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1. Introduction

In this study, we prove the completeness and cut-elimination theorems for
a first-order extension F4CC of Arieli, Avron, and Zamansky’s ideal para-
consistent four-valued logic known as 4CC [4, 5, 6]. These theorems are
proved using Schiitte’s method [22, 19], which is used to simultaneously
prove the completeness and cut-elimination theorems for Gentzen’s sequent
calculus LK [11] for first-order classical logic. To prove these theorems,
we introduce an alternative Gentzen-type sequent calculus Syycc that is
theorem-equivalent to a first-order extension Ggscc of the original Gentzen-
type sequent calculus Gycc introduced by Arieli and Avron in [4, 5]. The
proposed calculus Spycc is an extension of a Gentzen-type sequent calculus
EPL, which was introduced by Kamide and Zohar in [12, 13].

The logic 4CC is an extension of Belnap—Dunn logic (also called first-
degree entailment logic or useful four-valued logic) [7, 8, 10], and is also
regarded as a variant of the logic of logical bilattices [2, 3]. Tt is also regarded
as a specific type of paraconsistent logic [18], which has multiple names:
it is called paradefinite logic by Arieli and Avron [4, 5|, non-alethic logic
by da Costa, and paranormal logic by Béziau [9]. Regardless of its name,
paradefinite logic incorporates the properties of both paraconsistency, which
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rejects the principle (o A ~a)— [ of explosion, and paracompleteness, which
rejects the law a V ~a of excluded middle.

The logic 4CC is one of the most important ideal paradefinite logics that
have natural many-valued semantics. 4CC is maximal relative to classical
logic. This means, intuitively, that any attempt to add to it a tautology
of classical logic, which is not provable in 4CC, should necessarily end-up
with classical logic. For the exact definition and motivation of this prop-
erty, see [6]. 4CC is also related to connexive logics [1, 16, 24], as it has a
common characteristic Hilbert-style axiom scheme. For more information on
the relationship between 4CC and connexive logics, see [13]. Below are the
four-valued truth tables of 4CC, where ¢t and f serve as the classical values
true and false, while T and L are two additional truth values:

At fTL V[tfTL —SftfTL [~ |-
tfe FTL ettt tfefTL  ¢ff  tf¢
flffFff  flefTL  fleett  flt  fllf
TITfFTf TIeTTt TefTL T|T T|L
AL ffL Llert L Ligttt L)L LT

As mentioned above, 4CC is an important ideal paradefinite logic. How-
ever, the first-order version F4CC of 4CC, which would be much more suit-
able for actual applications, has not yet been studied. A possible reason why
F4CC was not considered is that elevating its propositional semantics to the
first-order level is not trivial. The completeness theorem with respect to a
valuation semantics for 4CC can be proved smoothly as shown in [12, 13]
by using Lahav and Avron’s unified semantic proof method [14], which was
used to prove completeness and cut-elimination for a wide class of non-
classical logics. However, the method by Lahav and Avron does not work
for F4CC, as it is limited to propositional languages. The embedding-based
proof method used in [12, 13] for proving the completeness theorem for other
propositional paradefinite logics seems insufficient for FA4CC, because it is
not clear how a translation function can be defined for F4CC. To overcome
these difficulties, in this study, we use Schiitte’s method for simultaneously
proving the completeness and cut-elimination theorems for a Gentzen-type
sequent calculus for F4CC. To use Schiitte’s method, we introduce a new
Gentzen-type sequent calculus Spscc, as the original system Gpyoc does
not fit this method (see Remark 4.7). As a corollary of cut-elimination, we
obtain a first-order variant of the negative symmetry property, introduced in
[12].

The structure of this paper is summarized as follows. In Section 2, we
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introduce Syqcc and Gpyoc, and prove the equivalence between them. In
Section 3, we introduce a valuation semantics for Sp4cc, and show the sound-
ness theorem with respect to this semantics. In Section 4, we prove the com-
pleteness and cut-elimination theorems for Sgp4cc by using Schiitte’s method,
and obtain the characteristic property of negative symmetry as a corollary of
the cut-elimination theorem. In Section 5, we conclude and consider future
work.

2. Sequent calculus

For the sake of simplicity of the discussion, a first-order language without
individual constants and function symbols is considered. Formulas of the
first-order ideal paraconsistent four-valued logic F4CC are constructed from
countably many predicate symbols p,q,... and countably many individual
variables z, vy, ... by the logical connectives A (conjunction), V (disjunction),
— (implication), ~ (paraconsistent negation), — (conflation), V (universal
quantifier), and 3 (existential quantifier). We use an expression afy/z| to
represent the formula which is obtained from the formula « by replacing all
free occurrences of the individual variable x in e by the individual variable y,
but avoiding a clash of variables by a suitable renaming of bound variables.
A O-ary predicate is regarded as a propositional variable. We use small letters
P, q, ... to denote not only predicate symbols but also atomic formulas, Greek
small letters a, 3, ... to denote formulas, and Greek capital letters I'; A, ... to
represent finite (possibly empty) sets of formulas. We use the expressions
~I"and —TI" to denote the sets {~v | v € I'} and {—~ | v € I'}, respectively.
We use the symbol = to denote the equality of symbols.

A sequent is an expression of the form I"' = A. We use an expression
o & [ as the abbreviation of the sequents o« = 8 and § = «. An expression
L + S means that a sequent S is provable in a sequent calculus L. If L of
L+ S is clear from the context, we omit L in it. Two sequent calculi L
and Lo are said to be theorem-equivalent if {S | L1 = S} = {S | La + S}.
A rule R of inference is said to be admissible in a sequent calculus L if the
following condition is satisfied: For any instance

S-S,
S

of R, if L + S, for all 4, then L  S. Moreover, R is said to be derivable
in L if there is a derivation from Si,---,5, to S in L. Note that a rule R
of inference is admissible in a sequent calculus L if and only if the sequent
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calculi L and L + R (i.e., the calculus obtained from L by the addition of
R) are theorem-equivalent.

A Gentzen-type sequent calculus Spycc for FACC is defined as follows.

DEFINITION 2.1 (Spacc). In the following definition, y represents an arbi-
trary individual variable, and z represents an individual variable which has
the eigenvariable condition, i.e., z does not occur as a free individual variable
in the lower sequent of the rule.

The initial sequents of Spacc are of the following form, for any atomic
formula p,

p=Dp ~p = ~p —p=-p ~p, —p = = ~p, —P-
The structural inference rules of Sracc are of the form:

'=Aa oX=10

ry=Am
I'=A I'=A .
ﬁ (We— left) I:TO[ (We—rlght) .

The positive logical inference rules of Spacc are of the form:

m (Aleft) 2 érA:;aA’ZfﬂA’ﬁ (Aright)

a’ra:i/é, Fﬁ:’>FA:> A (Vleft) m (Vright)

Faiéﬁ, EQE:HH (—left) m (Tright)
W (Fleft) m (Iright).

The negated logical inference rules of Spacc are of the form:

a,l'= A ' A«

~ma T A (lelt) Rl (risht)
= A« a,I'= A .
ol = A (~—left) T Ao (~—right)
al=8 ~BU=A o) > A B iht)

~(aAB),I'=A I'= A, ~(aApB)
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NN(Z?\;JZ;,F F:;AA (~Vieft) - :}A:;N: N?a:\i BA)’ ~p (~Vright)
LSBT0y D3te Taben
o et S (g
Nfa[i/;,]fpzfAA (~Tleft) FF:;AA,’Nfi/;] (~Gright).

The conflated logical inference rules of Spacc are of the form:

_iif:‘;AA (——left) Fl;:Z’A_’C_ya (——right)
—ierjA (=~left) % (—~right)
_(Z’/\gg TFZAA (=Aleft) : :>FA=7>AO[, —?a:;\ BA)’ =L (=Aright)
_a’f(ijﬂ),;iFi = (et rrj AA, __@v_ §> (=Vright)
oA TEean M) TS iy (Cone)
__a\[fﬁ]{;:f (~Vleft) FFZAA”__O‘\ZQE D (vaight)
la%i@’fiﬁ (—Fleft) FFZAA’Z% D (“righ).

REMARK 2.2. (——left) and (——right) correspond to the Hilbert-style aziom
scheme —(a—f) < a——[, which is a characteristic axiom scheme for
some connexive logics [1, 16, 23] if — is replaced by ~. See [17, 24] for a
comprehensive introduction to connexive logics.

PropPoSITION 2.3. The following sequents are provable in cut-free Spacc:
For any formula o,

1. = q,
2. ~a,—a =,

3. = ~a,—a.
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PROPOSITION 2.4. The following sequents are provable in cut-free Syacc:

For any formulas o and 3,

N NN
® O~ S

© o NS S e e =

~oa S

~—a & —a,
~(a A B) & ~aV ~B,
~(aV B) & ~a A,
~(a—8) & a A~B,
~Vra & dr~a,
~dra < Vr~a,

——a s a,

—(aNp) & —an=p,
—(aVpB) & —aVv -4,

. —(a=8) & a——p,
. —Vra & Vr—a,
18.

—Jdra & Jr—a.

ProOOF. Straightforward.

PROPOSITION 2.5. The following rules are derivable in Spicc:

I'=s A —«a
~a, ' = A

I'= A ~a«
—a,'= A

—a,'=> A

T A, ~a (T8N0

~a, "= A

T A, —q (Tieht)

PrOOF. We show only the case for (~left) as follows.

I'=s A —«a

—a, ~a =

Prop.2.3

~a,I'= A

(cut).

A first-order extension Gpscc of Arieli-Avron’s sequent calculus Gycc
[4, 5] for 4CC is defined as follows.
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DEFINITION 2.6 (Gpscc). A sequent calculus Gpacc is obtained from Spacc
by replacing {(p = p), (~p= ~p), (-p= —p), (~p,—p =), (= ~p,—p),
(——left), (——right), (—~left), (—~right), (—Aleft), (—Aright), (—Vleft),
(—Vright), (——left), (——right), (—Vleft), (—Vright), (—3left), (—3right)}
with {(a = «), (—left), (—right)}.

PROPOSITION 2.7. The following sequents are provable in cut-free Gracc:
For any formula «,

1. ~a,—a =,

2. = ~a, —a.
PROOF. By using (—left) and (—right). [ ]

THEOREM 2.8 (Equivalence between Spscc and Gracc). The systems Spacc
and Gracc are theorem-equivalent.

PROOF. e We show that for any sequent I' = A, if Gpacc F I' = A, then
Sracc F I' = A. This is shown by induction on the proofs P of ' = A in
Gracc. We distinguish the cases according to the last inference of P. It is
sufficient to consider the cases for (o« = « for any formula «), (—left), and
(—right). The case for (a = « for any formula «) holds by Proposition 2.3.
The cases for (—left) and (—right) hold by Proposition 2.5.

e We show that for any sequent I' = A, if Spycc F I' = A, then Gpyce
F I' = A. This is shown by induction on the proofs @ of I' = A in Spycc.
We distinguish the cases according to the last inference of P. We must
consider the cases for (~p, —p =), (= ~p, —p), (~left), (~right), (——left),
(——right), (—~left), (—~right), (—Aleft), (—Aright), (—Vleft), (—Vright),
(——left), (——right), (—Vleft), (—Vright), (—3left), and (—3right). We show
some of the cases below. The rest are shown similarly.

1. Case (~right): The last inference of @ is of the form:

—a,I'= A .
T A, ~a (TER):

We obtain the required fact:

Prop.2.7
= ~a, —Q —a,I'= A
I'= A ~a

(cut).
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2. Case (~left): The last inference of @ is of the form:

I'=A, -«

~aT = A (et

We obtain the required fact:
Prop.2.7

I'=s A —a ~a,—a=
~a, "= A

(cut).

3. Case (——left): The last inference of @ is of the form:

a,'= A
s eyl
We obtain the required fact:
a,l'= A . Prop.2.7
ToA~q 70 (cut)
——a,l=A o

4. Case (——left): The last inference of @ is of the form:

I'=sAa —6,X=10
—(a—=p), Y= AII

(——left).

We obtain the required fact:

Prop.2.7
= ~0,—f -5, X =11
I'= A« Y = I, ~f (cut)
. (we-left), (we-right) : (we-left), (we-right)
Y= A« I,% = AL ~3
[Y = AL ~(a—p)
—(a—p), I = A1l

(~—right)

(—left).

5. Case (—Vright): The last inference of @ is of the form:

I'= A, —afz/x]
I'= A, —Vza

(—Vright).
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We obtain the required fact:

: Prop.2.7
I'= A, —alz/x] —a[z/x],f;a[z/:c] =
~alz/x],I' = A
~Vra,I'= A

I'= A, —Vza

(cut)

(~Vleft)
(—right).

3. Semantics

Prior to introduce a semantics for Spscc, we introduce some notations. Let
I’ be a non-empty finite set {a1, ag,...,a,} of formulas. Then, we use the
expressions I'y and I'* as abbreviations of oy Aas A--- Ay and aq V as V
-+ V ay, respectively. If I' = (), then we respectively use I'y and I'* as
abbreviations of ¢—¢ and ~—(g—q) where ¢ is a fixed atomic formula.

We follow the substitutional approach for first-order logic (see, e.g., [15,
20)).

DEFINITION 3.1. A structure A := (U, I*) is called a paraconsistent model
if the following conditions hold:

1. U is a non-empty set,
2. I is a mapping such that
(a) p'", (~p)I", (=p)I" C U™ for an n-ary predicate symbol p,
(b) for any predicate symbol p,
i xe(~p)iff e g (—p)",
i x € (—p) iffx ¢ (~p)T.
We introduce the notation u as the name of uw € U, and we denote L[A] as
the language obtained from the language L of FACC by adding the names
of all the elements of U. A formula « is called a closed formula if o has
no free individual variable. A formula of the form Vx1 - - -V« is called the

universal closure of « if the free variables of a are x1, ..., xy,. We write cl(a)
for the universal closure of «.

DEFINITION 3.2 (Semantics for Spacc). Let A := (U, I*) be a paraconsis-
tent model. The paraconsistent satisfaction relation A E* « for any closed
formula o of L|A] are defined inductively by:
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10.
11.
12.
1.
1.
15.
16.
17.
18.
19.
20.
21.
22.

A ET plugs e w,) off (uns e

(u17“ )7
[A F Np(ulv' 7un)

atomic formula ~p(uy, ...

(u
[A }: _p(uh’ " n) (

atomic formula —p(uy, ...
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un) € p'] for any n-ary atomic formula

ttn) € (~p)I7] for any n-ary negated
)
Uty .oy tn) € (—p)L7] for any n-ary conflated
5N

AE*aAB iff A):*aandA’: B,
AE*aVvpiff AE"a or AE*pB,
AE*a—=p iff AE o« or AE*p,

A E*Vea iff AE* alu/z] for allu e U,
AE* Jza iff AE* afu/x] for some u e U,

AE* ~aciff AE* a
AE" ~—a iff AFE" a,

AE"~(anpB) iff AE" ~aor AE"~p,
AE*~(aVp)iff AE" ~a and AE* ~f,
AE* ~(a=p) iff AE*a and AE" ~f,

A E=* ~Nea iff AE* ~alu/z] for some uw e U,
A E* ~Jra iff AE* ~alu/x] for allu e U,

AE* ——aiff AE"a,
AE* —~a iff AE*

AE*—(anp)iff AE* —a and A" -5,
AE"—(aVvp) iff AE"—aor AE"—p,
AE* —(a=p) iff AFE*a or AE* -0,

AE* —Vea iff AE* —alu/x] for allu e U,
AE* —Jza iff AE" —alu/z] for someuw e U.

The paraconsistent satisfaction relation A |=* « for any formula « of £
are defined by (A E* a iff A E* cl(@)). A formula o of L is called F4CC-
valid iff A E* « holds for any paraconsistent model A. A sequent I' = A of
L is called F4CC-valid (denoted by Sracc =T = A) iff the formula T, —A*
of L is F4CC-valid.

The following theorem provides an alternative definition of the above
semantics:
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THEOREM 3.3. Requirement 2.b in Definition 3.1 and requirements 16-22
in Definition 3.2 can be replaced by the following requirement:

AE" —a iff AE" ~a (I)
and the resulting class of structures stays the same.
Proor.

e Suppose the condition in (I) is met. We prove that requirements 2.b,
and 16-22 are met. 2.b is implied by the combination of (I), 2 and 3. We
show that 16, 17, 18 and 21 are met. The rest are shown similarly. For
16: By (I), A =* ——a iff A " ~—c, which by 10 holds iff A =* «.
For 17: By (I), A E* —~a iff A £* ~~c, which by 9 holds iff A ~£* a.
For 18: By (I), A =* —(a A B) iff A [£* ~(a A 8), which by 11 holds
iff A £* ~a and A £* ~B. This, again by (I) holds iff A =* —a and
A E* =B For 21: By (1), A F* —Vza iff A £* ~Vza, which by 14 holds
iff A " ~afu/z] for every u € U. Again using (I), the latter holds iff
A E* —alu/z] for every u € U.

e We prove that A =" —a iff A E£* ~a for every formula o and paracon-
sistent model A. We do so by induction on «, explicitly covering most
of the cases, leaving the rest for the reader. For the base case where «
is atomic, this holds by 2.b of Definition 3.1. If @« = ~f3, then we have
by 17 that A =* —a iff A F&* 5, which by 9 holds iff A f=* ~a. If
a = —f3, then we have by 16 that A E* —« iff A E* 3, which by 10
holds iff A F£* ~a. If a = 81 A B2, then we have by 18 that A =* —a iff
A E* =51 and A E* —[f5, which by the induction hypothesis holds iff
A FE* ~B1 and A £* ~fBy. By 11, this holds iff A f£* ~a. If a = Vap3,
then by 21 we have that A =* —aiff A =" —f[u/x] for all u € U. By the
induction hypothesis, this holds iff A [£* ~f[u/z] for all u € U, which
by 14 holds iff A p=* ~a.

In particular, we have the following property, that will be used in the
completeness proof below:

COROLLARY 3.4. For any paraconsistent model A and any formula o, we
have the following clauses:

1. AE* ~aiff AFE* —a,
2. AE* —a iff AR* ~a.
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To conclude this section, we prove the soundness of the above semantics
w.r.t. Spscc.

THEOREM 3.5 (Soundness for Spycc). For any sequent S,

if Sracc F S, then Spacc = S.

PROOF. By induction on the proof P of S. We distinguish the cases accord-
ing to the last inference of P. We show some of the cases. The others are
proved similarly.

1. Case (Np(ul,...,gn),—p(gj,...,un) =): The last inference of P
is of the form: ~p(uy,...,u,),—p(us,...,u,)=.  We show that

Y =n Y =n
“~p(uyg,...,u,), —p(uys,...,u,) = is FACC-valid (i.e., ~p(uy,...,u,) A
—p(uy,...,u,)—>~—(g—q) is FACC-valid).” It is thus sufficient to show
that for any paraconsistent model A = (U, I*), A E=* ~p(uy,...,u,) A
—p(uy,...,u,)—=~—(q—q) where q is obtained from ¢ by replacing all
the free individual variables occurring in it with the names of some el-
ements of U. We thus show A E* ~p(uy,...,u,) A —p(uy,...,u,) or
A E* ~—(q—q). On the other hand, we have (*): A " ~—(q—q)
(ie., A E* q—>q) Thus, we now show (**): A F* ~p(uy,...,u,) A
—p(l_ll,. ) n) A b’é _p(l—llw " n) or A l# Np(ulv' ) n)) By
Corollary 3.4, 1f .A = —p(uy,...,u,), then A FE* ~p(uy,...,u,), and
it A E* ~p(uy,...,u,), then A E* —p(uy,...,u,). Thus, we have
A —p(uyy..,u,) or A FE* ~p(uy,...,u,), and hence obtain (**).

Thus, by (*) and (**), we obtain the required fact.
u,)): The last inference

1—117""1—171)7_17(1—117“' u ) We
1

2. Case (= ~p(uy,...,u,), —p(uy, ..,
of P is of the form: = ~p
show that “= ~p(uy,...,u,),—p(uys,...,u,) is F4CC-valid (ie.,
(g—q)—~p(uy,...,u,) V —p(uy,...,u,) is FA4CC-valid).” It is thus
sufficient to show that for any paraconsistent model A = (U, I*),
A E* (q—q)—~p(uy,...,u,) V —p(uy, ...,u,) where q is obtained from
q by replacing all the free individual variables occurring in it with
the names of some elements of U. We thus show A F* (q—q) or
A E* ~p(uy,...,u,) V —p(uy,...,u,). On the other hand, we have
(*): A =" q—q (i.e., we have no A ~* q—q). Thus, we now show
( ) A}:* Np( 19 n) _p(ula' 7un) (le 'A': Np(u17' ) n) or
A E=* —p(uy,...,u,)). By Corollary 3.4, if A E* ~p(uy,...,u,),
then A E* —p(u,,..,u,), and if A K¥* —p(us,...,u,), then
A = ~p(uy, ..., u,). Thus we have: A E* —p(uy,..,u,) or
A E* ~p(uy,...,u,), and hence obtain (**). Thus, by (*) and (**), we

obtain the required fact.

» Bn
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3. Case (~dright): The last inference of P is of the form:

I'= A, ~alz/x]
I'= A, ~3Jdza

(~3right).

We show that “T" = A, ~a[z/z] is FACC-valid” implies ‘T' = A, ~Jza
is FACC-valid.” By the hypothesis, (*): Vzi---Vz,Vz(I'i— (A" V
(~alz/z]))) (where 21, ..., z, are the free individual variables occurring in
I' = A, ~3za) is F4CC-valid. We show that A [=* Vz; - - - Vz, (T —(A*V
(~Jza))) for any paraconsistent model A := (U, I*), i.e., we show that
for any uy,...,u, € U, A E* I',—(A* V (~3za)), where [',; A*, and
a are respectively obtained from I'y, A* and « by replacing z1, ..., 2,
by uy, ..., u,. Here, we note that (~3za)[u; /21, ..., 4, /2, (the result of
the simultaneous substitution of z; by u; (1 < i < n)) is equivalent
to ~3z(afuy/z1, ..y U, /20]), 1.€., ~Jza. By (*), we have A =* ([, —
(A* V (~alz/z])))[w/z] for any w € U. By the eigenvariable condition,
z is not occurring freely in 'y, A*, and «. Thus, ', [w/z] and A*[w/z]
are equivalent to I',and A*, respectively, and «a[z/x]|[w/z] is equivalent
to afw/z][w/x], i.e., a[w/x]. Therefore, for any w € U, we have that (a):
AE*T,—(A" V ~alw/x]). Suppose that (b): [A =*T, and A E* A*].
Then, by (a), we have that for any w € U, A |=* ~a[w/z]. Therefore, we
obtain (¢): A [=* ~3za. This means that (b) implies (c), i.e., A =*T,
implies (A =* A* or A =* ~3za). Therefore, we have the required fact
that A =*[,—(A* V (~3za)) for any uy,...u, € U.

4. Completeness and cut-elimination

In the following, we prove the (strong) completeness and cut-elimination
theorems for Spycc by using Schiitte’s method [22].

DEFINITION 4.1. A sequent I' = A s called saturated if for any formulas o
and (3,

1. aNp el implies (a €T and B €T),

2. a NP e A implies (a« € A or f € A),

3. aV el implies(a€l orpel),

4. aV B e A implies (a € A and B € A),

5. a—p el implies (¢ € A or €T,
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10.
11,
12.
13.
1.
15
16.
17.
18.
19.
20.
21.
22.
23.
2.
25.
26.
27.
28.
29.
30.
31.
32.
3.
3.
35.
36.
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a—p € A implies (a« € " and § € A),

Vea € T implies (aly/x] € T for any individual variable y),
Vea € A implies (afz/z] € A for some individual variable z),
Jra € T implies (afz/x] € T for some individual variable z),
dza € A implies (afy/x] € A for any individual variable y),
~~a €1 implies a € T,

~r~a € A dmplies a € A,

~—a €T implies o € A,

~—a € A implies a €T,

~(aAB) el implies (~a €T or ~f €T),

aV p) € A implies (~a € A or ~f € A),
a—f) € T implies (a € T and ~p € T),
(a—pB) € A implies (. € A or ~f € A),

~Vrxa € I' implies (~alz/z] € T' for some individual variable z),

~
~

~Vxa € A implies (~aly/z] € A for any individual variable y),
~Jza € T implies (~aly/z] € T for any individual variable y),
~Jzxa € A implies (~alz/z] € A for some individual variable z),
——a €l implies a € T,

——a € A implies a € A,

—~a €1 implies a € A,

—~a € A implies a € T,

—(a A B) €T implies (—a €T and —p €T,

aAB) e A implies (—a € A or —f € A),

aV p) el implies (—a €T or —f €l),

aV B) € A implies (—a € A and —f € A),

a—p) € I implies (« € A or =B €T),

—(a—p) € A implies (a € ' and —p € A),

—Vza € T implies (—afy/z] € T for any individual variable y),

—(
—(
—(
—(

—Vza € A implies (—alz/z] € A for some individual variable z),
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37. —3za € T implies (—afz/z] € I for some individual variable z),

38.

—Jza € A implies (—aly/z] € A for any individual variable y).

We now introduce the notion of infinite sequent.

DEFINITION 4.2. An expression I' = A is called an infinite sequent if I' and
A are infinite (countable) sets of formulas. An infinite sequent I' = A is
called provable if a finite part T = A’ of the sequent is provable (i.e., T and
A’ are finite subsets of T' and A, respectively).

DEFINITION 4.3. A decomposition of a sequent (or infinite sequent) S is
defined as having the form S’ or S'; S” by

1.
I =Aanb,a; T'= A an(, b is a decomposition of ' = A, a A S,
o, aV BT = A B8,aVv B, T = Ais a decomposition of aV 3, = A,
.I'= A,aV B, a,8 is a decomposition of I' = A, a V (3,

RS TR W

10.

11.
12.

15.

1.
15.

a,B,aAB,T = A is a decomposition of a A 5,1 = A,

a—6,I'= A,a; 5,a—=8,T = A is a decomposition of a—3,1 = A,
a,I'= A a—p, 8 is a decomposition of I' = A, a—0,

alyr/z], ..., alym /x|, YVea,I' = A is a decomposition of Vea,I' = A where
Y1y ...y Ym are the free individual variables occurring in Vea,I' = A (if it
has no free individual variable, then we adopt an arbitrary free variable
in the language),

I' = A, Voo, alz/z] is a decomposition of I' = A,Vra where z is a fresh
free individual variable (i.e., z is not occurring in it),

alz/z],3xa, T = A is a decomposition of Ixa, I’ = A where z is a fresh
free individual variable, (i.e., z is not occurring in it),

I'= A, Jza, alyr /2], ..., alym /x| is a decomposition of ' = A, Jxa where
Y1y -y Ym are the free individual variables occurring in I’ = A, Jxa, (if it
has no free individual variable, then we adopt an arbitrary free variable
in the language),

a,~~a, I’ = A is a decomposition of ~~a, I’ = A,
I' = A, ~~a,a is a decomposition of I' = A, ~~q,
~—a,I' = A, « is a decomposition of ~—a, ' = A,
a,I' = A, ~—a is a decomposition of I' = A, ~—q,

~a,~(aNB),l'=A ; ~B,~aAp),l'=A is a decomposition of
~(anp), T = A,
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16.
17.
18.

19.
20.

21.

22.

23.

2.

25.
26.
27.
28.
29.

30.

31.

32.
33.

3.
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I'= A ~(aAp),~a,~f is a decomposition of I' = A, ~(a A ),
~a,~B,~(aV p),T = A is a decomposition of ~(aV 3),I' = A,

= A ~@Vp),~a ; I'= A, ~(aVp),~8 is a decomposition of
I'= A ~(aVp),

a,~B,~(a—=pB),I' = A is a decomposition of ~(a—f),T = A,

I'= A ~(a=p),a ; I'= A ~(a—=p),~0 is a decomposition of
I'= A, ~(a=f),

~alz/x], ~Nza, T = A is a decomposition of ~Vra,I' = A where z is a
fresh free individual variable, (i.e., z is not occurring in it),

I' = A, ~Vea, ~alyr /), ..., ~alym/x]  is  a  decomposition  of
I' = A, ~Vea where yi,...,ym are the free individual variables oc-
curring in I' = A, ~Vza, (if it has no free individual variable, then we
adopt an arbitrary free variable in the language),

~aly /], ..., ~alym/x], ~Fxa, T = A is  a  decomposition  of
~dzxa,I' = A where yi,...,ym are the free individual variables oc-
curring in ~3xa, T’ = A (if it has no free individual variable, then we
adopt an arbitrary free variable in the language),

I' = A, ~3za, ~alz/z] is a decomposition of I' = A, ~3xa where z is a
fresh free individual variable (i.e., z is not occurring in it),

a,——a, ' = A is a decomposition of ——a, ' = A,
I'=> A, ——a,«a is a decomposition of I = A, ——a,
—~a, ' = A« is a decomposition of —~a, ' = A,
a,I' = A, —~a is a decomposition of I' = A, —~q,
—a,—p,—(aNp),I' = A is a decomposition of —(a N ),I' = A,

F=A—(anp),—a ; T'=A,—(aAB),—0 is a decomposition of
= A —(anp),

—a,—(aVp),I'=A ; —8,—(aVvp),[ = A is a decomposition of
—(aVvp),I'= A,

I'= A —(aVp),—a,—p is a decomposition of ' = A, —(a V j3),

—(a—=p),I'=Aa ; —B,—(a—=p),'=A is a decomposition of
—(a—=p),I'= A,

a,I'= A, —(a—p),—p is a decomposition of I' = A, —(a—p),
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35. —afyi/z], ..., —alym/x], Vo, I = A is a  decomposition  of
—Vzxa,I' = A where yi1,...,ym are the free individual variables oc-
curring in —Vrxo,I' = A (if it has no free individual variable, then we
adopt an arbitrary free variable in the language),

36. T' = A, —Vzea, —alz/z] is a decomposition of I' = A, —Vza where z is a
fresh free individual variable (i.e., z is not occurring in it),

37. —alz/x], —Fzxa, T = A is a decomposition of —3xa, I’ = A where z is a
fresh free individual variable, (i.e., z is not occurring in it),

38. I' = A, —TJza, —afyr /], ..., —[ym /] is a  decomposition  of
I'= A, —3za where yi,...,ym are the free individual variables oc-
curring in I' = A, —3za, (if it has no free individual variable, then we
adopt an arbitrary free variable in the language).

DEFINITION 4.4. A decomposition tree of S is a tree which expresses a pro-
cess of some repeated decomposition of S.

REMARK 4.5. Roughly speaking, a decomposition rule corresponds to a (mod-
ified) inference rule of Spacc — (cut) (i.e., the right hand side of the decom-
position rule corresponds to the premise(s) of an inference rule, and the left
hand side corresponds to the conclusion of the inference rule). A decomposi-
tion tree corresponds to a bottom up proof search tree of Spacc — (cut). In
every decomposition of S (i.e., S’ or S’;S"), if S is unprovable in Spscc —
(cut), then so is S" or S".

LEMMA 4.6. Let I' = A be a given unprovable sequent in Spscc — (cut).
There exists an unprovable saturated (infinite) sequent 'Y = A% such that
I' CT¥ and A C AY.

PrOOF. Let I' = A be an unprovable sequent in Spqcc — (cut). We con-
struct I'Y = A¥ from I' = A as follows.

1. We apply the decomposition instructions from Definition 4.3 to I' = A,
in the following order, but without some decompositions, which are not
related to the formulas in I' = A.

(1) —(2) — (3) — -+ — (38).
In such a decomposition process, one of the decomposed elements S’ and
S” of S is an unprovable sequent.

2. We repeat the same procedure as that of (1) infinitely often. Then, we
obtain an infinite finitely branching decomposition tree.
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3. By Konig’s lemma, we have an infinite path on this decomposition tree
as follows:

F0:>A0’F1:>A1|F2:>A2|"- o0,

where I'g = Ag is I' = A. In this sequence of the sequents on the infinite
path, we have that ¢ CI'{ CT9s C -+ and Ag C A1 C Ay C---.

4. We put IV := [ J;2, Ty and A¥ :=[J;2, A;. We note that 'V N A% = 0.

Then, we have that I' C I'Y and A C A%, and can verify that I'“ = A%
is an unprovable saturated sequent.
[

REMARK 4.7. Schiitte’s method for proving completeness and cut-elimination
theorems cannot apply to Gracc. The reason is explained as follows. If the
corresponding decomposition rules of Gracc including (—left) and (—right)
are adopted, then it is not clear whether some repeated decomposition pro-
cesses develop or not a saturated sequent which is defined naturally in Defi-
nition 4.1, because the decomposition rules for (—left) and (—right) are not
related to the definition of saturated sequents. That is why we adopt Spacc
as a base system for F4CC.

LEMMA 4.8. Let I' = A be an unprovable sequent in Spscc — (cut), and
I' = AY be an unprovable saturated sequent constructed from I' = A by
Lemma 4.6. We define a canonical paraconsistent model A := (U, I*) for
I' = A as follows:
1. U :={z | z is a free individual variable occurring in I'V = A%},
2. I* is a mapping such that

(a) p'" = {(21,.0, 2m) | P(21, ey 2m) € T},

(b) (~p)I" = {(21, .0 2m) | ~p(21, ey 2m) € T¥Y,

(c) (=) = {(z1, s 2m) | =p(21, ., 2m) € T}
Then, we have: for any formula o,
1. a € T¥ implies A =* «,
2. a € A¥ implies A * «

where o is obtained form a by replacing every individual variable x occurring
in a by the name z.
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PRrROOF. By induction on a.
e Base step: We show only the following case. The others can be shown
similarly.

Case a = —p(uy,...,u,): First we have: —p(uy, ..., u,) € T iff (u1, ..., uy)
€ (—p)"" (by the definitions of I*) iff A =* —p(u,,...,u,). Second,
we have: —p(uy,...,un) € AY iff —p(u1,...,u,) ¢ I'Y (by the fact ' N
AY = ) iff (u1,...,un) & (—p)!" (by the definitions of I*) iff A J£*

—p(Ll1 PR un)'

e Induction step: We show some of cases. The others can be shown
similarly.

1. Case a = B A~: First, we show that 8 Ay € I'“ implies A =* A 7.
Suppose B Ay € I'Y. Then, we obtain [5 € I'Y and v € I'*] by Definition
4.1. By the induction hypothesis, we obtain [A =* § and A =* 7]. This
means A =" BA~y. Second, we show that SA~y € A¥ implies A E* SA7.
Suppose B A~y € A¥. Then, we obtain [ € A or v € A¥] by Definition
4.1. By the induction hypothesis, we obtain [A F&* 8 or A [£* 4]. This
means A = S A y.

2. Case o = f—: First, we show that f—vy € I'“ implies A =* 3—1.
Suppose f—7y € I'Y. Then, we obtain [ € AY or v € I'*] by Definition
4.1. By the induction hypothesis, we obtain [A [£* § or A |=* 4]. This
means A =* f—~. Second, we show that f—v € A“ implies A =* f—~.
Suppose f—y € A¥. Then, we obtain [ € I'Y and v € A*] by Definition
4.1. By the induction hypothesis, we obtain [A =* § and A £* 7]. This
means A £ f—.

3. Case @ = ~~f: First, we show that ~~f € I'“ implies A =* ~~f.
Suppose ~~f € I'“. Then, we obtain § € I'“ by Definition 4.1. By
the induction hypothesis, we obtain A =* 3, and hence obtain A =*
~~f. Second, we show that ~~3 € A* implies A £E* ~~f. Suppose
~~f € A¥. Then, we obtain 5 € A* by Definition 4.1. By the induction
hypothesis, we obtain A }=* 3, and hence obtain A =* ~~f3).

4. Case o = ~—pf: First, we show that ~—f5 € I'” implies A |=* ~—f.
Suppose ~—f3 € I'Y. Then, we obtain § € A% by Definition 4.1. By
the induction hypothesis, we obtain A p=* 3, and hence obtain A =*
~—f. Second, we show that ~—3 € A“ implies A £* ~—f. Suppose
~—f € A¥. Then, we obtain 8 € I'“ by Definition 4.1. By the induction
hypothesis, we obtain A =* 3, and hence obtain A [£* ~—f).
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Case a = ~(f—): First, we show that ~(f—~) € I'Y implies A =*
~(B—7). Suppose ~(S—v) € I'Y. Then, we obtain [ € I' and ~vy €
I'“] by Definition 4.1. By the induction hypothesis, we obtain [A =* 3
and A =* ~7]. This means A =* ~(f—7). Second, we show that
~(B—v) € A¥ implies A =* f—~v. Suppose ~(8—v) € A¥. Then,
we obtain [ € AY or ~vy € A¥] by Definition 4.1. By the induction
hypothesis, we obtain [A [E* ) or A E* ~v)]. This means A [~
~(B-)).

. Case a = ~Vzf: First, we show that ~Vzf3 € I'“ implies A =* ~Vzp.

Suppose ~Vz € T'Y. Then, we obtain ~3[z/z] € T* for some z € U,
by Definition 4.1. By the induction hypothesis, we obtain that A =*
~f[z/x] for some z € U. This means A =* ~Vz[. Second, we show
that ~Vaf € A implies A E* ~Vzf3. Suppose ~Vzf3 € A“. Then,
we obtain ~f[y;/x] € A¥ for any y; € U, by Definition 4.1. By the
induction hypothesis, we obtain A E* ~f[y;/x]) for any y; € U. This
means A E* ~Vaf.

Case a = ~3Jx3: First, we show that ~Jzf € I'“ implies A =* ~Jzf.
Suppose ~3zf € I'“. Then we obtain ~f[y;/x] € I'“ for any y; € U,
by Definition 4.1. By the induction hypothesis, we obtain that 4 =*
~Blyi/x| for any y; € U. This means A =* ~3Jzf. Second, we show
that ~3zf € A implies A E* ~3zf3. Suppose ~Izf € A“. Then,
we obtain ~f[z/x] € A® for some z € U by Definition 4.1. By the
induction hypothesis, we obtain A * ~f[z/x] for some z € U. This
means A E* ~3xf.

. Case @« = —(f—y): First, we show that —(f—+) € T implies A E*

—(B—). Suppose —(S—~) € I'“. Then, we obtain [ € A“ or —y € I'*]
by Definition 4.1. By the induction hypothesis, we obtain [A =* (3 or
A =* —v]. This means A =* —(f—+). Second, we show that —(5—~) €
A% implies A E* —f—7. Suppose —(8—7v) € A¥. Then, we obtain
[B € T“ and ~v € A®] by Definition 4.1. By the induction hypothesis,
we obtain [A =* §) and A [=* —v)]. This means A }=* —(8—7)).

THEOREM 4.9 (Strong completeness for Spqcc). For any sequent S, if S is
valid, then Spacc — (cut) = S.

ProoOF. Let S be I' = A. Then, we prove the following: if I' = A is un-
provable in Spycc — (cut), then there exists a model A such that I' = A is
not F4CC-valid in A. Suppose that I' = A is unprovable in Spycc — (cut).
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Then, by Lemma 4.8, we can construct a canonical model A satisfying the
conditions in this lemma. Thus, we have A =* v and A B* § for any

veI' CTI'Y and any § € A C A¥. Hence, we obtain “A =* ', -A*” and
hence “A £* cl(T'v—A*).” Therefore, I' = A is not F4ACC-valid in A. =

THEOREM 4.10 (Cut-elimination for Spscc). The rule (cut) is admissible in
cut-free Spacc.

Proor. By combining Theorems 4.9 and 3.5. [ |
By using Theorem 4.10, we can strengthen Proposition 2.5.

PROPOSITION 4.11. The rules (~left), (~right), (—left), and (—right) are
admissible in cut-free Spacc:

PRrROOF. We show only the case for (~left). Suppose Spscc — (cut) b+
I'= A, —a. Then, we can derive ~a,I' = A from I' = A, —a by Propo-
sition 2.5 using (cut). We thus obtain Spscc — (cut) F ~a,I'= A by
Theorem 4.10. [ |

By using Proposition 4.11, we can obtain the following characteristic
property of Syycc

THEOREM 4.12 (Admissibilities of negative symmetry rules in Spycc). The
following negative symmetry rules are admissible in cut-free Spacc:

~ = ~A (NTT_) T = —A (_ﬂ"’)'
Proor. By Proposition 4.11. [ |

5. Conclusion

In this paper, we have studied a first-order extension of the paradefinite logic
4CC. This extension, which relies on the Gentzen-type sequent calculus EPL
introduced in [12, 13] for 4CC, was obtained by augmenting the latter system
with natural rules for the quantifiers, as well as for their interaction with
the connectives ~ and —. A cut-free proof system was presented, as well as
a two-valued first-order semantics, that served as the main tool for proving
cut-elimination.

In what follows, we clarify the connection between the results of this
paper and our previous papers [12, 13]. The paper [13] is an extension of the
conference paper [12], and hence the results of [12] are included in [13]. The
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propositional fragment of the sequent calculus Spscc which was introduced
in this paper is equivalent to the sequent calculus EPL which was introduced
in [13] for 4CC. The sequent calculus EPL is theorem-equivalent to the
original sequent calculus Gycc [4, 5] for 4CC. Moreover, the sequent calculus
Gr4cc which was introduced in this paper for FA4CC is a straightforward first-
order extension of G4cc. Thus, as shown in this paper, Gpscc is theorem-
equivalent to Spscc. Although the results of [13] for EPL were shown only for
the propositional case (i.e., the case for 4CC), the results of this paper were
shown for the first-order case (i.e., the case for F4CC). Thus, the proofs of the
main theorems including cut-elimination and completeness are completely
different in these papers (i.e., the present paper used Schiitte’s method for
proving these theorems, but the paper [13] used Lahav and Avron’s semantic
method proposed in [14]). On the other hand, the proofs of the negative
symmetry property for Spycc is the same as that for EPL. In addition, a
subsystem of EPL called PL, which is obtained from EPL by deleting the
initial sequents ~«a, —a = and = ~a, —a, was introduced in [13] wherein
the cut-elimination and completeness theorems for PL were proved using an
embedding-based method. We can also show the same results for such a
first-order subsystem of Spscc in a similar way as those for PL.

As Schiitte’s method was also used for second-order logic [21], it would be
interesting to see whether the current work can be generalized for a second-
order extension of 4CC. A second question that is left for future research is
whether the methods used here and other methods can be applied to prove
completeness theorems with respect to natural many-valued and algebraic
semantics for F4CC.

Acknowledgments. We would like to thank the anonymous referees for
their valuable comments. Norihiro Kamide was supported by JSPS KAK-
ENHI Grant Numbers JP18K11171, JP16KKO0007 and JSPS Core-to-Core
Program (A. Advanced Research Networks).

References

[1] R. Angell, A propositional logics with subjunctive conditionals, Journal of Symbolic
Logic 27, pp. 327-343, 1962.

[2] O. Arieli and A. Avron, Reasoning with logical bilattices, Journal of Logic, Language
and Information 5, pp. 25-63, 1996.

[3] O. Arieli and A. Avron, The value of the four values, Artificial Intelligence 102 (1),
pp. 97-141, 1998.

[4] O. Arieli and A. Avron, Minimal paradefinite logics for reasoning with incompleteness
and inconsistency, Proceedings of the 1st International Conference on Formal Struc-



First-order Ideal Paraconsistent Four-valued Logic 23

(5]
(6]

(8]

(9]

[10]
(1]

(12]

(13]

(14]

[15]

[16]
(17]

(18]

[19]

20]
(21]

(22]

23]
24]

tures for Computation and Deduction (FSCD), Leibniz International Proceedings in
Informatics (LIPIcs) 52, pp. 7:1-7:15, 2016.

O. Arieli and A. Avron, Four-valued paradefinite logics, Studia Logica 105 (6), pp.
1087-1122, 2017.

O. Arieli, A. Avron and A. Zamansky, Ideal paraconsistent logics, Studia Logica 99
(1-3), pp. 31-60, 2011.

N.D. Belnap, A useful four-valued logic, In Modern Uses of Multiple-Valued Logic,
G. Epstein and J. M. Dunn, eds., Dordrecht: Reidel, pp. 5-37, 1977.

N.D. Belnap, How a computer should think, in: Contemporary Aspects of Philosophy,
(G. Ryle ed.), Oriel Press, Stocksfield, pp. 30-56, 1977.

J.Y. Béziau, Bivalent semantics for De Morgan logic (The uselessness of four-
valuedness), In W.A. Carnieli, M.E. Coniglio and I.M. D’Ottaviano, editors, The
many sides of logic, pp. 391-402, College Publications, 2009.

J.M. Dunn, Intuitive semantics for first-degree entailment and ‘coupled trees’, Philo-
sophical Studies 29 (3), pp. 149-168, 1976.

G. Gentzen, Collected papers of Gerhard Gentzen, M.E. Szabo, ed., Studies in logic
and the foundations of mathematics, North-Holland (English translation), 1969.

N. Kamide, Extending ideal paraconsistent four-valued logic, Proceedings of the 47th
IEEE International Symposium on Multiple-Valued Logic (ISMVL 2017), pp. 49-54,
2017.

N. Kamide and Y. Zohar, Yet another paradefinite logic: The role of conflation, Logic
Journal of the IGPL, Published online first,2018.

O. Lahav and A. Avron, A unified semantic framework for fully structural proposi-
tional sequent systems, ACM Transaction on Computational Logic 14 (4), pp. 27:1-
27:33, 2013.

H. Leblanc, Alternatives to standard first-order semantics. In D. Gabbay and
F. Guenthner, editors, Handbook of Philosophical Logic: Volume I: Elements of Clas-
sical Logic, pp. 189-274, Springer Netherlands, 1983.

S. McCall, Connexive implication, Journal of Symbolic Logic 31, pp. 415-433, 1966.
S. McCall, A history of connexivity, Handbook of the History of Logic, Dov M.
Gabbay, Francis Jeflry Pelletier, John Woods (Eds.), North-Holland, Volume 11, pp.
415-449, 2012.

G. Priest, Paraconsistent logic, Handbook of Philosophical Logic (Second Edition),
Vol. 6, D. Gabbay and F. Guenthner (eds.), Kluwer Academic Publishers, Dordrecht,
pp- 287-393, 2002.

K. Schiitte, Syntactical and semantical properties of simple type theory. The Journal
of Symbolic Logic, 25 (4), pp. 305-326, 1960.

J. R. Shoenfield, Mathematical logic. Addison-Wesley Reading, 1967.

W. Tait, A nonconstructive proof of Gentzen’s Hauptsatz for second order predicate
logic. Bulletin of the American Mathematical Society 72, pp. 980-983, 1966.

G. Takeuti, Proof theory (second edition), Dover Publications, Inc. Mineola, New
York, 2013.

H. Wansing, Connexive modal logic, Advances in Modal Logic 5, pp. 367-385, 2005.
H. Wansing, Connexive logic, Stanford FEncyclopedia of Philosophy, 2014:
http://plato.stanford.edu/entries/logic-connexive/



24 Norihiro Kamide and Yoni Zohar

NORIHIRO KAMIDE

Teikyo University, Faculty of Science and Engineering,
Department of Information and Electronic Engineering,
Toyosatodai 1-1, Utsunomiya, Tochigi 320-8551, Japan.
drnkamideO8@kpd.biglobe.ne. jp

YONI ZOHAR

Stanford University, Computer Science Department,
353 Serra Mall, Stanford, CA 94305, USA.
yoniz@cs.stanford.edu



