Naive Method
A ∧ B is (T1 ∪ T2)-SAT

⇔

A is T1-SAT and B is T2-SAT.

DT Solver Arith Solver
a0, a1, a2 ̸= nil 0 ≤ x , y , z ≤ 1

a0 ̸= a1,a1 ̸= a2,a0 ̸= a2

tail(a0) = tail(a1) = tail(a2) = nil

x = head(a0), y = head(a1), z = head(a2)

SAT SAT

The formlua is UNSAT Method says SAT 17



Second Step: Combination

Nelson-Oppen Method [Nelson & Oppen, 1979]

A ∧ B is (T1 ∪ T2)-SAT
⇔

∃δ over vars (A) ∩ vars (B) s.t.
A ∧ δ is T1-SAT and B∧δ is T2-SAT.

DT Solver Arith Solver
a0, a1, a2 ̸= nil 0 ≤ x , y , z ≤ 1

a0 ̸= a1,a1 ̸= a2,a0 ̸= a2

tail(a0) = tail(a1) = tail(a2) = nil

x = head(a0), y = head(a1), z = head(a2)

δ : x = y = z δ : x = y = z

UNSAT SAT
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Second Step: Combination

Nelson-Oppen Method [Nelson & Oppen, 1979]

A ∧ B is (T1 ∪ T2)-SAT
⇔

∃δ over vars (A) ∩ vars (B) s.t.
A ∧ δ is T1-SAT and B∧δ is T2-SAT.

▷ Nelson-Oppen works for lists of integers

▷ What about lists of bit-vectors?
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Second Step: Combination

Nelson-Oppen Method [Nelson & Oppen, 1979]

A ∧ B is (T1 ∪ T2)-SAT
⇔

∃δ over vars (A) ∩ vars (B) s.t.
A ∧ δ is T1-SAT and B∧δ is T2-SAT.

DT Solver BV[1] Solver
a0, a1, a2 ̸= nil ⊤

a0 ̸= a1,a1 ̸= a2,a0 ̸= a2

tail(a0) = tail(a1) = tail(a2) = nil

No shared variables No shared variables
Trivial δ Trivial δ

SAT SAT

The formlua is UNSAT Method says SAT
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Second Step: Combination

Polite Combination [Ranise, Ringeissen, Zarba, 2005]

A ∧ B is (T1 ∪ T2)-SAT
⇔

∃δ over vars (B) s.t.

A ∧ δ is T1-SAT and wit(B) ∧δ is T2-SAT.

DT Solver BV[1] Solver
wit(a0, a1, a2 ̸= nil) ⊤

wit(a0 ̸= a1,a1 ̸= a2,a0 ̸= a2)

wit(tail(a0) = tail(a1) = tail(a2) = nil)

δ =? δ =?
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Politeness = Smoothness + Finite Witnessibility

Smoothness
T is smooth if

▷ for every T -SAT formula A and T -model of it I
▷ A is satisfiable by a T -model with cardinality ≥ that of I

Example

▷ Theory of lists is smooth

▷ Theory of BVs is not

This property generalizes stable infiniteness!
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Politeness = Smoothness + Finite Witnessibility

T is Finitely Witnessibile:

If A is T -SAT then it has a T -model I with domain vars (A)I

▷ wit is computable

▷ A is T -equivalent to ∃w .wit(A), w = new variablesd from wit

Example

▷ nil = nil : empty domain?
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Politeness = Smoothness + Finite Witnessibility

T is Finitely Witnessibile:

If wit(A) is T -SAT then it has a T -model I with domain vars (wit(A))I

▷ wit is computable

▷ A is T -equivalent to ∃w .wit(A), w = new variablesd from wit

Example

▷ nil = nil ∧ x = x : non-empty domain

23



Politeness Implies Combinability [Ranise, Ringeissen, Zarba, 2005]

In other words:
Polite combination works for polite theories.

24



Politeness Implies Combinability [Ranise, Ringeissen, Zarba, 2005]

In other words:
. . . If wit(ϕ2) ∧ δ is T2-SAT, it has a T2-"small" model. . . .

24
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Problem [Jovanovic & Barrett, 2010]

Counterexample

▷ T : ∃x , y .x ̸= y

▷ T is decidable

▷ T is polite with wit(ϕ) = ϕ ∧ w1 = w1 ∧ w2 = w2

▷ ϕ: x = x

▷ δ: x = w1 = w2

▷ wit(ϕ) ∧ δ is T -SAT, but not by a “small" model.
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Problem [Jovanovic & Barrett, 2010]

Counterexample

▷ T : ∃x , y .x ̸= y

▷ T is decidable

▷ T is polite with wit(ϕ) = ϕ ∧ w1 = w1 ∧ w2 = w2

▷ ϕ: x = x

▷ δ: x = w1 = w2

▷ wit(ϕ) ∧ δ is T -SAT, but not by a “small" model.

Important!

▷ This is a counterexample for (a step in) the proof

▷ Not for the theorem

▷ T can be combined with any decidable theory
26



The Fix of [Jovanovic & Barrett, 2010]

Finite Witnessibility
T is finitely witnessible if there exists a function wit such that:

▷ A is T -equivalent to ∃wwit(A), w = vars (wit(A)) \ vars (A)

▷ if wit(A) is T -SAT then it is T -SAT by a model with domain vars (wit(A))I .

Definition
T is polite if it is smooth and finitely witnessable.

Theorem? [Ranise, Ringeissen, Zarba, 2005]

Polite combination works for polite theories.
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The Fix of [Jovanovic & Barrett, 2010]

Strong Finite Witnessibility
T is strongly finitely witnessible if there exists a function wit such that:

▷ A is T -equivalent to ∃wwit(A), w = vars (wit(A)) \ vars (A)

▷ ∀ δ: if wit(A)∧δ is T -SAT then it is T -SAT by a model with domain vars (wit(A)∧δ)I .

Definition
T is strongly polite if it is smooth and strongly finitely witnessable.

Theorem! [Jovanovic & Barrett, 2010]

Polite combination works for strongly polite theories.
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Save Politeness?

Save Politeness from What?

▷ Extinction
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Save Politeness?

Save Politeness from What?

▷ Extinction
▷ The Polite Combination Method is great

• Revolutionary
• Non-symmetric
• Only requires a solver

▷ The Politeness Property is:
• Not known to be enough for polite combination method
• Replaced by strong politeness

• A more complicated property

• Can we do something else with politeness?
• Practiaclly: it would be easier to prove combinability
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Additivity Equality Unnecessity Partiality
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Attempt 1 Attempt 2 Attempt 3 Attempt 4

Additivity

Equality Unnecessity Partiality

Additive Politeness ⇒ Strong politeness
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Attempt 1

Additive Politeness [Sheng et al. 2020]

wit is additive if wit(wit(ϕ) ∧ δ) ≡ wit(ϕ) ∧ δ where δ is an arrangement.

▷ The witness should be invariant to arrangements

Proposition
If a witness is additive, then it is a strong.

Was Attempt 1 a Success?

Strong politeness of DT, sets, arrays [Sheng et al. 2020, Raya & Ringeissen, 2025]

strong politeness = additive politeness1 [Przybocki, Toledo, Zohar, 2025]

We want to use vanilla politeness!

1a different but just as good definition of additivity is needed.
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My Attempts To Save Politeness

Attempt 1 Attempt 2 Attempt 3 Attempt 4

Additivity Equality

Unnecessity Partiality

Maybe: politeness = strong politeness
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Attempt 2

Politeness = Strong Politeness ?

▷ If so, the original proof is actually correct

Politeness ̸= Strong Politeness !

▷ We found a theory that is polite but not strongly polite [Sheng et al. 2021]

▷ Two sorts, cardinalities (2,∞) or (≥ 3,≥ 3).
• Originally introduced in the context of shiny combination [Casal & Rasga 2018]
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Additivity Equality Unnecessity

Partiality

Maybe: politeness implies combinability but with a different proof?
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Attempt 3

Theorem [Toledo, Przybocki, Zohar, 2025]

▷ There are two decidable theories such that one is polite and their union is undecidable.

Axioms2

Name Axiomatization
T= {Pn → ψ=n : n ∈ N∗}
Tf {[ψ=

≥f1(k)
∧ ψ ̸=

≥f0(k)
] ∨

∨k
i=1[ψ

=
=f1(i)

∧ ψ ̸=
=f0(i)

] : k ∈ N∗}

Proof.

▷ T= and Tf are decidable

▷ Tf is polite.

▷ T= ∪ Tf is undecidable (If it were, f would be computable.)

2f is a non-computable function.
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My Attempts To Save Politeness

Attempt 1 Attempt 2 Attempt 3 Attempt 4

Additivity Equality Unnecessity Partiality

Maybe: politeness is useful for some class of theories
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Attempt 4

A Galois Connection [Przybocki, Toledo, Zohar, POPL’26]

▷ T1 and T2 are combinable if T1 ∪ T2 is decidable.

▷ G (X ) is the set of theories combinable with every theory of X .

Connections

▷ SI ⊆ G (SI ) from Nelson-Oppen

• But actually, SI = G(SI )

▷ SP ⊆ G (D) from strong politeness theorem

• But actually, SP = G(D)

Notation

▷ SI : Stable Infinite Theories

▷ P: Polite Theories

▷ SP: Strongly Polite Theories

▷ D: All Decidable Theories

What about P ?
G (P) =???
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Attempt 4

A Galois Connection [Przybocki, Toledo, Zohar, POPL’26]

▷ T1 and T2 are combinable if T1 ∪ T2 is decidable.

▷ G (X ) is the set of theories combinable with every theory of X .

Connections

▷ SI ⊆ G (SI ) from Nelson-Oppen
• But actually, SI = G(SI )

▷ SP ⊆ G (D) from strong politeness theorem
• But actually, SP = G(D)

Notation

▷ SI : Stable Infinite Theories

▷ P: Polite Theories

▷ SP: Strongly Polite Theories

▷ D: All Decidable Theories

What about P ?
G (P) = SI
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My Attempts To Save Politeness

Attempt 1 Attempt 2 Attempt 3 Attempt 4

Additivity Equality Unnecessity Partiality

Maybe: politeness is useful for some class of theories
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Attempt 1 Attempt 2 Attempt 3 Attempt 4

Additivity Equality Unnecessity Partiality
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Attempt 5?

▷ G (P) = SI was only proven for single-sorted theories.

▷ Maybe it does not hold for many-sorted ones?

▷ To be determined
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Conclusion

Polite Combination:

▷ Revolutionary

▷ Optimal (G (SP) = D)

▷ Only needs a solver

▷ Used in cvc5

Politeness:

▷ Not enough

▷ You really need strong/additive politeness

▷ Does not improve Nelson Oppen

Future:

▷ G (P) = SI for many-sorted signatures?

▷ Connections between more properties
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Conclusion

Polite Combination:

▷ Revolutionary

▷ Optimal (G (SP) = D)

▷ Only needs a solver

▷ Used in cvc5

Politeness:

▷ Not enough

▷ You really need strong/additive politeness

▷ Does not improve Nelson Oppen

Future:

▷ G (P) = SI for many-sorted signatures?

▷ Connections between more properties

Thank You!
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Back up

Back up slides
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Axioms

Axioms

Name Axiomatization
T= {Pn → ψ=n : n ∈ N∗}
Tf {[ψ=

≥f1(k)
∧ ψ ̸=

≥f0(k)
] ∨

∨k
i=1[ψ

=
=f1(i)

∧ ψ ̸=
=f0(i)

] : k ∈ N∗}

▷ f : N∗ → {0, 1} is assumed to be a non-computable function, such that f (1) = 1 and, for
every k ≥ 0, f maps half of the numbers between 1 and 2k to 1, and the other half to 0.

▷ fi (k) is the number of numbers between 1 and k that are mapped by f to i .

▷ ψ=

≥n = ∃−→x . [n ̸≈ ∧
∧n

i=1 p(xi )], ψ ̸=
≥n = ∃−→x . [n ̸≈ ∧

∧n
i=1 ¬p(xi )]

▷ ψ=

=n = ∃−→x . [n ̸≈ ∧
∧n

i=1 p(xi ) ∧ ∀ x . [p(x) →
∨n

i=1 x = xi ]]

▷ ψ ̸=
=n = ∃−→x . [n ̸≈ ∧

∧n
i=1 ¬p(xi ) ∧ ∀ x . [¬p(x) →

∨n
i=1 x = xi ]]

▷ p(x) stands for s(x) = x .
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Proof

Theorem
G (P) = SI .

Proof.

▷ Let U be an undecidable set of numbers

▷ For each n, let Tn be:
{Pm → ψ≥n+1 | m ∈ U} ∪ {Pi ↛ Pj | i ̸= j}

▷ For each n, Tn is polite.

▷ Let T be a theory that can be combined with every polite theory.

▷ Then T can be combined with every Tn.

▷ So T ∪ Tn is decidable.
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Proof

Theorem
G (P) = SI .

Proof.

▷ Suppose T is not SI .

▷ By compactness, the models of some formula φ have a maximal finite cardinality n.

▷ φ ∧ Pk is T ∪ Tn-SAT iff k /∈ U.

▷ But T ∪ Tn is decidable as Tn is polite and T can be combined with every polite theory.

▷ We solved an undecidable problem.
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