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Abstract

The operations of expansion and refinement on non-deterministic matrices (Nmatrices) are composed
to form a new operation called rexpansion. Properties of this operation are investigated, together
with their effects on the induced consequence relations. Using rexpansions, a semantic method for
obtaining conservative extensions of (N)matrix-defined logics is introduced and applied to fragments
of the classical two-valued matrix, as well as to other many-valued matrices and Nmatrices. The main
application of this method is the construction and investigation of truth-preserving —-paraconsistent
conservative extensions of Godel fuzzy logic, in which — has several desired properties. This is
followed by some results regarding the relations between the constructed logics.

1 Introduction

Since its introduction in Avron and Lev (2005), the framework of non-deterministic matrices'

(Nmatrices) has proven to be very useful, as it has almost all the advantages of the framework
of ordinary matrices, while capturing logics that are practically left out by it. Accordingly,
Nmatrices have been widely investigated and utilized in various areas, like many-valued log-
ics (Kulicki and Trypuz 2012), paraconsistent logics (Avron 2007), and proof theory (Lahav
2013).

Nmatrices differ from (ordinary) matrices in that the truth value of a compound formula
may not be uniquely determined by the truth values of its immediate subformulas, but only
constrained by those truth values. This means that truth values of compound formulas are
chosen non-deterministically from a set of options. The particular instance of ordinary ma-
trices is obtained when all these sets are singletons. For some logics, this generalization
provides an effective finite-valued semantics, where finite-valued matrices are beyond reach
(see, e.g., Avron and Zamansky 2011).

'For a survey of Nmatrices, see Avron and Zamansky (2011).



In Arieli et al. (2011) and Avron (2007) two fundamental operations which are peculiar
to Nmatrices were introduced: expansion and refinement. Both of them transform a given
Nmatrix (that may be an ordinary matrix) to another one. The former amounts to a simple
duplication of the truth values that are employed in the given Nmatrix, while the latter reduces
the amount of non-determinism, by taking out possible values from the interpretations of the
connectives. The two operations were shown useful for the modular construction of families
of paraconsistent logics (Avron 2007, Avron et al. 2012), as well as for studying maximality
properties in the constructed logics (Arieli et al. 2011).

In this paper we show that expansion and refinement are most useful when combined into
one operation, which we call rexpansion (refined expansion). We investigate rexpansion as
a powerful tool for generating new Nmatrices from existing ones. Properties of this com-
bined operation are presented, along with its effects on the consequence relations which are
induced by the operated Nmatrices. In particular, we identify a useful sufficient criterion for
a rexpansion of an Nmatrix to result in an equivalent Nmatrix, that induces the same logic.

The main application of rexpansion in this paper is for the problem of conservatively ex-
tending a given logic L. with new connectives which have some desirable properties. The
method is to apply appropriate rexpansion to a matrix (or an Nmatrix) that is known to be
characteristic for L, getting by this alternative semantics for it, for which the addition of
the desired connectives is an easier task. The relations between the original logic and the
extended one follow then from the general properties of rexpansions. We demonstrate this
method with several examples, including matrices (and Nmatrices) for classical logic, para-
consistent logics, finite-valued logics and infinite-valued logics.

The most important demonstration of this technique provides a new (and as we show, sig-
nificantly better) solution for the problem of constructing paraconsistent fuzzy logics. These
are logics that are useful for modeling vague propositions, while avoiding the explosion prin-
ciple, according to which any proposition follows from a contradiction. A first solution to this
problem was given in Ertola et al. (2015), using a completely different approach. However,
we show that this solution has some serious drawbacks, which are overcome in the solution
proposed here. Our solution is obtained by performing different rexpansions on the Godel
matrix, and then augmenting the resulted Nmatrices with an involutive negation. We further
investigate the connection between the various constructed logics.

The rest of this paper is organized as follows. We begin with a preliminaries section
(Section 2), in which we review existing definitions and results in the theory of Nmatrices,
including the operations of expansion and refinement. In Section 3 we combine these two
operations into a single operation that is called rexpansion, and prove several results regarding
this operation and its effects on consequence relations. Section 4 includes examples for
applications of rexpansions in well-known logics from the literature. Section 5 focuses on
paraconsistent conservative extensions of Godel fuzzy logic that are obtained by performing
various rexpansions on the Godel matrix. We conclude with Section 6, in which several
directions for further research are proposed.’

2A preliminary, concise version of this paper appears as Avron and Zohar (2017). Besides including full
proofs, in this full version we have also expanded the demonstration of our approach in Section 4, and in par-
ticular included a detailed analysis of logics of formal inconsistency in Section 4.2. The investigation of para-
consistent conservative extensions of Godel logic was expanded as well. In particular, the results in Section 5.3
are new.



2 Preliminaries

2.1 Propositional Logics and Matrices

A propositional language L consists of a countably infinite set of atomic variables
At = {p1,p2, ...} and a finite set <> of propositional connectives. The set of all n-ary con-
nectives of L is denoted by <7, and its set of well-formed formulas by W(L). We sometimes
identify £ with its set of connectives (e.g. when speaking about “the language {A, V,—}”). A
propositional logic is a pair L = (£, ) such that £ is a propositional language and I, is a
structural and non-trivial® (Tarskian) consequence relation for £. In what follows, £ denotes
an arbitrary propositional language.

A notion that will be widely used in what follows, and especially when investigating
relations between different logics, is that of conservative extensions:

Definition 2.1. A logic Ly = (Ly,F,) is conservative over a logic Ly = (£q,Fy,) (or:
L is a conservative extension of Ly) if W(L,) C W(L,), and for every T C W(L;) and
© € W(Ly) itholds that T Fr, @ iff T by, o.

The most standard way of defining logics semantically is by using matrices (Urquhart
2001):

Definition 2.2.
1. A matrix for £ is a tuple (V, D, O) such that:

(a) V is a non-empty set (of truth values).
(b) D is a non-empty proper subset of V (of designated truth values).

(©) O: $p— Uiy (Vi=V) such that for every i € Nand o € {Y, O(0) : VIV,
O(o) is often regarded as the “truth table” of ©.

2. Let M = (V,D,0) be a matrix for £. An M-valuation is a function v
from W(L) to V such that for every ¢ € % and ¢y,...,0, € W(L),
v(o(h1, ..., n)) = O() (v(¢1), ..., v(¢y,)). An M-valuation v is an M-model of a
formula ¢ (in symbols: v FM ) if v(z)) € D. Itis an M-model of a set T of formulas
(in symbols: v M T) if v EM ) for every ¢ € T. A formula ¢ is an M-consequence
of a set 7 of formulas (in symbols: T ka4 ¢) if every M-model of T is an M-model
of 1. We say that M induces a logic L = (L, Fy) (or that M is characteristic for L)
ity =tr.

Many well-known non-classical logics are characterized using matrices:

Example 2.3. Asenjo—Priest’s three-valued logic of paradox LP (Asenjo 1966, Priest 1979)
and Kleene’s three-valued logic KL (Kleene 1938) are both defined by matrices that differ
only in the set of designated values. Consider the set V3 = {t, f,i}, and the interpretation
function Oj that is defined by the following tables:

3This requirement is not always demanded in the literature, but we find it convenient (and natural) to include
it here.
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LP is characterized by the matrix Mrp = (V3,{t,i},O;), and KL by the matrix
Myt = Vs, {t}, O3).

Example 2.4. Godel fuzzy logic G (Dummett 1959) is characterized by the following matrix
Mg = (Vg,Dg, Og) for {A,V, D, L}:

1. Vg =[0,1]

2. Dg = {1}

3. 0a(L) =0, Oc(V)(a,b) = max{a,b},  Oq(A)(a,b) = min{a,b}, and
OOl =1, "=

Fukasiewicz fuzzy logic £ (Lukasiewicz 1930) is characterized by a matrix that differs from
1 <b
M solely in the interpretation of D, that is changed to: O(D)(a, b) “=9
l—a+b a£d

2.2 Non-deterministic Matrices

Matrices are truth-functional, that is, the truth value of a compound formula is uniquely
determined by the truth values of its immediate subformulas. In Avron and Zamansky (2011),
matrices are generalized to allow non-deterministic assignments of truth values to compound
formulas.

Definition 2.5.
1. A non-deterministic matrix (Nmatrix) for L is a tuple (V, D, O) such that:

(a) V is a non-empty set (of truth values).
(b) D is a non-empty proper subset of V (of designated truth values).

© O : O~ Uiy(Vi=PT(V)) such that for every i € N and o € %,
O(0) : Vi PT(V) (where PT(V) = P(V)\ {0}).

2. Let M = (V,D,0) be an Nmatrix for £. An M-valuation is a function
v from W(L) to V such that for every ¢ € <7 and t1,...,10, € W(L),
v(o(Y1, ..., n)) € O(e)(v(¥1),...,v(¢y,)). The definitions of M-models and M-
consequences are as in Definition 2.2, using the non-deterministic notion of an M-
valuation.



To be considered as a particular instance of Nmatrices, we take matrices to be Nmatrices
in which O(¢)(xy,...,x,) is a singleton for every ¢ € {7 and xy,...,x, € V. In matrices
mentioned below we freely interchange truth values with their singletons, whenever there is
no danger of confusion.

Like matrices, Nmatrices provide an analytic semantic framework, in the sense that for
every Nmatrix M, every partial M-valuation can be extended to a full M-valuation.* A
useful consequence of this property is the modular character that the framework of Nmatrices
exhibits:

Definition 2.6. Let £, and L, be propositional languages such that W(L;) C W(L,), and
My = (V1,Dy,0;) and My = (Vy, Dy, Os) be Nmatrices for £1 and L, respectively. Mo
is an extension of M to Ly if Vi = V5, D1 = Dy, and Oy (¢) = Oy(0) forevery o € & .

Proposition 2.7. Let £, and L4 be propositional languages such that W(L1) C W(Ls), and
M1 and My be Nmatrices for L1 and L, respectively. If M is an extension of My to Lo
then (Lo, a,) is conservative over (L1, a,)-

2.3 Expansions and Refinements

Next we present two basic operations from Arieli et al. (2011) and Avron (2007), that can
be performed on Nmatrices: expansions and refinements. Loosely speaking, an expansion of
an Nmatrix is obtained by making several distinct copies of each truth value, so that the new
designated values are the copies of the original ones, and each value in the interpretation of
the connectives is replaced by all of its copies. This is formally defined as follows:

Definition 2.8.
1. A function F is called an expansion function if for every x € dom(F), F(z) is a
non-empty set, and F(x) N F(y) = () whenever x # y. We say that F is an expan-

sion function for an Nmatrix M = (V, D, O) for L if it is an expansion function and
dom(F) =Y.

2. For every expansion function F and y € |JIm(F), we denote by F [y] the unique
element x € dom(F') such thaty € F(x).

3. Let M = (V,D,O) be an Nmatrix for £ and F' an expansion function for M. The
F-expansion of M is the Nmatrix Mr = (Vp, Dp, OF), where:
(a) VF = Uer F(l’)
(®) D = U,ep F(2).

©) Or(©) W1, Un) = U.cow)@l... Flpp F'(?) for every o € O and
Yi,---3Yn € VF

M, is an expansion of M if it is the F-expansion of it for some F'.

Nothing but uniformly duplicating all truth values is done in expansions, and hence the
consequence relation remains the same, as was shown in Arieli et al. (2011):

“Following Avron and Zamansky (2011), we use the term analytic for this property.
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Proposition 2.9. Let My be an expansion of M. Then b, = b p,.
Example 2.10.

1. Two Nmatrices are isomorphic to one another if and only if one is the F'-expansion of
the other for some expansion function F (in which F'(x) is always a singleton).

2. Consider the usual matrix which is characteristic for classical logic, where the truth val-
ues are t and f. By assigning {¢, T } to ¢ and { f} to f, we obtain an expansion function.
The outcome of this expansion would be a non-deterministic matrix for classical logic,
in which, for example, the interpretation of negation is O(—)(t) = O(—)(T) = {f}
and O(=)(f) = {t, T}.

3. The classical matrix can be further expanded by assigning [0, %) to f and [%, 1} to
t. The outcome would be another non-deterministic matrix which is characteristic for
classical logic. The interpretation of negation would then be O(—)(z) = [0, 1) when-
everz > 3 and O(—)(z) = [3,1] whenever z < 3.

Next, we define the refinement operation on Nmatrices. Loosely speaking, refining an
Nmatrix means deleting some of its truth values, and then reducing the amount of non-
determinism (each of these steps is optional). This is formally defined as follows:

Definition 2.11. Let My = (V;, Dy, O1) and My = (Vy, Dy, Oy) be Nmatrices for L. M is
a refinement of M if:

1. V, C V.
2. DQ - VQ N Dl.
3. Oy(0)(x1, ... xn) C O1(0)(x1,...,x,) forevery o € O and x4, ..., x, € Vo

M is a simple refinement of M if in addition, V, = V.

Example 2.12. The infinite characteristic Nmatrix for classical logic from Example 2.10 can
be (simply) refined by e.g. redefining O(—) in the following way: O(—)(x) = {0} whenever
x> 1 and O(—)(z) = {1} whenever z < 3.

Clearly, refining an Nmatrix M can only reduce the set of M-valuations. Consequently,
we have the following proposition from Avron (2007):

Proposition 2.13. Let M, be a refinement of M. Then g, C = py,.

3 Refined Expansions

In this section we combine the two basic operations defined above and obtain refined expan-
sions (in short: rexpansions). In what follows, £ continues to denote a fixed propositional
language, and by an Nmatrix we mean an Nmatrix for £, unless stated otherwise.



3.1 Definition and Properties

We start by explicitly defining the combined operation and exploring its properties.

Definition 3.1. Let My = (V1,D1,04) and My = (V,, Dy, Os) be Nmatrices and F an
expansion function for M;. We say that M is an F'-rexpansion of M if it is a refinement
of the F-expansion of M. It is called:

1. simple if it is a simple refinement of the F-expansion of M.

2. preserving if F(x) NV, # () for every x € V.

3. strongly preserving if it is preserving, and for every x1,...,z, € Vs, ¢ € $F, and
y € O1(¢)(F [z1],..., F [x,]), it holds that the set F(y) N Oz()(x1,...,z,) is not
empty.

M. is called a rexpansion of M if it is an F-rexpansion of it for some expansion function
F for M;. If M, is a rexpansion of M, then we may call M, “preserving”, “strongly
preserving” or “simple” (without the suffix “rexpansion of M;”’) whenever that is clear from

the context.

Loosely speaking, being a preserving rexpansion amounts to keeping at least one “copy”
of every original truth value. Being strongly preserving means that this property holds not
only for the set of truth values, but also for the interpretation of the connectives.

Example 3.2. The Nmatrix from Example 2.12 is a rexpansion of the classical matrix, which
is simple and strongly preserving.

First, let us elaborate on the connections between the different properties of rexpansions:

Lemma 3.3. Every simple rexpansion is preserving, every expansion is a strongly preserving
rexpansion, and every preserving rexpansion of a matrix is strongly preserving.

Proof. We prove that every preserving rexpansion of a matrix is strongly preserv-
ing. The other statements are trivial. Let M; be a matrix, M, an Nmatrix,
and F' an expansion function such that M, is a preserving F-rexpansion of M;.
Let z1,...,2, € Vo, o € OF, and y € Oy(0)(F [21],...,F[z1]). We prove
that F(y) N Oa(0) (21, xa) # 0. Oa(0) (21, 20) € U,eo,o)(Fler),.... Flaa)) £ (2)
and M, is a matrix. Therefore, O(¢)(z1,...,2,) < F(y), which means that
F(y) N Oy(0)(x1,...,2,) = Os(0)(x1,...,x,). This set cannot be empty, as M, is an
Nmatrix. ]

Next we provide a necessary and sufficient condition for an Nmatrix to be a rexpansion
of another Nmatrix.

Proposition 3.4. My = (Vy, Dy, O3) is a rexpansion of My = (V1, Dy, O1) iff there is a
function f : Vo—V); such that:

1. Foreveryx € Vo, x € Dy iff f(z) € D;.



2. For every xy,...,x, € Vo and y € Oy(0)(x1,...,x,), it holds that
f(y) € O1()(f(z1), ..., f(xn)).

Proof.

(«<): Suppose such a function f exists. For every subset Y of Vj;, denote the set
{x €Vy| f(z) €Y} by f71[Y]. Let V be some set such that VNV, = and |V| = | V4],
and let g : V; — V be a bijection. We show that M is an F'-rexpansion of M for

oy [P e
F=dzeh {{g(z)} otherwise

F' is clearly an expansion function for M;. Now, Vs is the domain of f, and thus it is
contained in (V). Next, by property (1) of f, Dy = f~![D,], which, by the definition of F
is equal to (D;)r N Vs. Finally, by property (2) of f,

(92(0)(1’17 ce Jn) C f_l [01(0)(f(951)> ce f(l’n))} -

U F(z) = U F(2) = (O)p(0) (@1, ..., 20)

z€01(0)(f (1), f (zn)) 2€01(0)(Flz1],.... Fzn))

(=): If My is an F-rexpansion of M for some F, then the function Az € V,.F [z] satisfies
the required conditions. 0

Remark 3.5. In Avron and Zamansky (2011), the term ‘simple refinement’ was reserved for
what is called here ‘refinement’, while the term ‘refinement’ was related to the functions from
Proposition 3.4.

Another useful property of the rexpansion operation is that it induces some forms of
transitivity:

Theorem 3.6.

1. If My is a preserving rexpansion of My and M3 is a (preserving) rexpansion of Mo,
then M3 is a (preserving) rexpansion of M.

2. If My is a strongly preserving rexpansion of My and M3 is a strongly preserving
rexpansion of Mo, then M3 is a strongly preserving rexpansion of M.

Proof. Let F' and GG be expansion functions such that M, is a preserving F'-rexpansion of
M and M3 is a G-rexpansion of M. For every 1 < i < 3, assume that M; = (V;, D;, O;).
Define H = Az € V1. U, cp(zym, G(y)- Using the fact that M is preserving, it can easily
be shown that H is an expansion function for M;. We first prove that M3 is a H-rexpansion

of Mj:



VsCWe=J Gy = |J G-= U Gly) =

yEV2 ye(V1)rNVe ye(Upev, F(@))Ve
U c¢w=U| U cw|=UH@u-=
y€U ey, (F(z)NV2) €V \yeF(z)NV2 €V

and

DQG—<UG ) U cw]-= U Gly) | =

yED;s ye(D1)pNV2 y€(U,ep, F())nVe
U U G(y) - ( U H@)) = (D1)m
z€D1 yeF(z)NVs x€D1

which means that D3 = (Dy)g N Vs = (D1)g N Vs.
As for O;, let o € OF, x1,...,2, € V3, and w € Os(0)(1,...,2,).

We show that w e (O1)u(o)(xy,...,xn). Mjz is a refinement of
(Msy)g, and hence w € (O2)g(0)(1,...,Tn). Now, there must exists
2z € 0y0)(Glal,...,Glxn]) such that w € G(z), and since M, is a refine-
ment of (M,)p, we have z € (O1)p(0)(G[z1],...,G[z,]). Similarly, there exists

ue Oy (0)(F [(NJ [xl]],...,ﬁ [CNJ [xl]}) such that z € F(u). So we have that there
exists 2 € F(u) NV, such that w € G(z). Hence w € H(u). To prove that
w € (O1)g(e)(xy,...,x,), we show that u € Oy(¢)(H [z1],..., H [z,]). That is, we
show that for every 1 < i < n, H [x;] = F [CNJ [xz]} Forevery 1 <i < nlety; = H [z],

=G [x;], and w; = F [2i]. We prove that y; = w;: x; € H(y;), and hence there exists
y € F(y;) NV, such that z; € G(y). Since G is an expansion function, y = z;. Hence
y € F(w;). Similarly, F'is an expansion function, and hence y; = w;.

Next, we show that if M3 is a preserving G-rexpansion of M, then it is a preserving
H-rexpansion of My, that is, H(xz) N V3 # () for every = € V,. Since M is a preserving F-
rexpansion of My, there exists y € F(x) N V,. And since M3 is a preserving G-rexpansion
of M, there exists z € G(y) N V3 C H(xz) N V;.

Finally, we show that if M is a strongly preserving F'-rexpansion of M; and M3 is a
strongly preserving G-rexpansion of M, then M3 is a strongly preserving H-rexpansion
of Mi. Let z1,...,2, € V3 and o € O} We show that H(z) N Oz(0)(z1, ..., 20) # 0
for every z € Oy(0)(H[z],...,H[z]). Let & € Oy(o)(H [z],...,H[z]). For ev-
ery 1 < i < nletax = H [z:]. Then there exists y; € F (wl) N Vs, such that
zi € G(y;). Since M, is a strongly preserving F'-rexpansion of M;, there exists
Yo € F(x) N Os(0)(y1,---,Yn). Since Mjy is a strongly preserving G-rexpansion of Mo,
there also exists zp € G(yo) N O3(¢) (21, ..., 2n) € H(xz) N O3(0) (21, - - -, 2n)- O

Corollary 3.7. For every sequence My, ..., M., of Nmatrices such that M, is an expan-
sion or a simple refinement of M;, we have that M, is a preserving rexpansion of M.
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3.2 Consequence Relations

In this section we investigate the effect rexpansions induce on semantically defined conse-
quence relations. Our main theorem is the following:

Theorem 3.8. If M is a rexpansion of My then -x(, C Fpa,. Moreover, if My is strongly
preserving then =, = Faq,.

Proof. The first part follows directly from Propositions 2.9 and 2.13 above. Suppose M is a
strongly preserving F'-rexpansion of M. We prove that -, C F,4,. For this, it obviously
suffices to prove that for every M-valuation v there exists an M-valuation v’ such that
v EM1 4 iff o' EM2 4) for every ¢ € W(L). Let ¢ : P(V,) \ {0} =V, and suppose that for
every X € P(V,) \ {0}, ¢(X) € X5 Let 9,1y, ... be an enumeration of W(L) such that
if ¢; is a subformula of v; then ¢ < j. Now let v be an M -valuation. For the construction
of v/, we first define a sequence vy, vy, . .. of partial functions from W(L) to Va: vy is the
empty function, and for every i > 0, v; is defined as follows. For every i) € dom(v;_1),

UZ(Q/}) = Ui,1(¢). If 1/)2 ¢ dom(vi,l), then:
1. If ¢; is atomic and F'(v(v;)) N Vs is not empty, v;(¢;) = c(F(v(;)) N Vy).

2.If ¢ has the form  o(p1,...,0n) for  @1,..., ¢, € dom(v;_1)
and Fv(¢)) N Og(0)(vi—1(1)s - - -y vim1(on)) is not empty,
vi(Yi) = c(F(v(1hi)) N Oa(0) (Vi1 (1), - - - vima(n)-

We prove by induction on ¢ that:

1. v;(¢p) € F(v(v)) for every ¢ € dom(v;);
2. dom(v;) = {#1,...,¢;}; and

3. v; satisfies the conditions induced by Mo, that is:
vi(o(@15 -5 0n)) € Os(0)(vi(p1), ..., vi(pn)) whenever ¢1,...,¢, and
o(p1, ..., pn) are in dom(v;).

For 7 = 0, this trivially holds. Let 7 > 0.

1. Let ¢p € dom(v;). If ¢ € dom(v;_;) then this holds by the induction hypothesis.
Otherwise, 1) = 1;, and then this holds by definition.

2. By the induction hypothesis, dom(v;_1) = {11,...,1;_1}, and therefore we have
to prove that ¢; € dom(v;). If 1); is atomic, this amounts to showing that the
set F'(v(1);)) N Vy is not empty, which holds as M, is a preserving F'-rexpansion
of Mj. Otherwise, 1; has the form o(¢1,...,¢,). By our enumeration and the
induction hypothesis, ¢1, . .., @, € dom(v;_1), and therefore this amounts to showing
that F'(v(1;)) N Oa(0)(vim1(e1), ..., vi—1(py)) is not empty. By the induction
hypothesis, we have that v;_1(yp;) € F(v(p;)) for every 1 < j < n. In other words,
v(pj) = F [vi—1(p;)] for every 1 < j < n. By the fact that v is an M;-valuation,

(i) € Or(0)(v(1), - -, vpn)) = OL(Q)(F [via ()], -, F [vica(@n)]), and
hence F(v(¢;)) N O2()(vi—1(@1)s - -+, vi—1(n)) # 0, as M, is strongly preserving.

5The existence of such a function relies on the axiom of choice in case Vs is infinite.
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3. Let NP1y Pn), P1y -+ P € dom(vy). We prove that
001, -1 2n)) € Os(0) (0i(r)s - viln).  IE o(r,. .. o) € dom(viy),
then this holds by the induction hypothesis and our enumeration. Otherwise,
;i = o(p1,...,¢n), and then this holds by the induction hypothesis and the definition
of V;.

For every ¢ € W(L), let iy =i € Np =1,.° o' is defined by o'(¢)) = v;, ().
First, we show that v/ is an Ms-valuation. Let ¢ € % and ¢q,...,0, € W(L).
Let £ = dgprpn)  V(0(@1,---,0n) = vr(o(p1,.-.,%n)), which belongs to
Oz (o) (vr(p1), - -+, vk(n)) = Oo(0) (V' (1), ...,V (¢n)). Second, we show that v EM1 )
iff o' M2 4. Suppose v FM1 4). Then v(v)) € D;. Now, by the construction of v/,
v'(1p) € F(v(¥)) € (Upep, F(x))NVa = D,, which means that v’ =2 4. For the converse,
suppose v' EM> ). Then v/(¢)) € Dy € (U, p, F(2)). Hence there exists 2 € D; such that
V(1) € F(x). Now, by the construction of v/, v'(¢)) € F(v(¢)). Since F is an expansion
function, v(1)) = x € D, which means that v F*1 ), O

The following corollary immediately follows as a consequence of Lemma 3.3 and Theo-
rem 3.8:

Corollary 3.9. Let My be a preserving rexpansion of My. If My is a matrix then
Fat, = Fagy-

An important consequence of Corollary 3.9 and Proposition 2.7 (the usefulness of which
is demonstrated in Sections 4 and 5) is a general method for providing a given logic with an
alternative new semantics, and then use it for conservatively augmenting it with new connec-
tives. This is established in the following corollary:

Corollary 3.10. Let £, and L be propositional languages such that W(L1) C W(Ls), My
a matrix for Ly, and My an extension to Lo of some preserving rexpansion of M. Then
(Lo, Fpmy) is conservative over (L1, F ).

We conclude this section with a stronger instance of Corollary 3.10, that applies only for
two-valued matrices:

Corollary 3.11. Let £y and Ly be propositional languages such that W(L,) C W(L3),
My = {t, f},{t},O1) a matrix for L1, and My an extension to Ly of some rexpansion
of My. Then (Ly,F a,) is conservative over (L1, aqy)-

Proof. By Definition 2.5, for every F-rexpansion M’ = (V' D', O’) of M; we must have
F(t) NV # () (as otherwise D’ = ()) and F'(f) NV’ # () (as otherwise D' = V’). The result
then follows from Corollary 3.10. U

4 Some Basic Applications

In this section we present some examples of applications of rexpansion in non-classical log-
ics. This is done by performing it on fragments of well-known matrices and Nmatrices, and
thus obtaining conservative extensions of their induced logics.

5That is, 1, 18 the index of ¢ in the enumeration.
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Let CL = {—,V, A, D, L}. Denote the (propositional) language whose set of connectives
is CL by CL, classical logic (over CL) by CL, and the classical two-valued matrix for CL
by Mcr. For any C C CL, we denote the C-fragment of CL by CL, the C-fragment of
classical logic by CLC, and the C-fragment of the classical matrix by M, . We start with a
direct consequence of Corollary 3.11:

Lemma 4.1. Let C C CL. If L is a language such that W(CLY) € W(L), and M is an

extension to L of some rexpansion of My, then (L, ) is conservative over CL,

We shall use Lemma 4.1 to present conservative extensions of fragments of classical
logic. Some of the resulting logics are paraconsistent, that is: unlike classical logic, they
tolerate contradictions. Here is a formal definition, based on properties that were investigated
in Carnielli et al. (2007), Marcos (2005), Arieli et al. (2011), Arieli and Avron (2015):

Definition 4.2. Let L be a logic in CL. — is a weak negation in L if p t/y, =p and —p /1, p.
—is a negation in L if L is subclassical, thatis, T -, @ only if T Fcr, . L is paraconsistent
if = is a weak negation in L and —p, p t/1, q. It is strictly paraconsistent if it is paraconsistent
and — is a negation in L. It is boldly paraconsistent if it is paraconsistent, and —p, p /1,
whenever t/1,  and p ¢ At(p).

Remark 4.3. Inspired by Marcos (2005), the requirement for being a weak negation is re-
garded in Arieli et al. (2011) as a minimal condition that is expected from a unary connective
to be called a negation. This is hardly enough, though, to characterize negation. Therefore,
Arieli and Avron (2015) generalizes it to the requirement of subclassicality, leading to what is
called here “strict paraconsistency”. (Note that in practice, almost all non-classical logics in
CL that have ever been studied are subclassical.) Finally, the requirement of bold paraconsis-
tency connects paraconsistency to (and justifies it by) the broader principle of relevance: the
inconsistency of p should not be a reason for inferring a formula that is completely irrelevant
to p.

4.1 Rexpansion of Matrices

We start with finite-valued conservative extensions of classical logic.

Example 4.4. The {A,V}-fragments of Myp and Mgy (see Example 2.3) are

simple rexpansions of M&V}, as can be witnessed by the expansion functions

Az € {t, f}. i w=t and Az € {t, f}. {th , v=t , respectively. By Lemma
{ry «=f {fiiy ==

4.1, LP and KL are both conservative over CL"V}. Note that neither of the matrices is
a preserving rexpansion of the other: suppose for contradiction that Myp is a preserving
F-rexpansion of Mxy,. Then we must have that {t,i} C F(t), and so f € F(i) U F(f). If
f € F(@)then F(f)N{t, f,i} =0,andif f € F(f) then F(i) N {¢, f,i} = 0. Either way,
Myp is not preserving. Clearly, Mgy, cannot be a preserving F'-rexpansion of Mpp, as if
this were the case, it would have two designated values.

Next, we consider the three-valued paraconsistent logics from Arieli and Avron (2015):

12



Example 4.5. Theorem 42 of Arieli and Avron (2015) characterizes all three-valued strictly
paraconsistent logics in the language {—, A, V, D} that admit some natural properties. These
logics coincide with the {—, A, V, D}-fragments of the family of 8 K conservative extensions
of positive classical logic studied in Carnielli et al. (2007) and Carnielli and Marcos (2002).
The three-valued matrices that induce these logics are all simple refinements of the following
Nmatrix M = ({¢, T, f},{t, T}, O), where O is given by:

on || ¢ ST oV ¢ f T
to e A Ty i i (LT
ZAN R O S 5 S /5 S (N U3 S O S (O
T T A T T e T {6 T {8 T

O0O)| ¢ fo T O(-)
t {ty {f} {1}
S {t} {3 {t.T}
T T Ay 6T} T T}

Now, every simple refinement of M is an extension to {A, V, D, =} of some rexpansion
of MEAILV’D}. Indeed, for F'(t) = {¢, T} and F'(f) = {f}, itis easy to see that the {A, V, D}-
fragment of M is a simple refinement of (M%) = ({t, T, f},{t, T}, '), where O’
is defined by:

om| ¢t f T oMt f T o0t f T

toETHE T [ THE TG TY ot {E Ty {f) {6 T}
oA Ay Ay {e Ty Ay 8Ty [ i THE TG T
T T T T O TR TR T T {e T {FY {6 T}

The fact that all these logics are conservative over positive classical logic is then obtained
as a consequence of Lemma 4.1. Actually, by Corollary 3.11, all extensions of simple re-
finements of (Mg\ﬁv’j}) r have this property. In addition, they have many of the natural

properties demanded in Arieli and Avron (2015).

Example 4.6. The {A,V, D, —}-fragment of the four-valued logic of bilattices from Arieli
and Avron (1998) is characterized by the matrix My = ({¢, f, T, L} ,{T,L},O,), where
O, is given by:

OuM[t fTL Ot fTL OOtfTL  [|Os~)
t [[tfTL t ettt t TtfTL t] f
fFoAfrrs foqesTL foeet e flt
T TfTF T |TTH T o|gfTL TOT
LojLffL L feLer L gttt Lff L

By dismissing O, we obtain a matrix for the logic of first-degree entailment (fde) from An-
derson and Belnap (1975). Define an expansion function F’ for Mg\ﬁv’j} by F(f) ={f, L}
and F(t) = {t, T}. It is easy to see that M, is an extension to {A,V,D,—} of a simple
refinement of (M@L’V’D})F ={t, T, f,L},{t, T},O), where
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t ST 1 oW ¢ ST 1

o] (v
LTS LG TR 8 {E TG TG TH{E TS
FORL AL LHA Ly f TS LG TS L)
T T
i i

{t, Ty {f, L3 {6, TH{S, L} {t, TH {6, TH{t, TH{t, T}
(VRN S VAN S VAN S VAR, {6, TH L T LY

00| t /T L

t G THL LG THA LY
ORI T AL TG TS
T G THA LG T L)
LT T T T

Arieli and Avron (1998) provided an analytic sequent calculus for ,,, and used it to
prove that it is conservative over CL¥*V">} (and that fde is conservative over CL{""V}). Here
we obtain this result as a simple consequence of Lemma 4.1, by identifying the {A, Vv, D}-

fragment of M as a rexpansion of M{CAﬁv’D}.

The next example concerns Godel fuzzy logic G and its relation to classical logic.

Example 4.7. Tt is routine to verify that Mg (Example 2.4) is an extension to {A,V, D, 1}
of a simple refinement of the F-expansion of M{CAI;V’L}, for F(f) =[0,1) and F(t) = {1}.
Consider A, for example, and denote its classical interpretation by O(A). Let z,y € [0, 1] and
z = min(z, y), and suppose 2’ = F [z] and y/ = F [y]. We show that z € F(O(A)(,1))
(recall that in matrices we identify singletons with their unique elements). If z < 1, then
either z < 1 or y < 1, and so either 2’ = f or ¢/ = f, which means that O(A)(2', ') = f.
In this case, we get z € [0,1) = F(f) = F(O(AN)(2',y')). Otherwise, z = 1, which
means that = y = 1, and so 2’ = ¢/ = t. In this case, O(2',y’) = t, and so we have
z€ {1} = F(t) = F(O(AN)(«',4)). By Lemma 4.1, Mg is conservative over CL{»),
Note that this argument does not survive the addition of implication:
Oc(D)(0.5,0.25) = 0.25, while O¢cr(2)(0,0) = 1 and 0.25 ¢ F(1). And indeed,
G is not conservative over positive classical logic, as, for example, the classical tautology
((p D ¢) D p)) D pisnot valid in it (as can be seen e.g. by assigning 0.5 to p and 0.25 to ¢).

The process described in the above examples need not start with classical logic, as can be
seen by the following example:

Example 4.8. Consider the following matrix M = (V, D, O), defined by V = {t, f, T, L},
D = {t}, and O is given by:
ON[tfTL OMV|tfTL |04(-)
t [t fT L t ettt t] f
t
t

frrrr g rTL f
T|TfTL T |fgTTT T

oL fLL gL TL Ly t

Its conjunction and disjunction are interpreted as minimum and maximum (respectively)
over the ordering f < L < T < t. Its {A, V}-fragment is a simple F-rexpansion of the
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{A, V}-fragment of Mgy, (Example 2.3), for F'(t) = {t}, F(f) ={f, L} and F(i) ={T}.
By Corollary 3.10, the logic it induces is conservative over the {A, V }-fragment of KL. It is
a different logic than KL, as it has tautologies (e.g. pV—p).

4.2 Rexpansion of Nmatrices

In all the examples above, rexpansions were performed on matrices. In this section, Nmatri-
ces are taken as the starting points.

Avron et al. (2012) provided cut-free sequent calculi for many paraconsistent logics of
the family called Logics of Formal Inconsistency (LFIs) (Carnielli et al. 2007, Carnielli and
Marcos 2002). This is done uniformly, by first finding a characteristic Nmatrix, and then ex-
tracting a sequent calculus from it. The underlying language is CL° = CL\ { L} U{o}, where
o is a unary connective which is intended to classify a given proposition as consistent (that
is, o should be read as “y is consistent”). We show how rexpansions can be incorporated
into this investigation in a useful way, that naturally uncovers relations between the different
Nmatrices involved, as well as their induced logics.

The most basic logic that is investigated in Avron et al. (2012) is called BK. It is proven
there to be characterized by the Nmatrix M gx, which is the extension to CL° of the Nmatrix
(MEAI’JV’D}) r from Example 4.5, given by:

|0C) 90
ey s T
6T ST
T Ty TS

While BK serves as a basis for the modular construction of more powerful paraconsistent
logics, its negation lacks some fundamental properties. For example, the following principles
are not valid in it:

e Double negation: (c) = D p and (e) p D =—p.
e De Morgan laws: e.g., (n%) (—pV—1) D —(pArh) and (nl) =(pAY) D (—pV-1b).

Some basic properties that could be expected from the consistency operator are missing as
well. Examples include:

e Inconsistency: (i) =0 ¢ D (@A—p)
e Propagation laws: (a) (opfor)) D o(pfit)) forff € {A,V, D}

Accordingly, a set Ay of well-known axioms for LFIs is considered (that includes, among
others, the aforementioned formulas), and is modularly incorporated into this Nmatrix: each
subset of A induces a simple refinement of M . For example, the addition of the axiom
(c) above amounts to setting O(—)(f) to {t} (instead of {¢, T }). Further, the addition of (a)
amounts to ensuring that pfi) is given a value from {¢, f} whenever both ¢ and ¢ are given
values from {¢, f}, foreach § € {A,V, D}. The Nmatrix that corresponds to the logic BK ca,
obtained by the addition of (c) and (a) to BK, turns out to be the extension to CL® of the

15



Nmatrix M from Example 4.5, obtained by including the truth table for o above. We denote
the resulting Nmatrix by Mpreo = {6 T, f},{t, T}, OBKkeca)-

Things become more complicated when the following two well-known axioms for LFIs
are added to Ay:

(1) ~(pA=p) Dopand  (d) ~(=pAp) D op

It was shown in Avron (2007) that most of the systems in the family induced by
Ao U A{(1),(d)} that include at least one of {(1),(d)} cannot be characterized by a finite
Nmatrix. This means that they go beyond the reach of Mz and its refinements.

For this reason, an infinite Nmatrix, that we denote by M%¥;, = (V3k. D&k, OFk)
is introduced, which utilizes the following three (disjoint) sets: 7 = {t/ | > 0,5 > 0},
Z={T!|i>0,j>0},and F = {f}. M5y is then defined by V&, = TUZ U F,
Dk =T UZ, and:

F ac Forbe F Dy a € Dy orbe Dyy

Ok (N)(a,b) = { 0% (V)(a,b) = {

D%y otherwise F otherwise
F acT
- - DY ac FUT
Opk(—)(a) = { Dy a€F Opk(o)(a) = Pr )
F otherwise

{Tg“,tf“} a= Tf

Dy ac Forbe Dy

F otherwise

OFx(D)(a,b) = {

Now, M%) is a strongly preserving F'-rexpansion of Mpg, for

T t
F=Xeel{t,f,T}F f
r T

Moreover, every subset A of A; induces a simple refinement of M%), that is a strongly
preserving F'-rexpansion of the simple refinement of Mgy that is associated with A. In
particular, without (1) and (d), we obtain an infinite characteristic Nmatrix for each sys-
tem, equivalent to the three-valued one. For example, going back to B K ca, we obtain the
Nmatrix M¥x.. = (Vaxs Diic, OFkea)» Where OFy., is obtained from O%) by setting
O%k.a(7)(f) = T, and ensuring that pfi) is given a value from 7 U F, whenever both ¢
and ¢ are given values from 7 U F, forevery § € {A,V, D}:

T a €T andbeTUF

F ac€ Forbc F
T cTUFandbe T
O%OKca(/\)(a7b) = T a7b € T O?Kca(v)(a7b> = f Z b e ]_- !
D%y otherwise ’

D% otherwise
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Dy ac€ FUT

F otherwise

F a€T
OFkea(™)(a) =T a€F O?Kca(O)(a)Z{
(T a=T]

T ac Fandbe TUF
T aeTUFandbe T
F a € Dy and b e F

D% otherwise

O?Kca<3)(a7 b) =

Itis routine to verify that M%), . is a strongly preserving F'-rexpansion M p.,. By Theorem
3.8, FMprea = FMss,. -

When either (1) or (d) are included, however, what is obtained is again a preserving
rexpansion of the corresponding three-valued Nmatrix, but not a strongly preserving one.
For example, the refinement that is associated with (1) amounts to the requirement that /A
is assigned a value from 7 whenever ¢ is assigned Tz and 1 is assigned either Tg 1 or tf i
Thus, the logic BK cal (obtained from B K ca by the addition of (1)) is characterized by the

Nmatrix M%x.u = (Vik: Dok, OFkear)» Which is obtained from M%), by setting

F a€ Forbe F
T a,beT
T  a=Tlandbe {T/7 "}

D%y otherwise

O?Kcal(/\) =

M% . 18 indeed a preserving F'-rexpansion of M pg.,, but not a strongly preserving
one. For example, F/(T) N O%y..,(A)(T?, T7T) = 0, although T € Opgea(A) (T, T).

As was shown in Avron et al. (2012), the o-free fragment of M %, ., is characteristic for
da Costa’s historical paraconsistent logic C'; (da Costa 1974), thus providing this logic with

an effective semantics.

S Negations for Godel Logic

The goal of this section is to develop reasonable logics in the language C £ that simultaneously
have two properties that were discussed in Section 4: paraconsistency and fuzziness.

The main problem we face in achieving the above goal is that the ordinary fuzzy logics
(like the two described in Example 2.4) are defined via matrices with a single designated
value. However, it is well known (Arieli and Avron 2015) that a logic which is induced by
such a matrix cannot be paraconsistent. Therefore none of the standard fuzzy logics is para-
consistent. In order to develop logics that are both paraconsistent and fuzzy, it is necessary to
replace the standard method of defining a fuzzy consequence relation by a weaker one. An
additional step that can be made is to take — as a primitive connective, and use new semantic
interpretations for it. (In the standard fuzzy logics ) is defined as v» O 1.)
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The first attempt to achieve the goal of this section according to the above lines was
made by Ertola et al. (2015). Their main idea was to follow a recent approach (Bou et al.
2009) to defining fuzzy consequence relations, that instead of preserving absolute truth (i.e.
the truth value 1), preserves degrees of truth. Given a fuzzy matrix M, which induces the
ordinary (i.e. truth-preserving) fuzzy logic L, this means that a formula ¢/ follows from a
set of formulas 7 if there is a finite subset {¢1,...,¢,} C 7T such that the truth value
which is assigned to 1) by some M-valuation v is always greater than or equal to the minimal
truth value that v assigns to ¢, ..., ,. For the standard matrices used in fuzzy logics, the
latter condition is equivalent to demanding the formula (1A ... Ap,) D 1 to be valid in
the corresponding truth-preserving logic L (cf. Bou et al. 2009). This fact implies that L=,
the degree-preservation logic induced by M, has the same set of valid formulas as the truth-
preserving logic L which is induced by M. This makes L= a natural variant of L.

A good example of the method of Ertola et al. (2015) is provided by Lukasiewicz logic
L (Example 2.4). The interpretation of — there (where — is taken as a defined connective, as
explained above) is: O(—)(a) = 1—a. As said above, L itself cannot be paraconsistent. How-
ever, its degree-preserving variant £.= is paraconsistent, as can be seen by any valuation v such
that v(p) = v(—p) = 3 and v(g) = 1. L= is also subclassical (as it is contained in £, which
is subclassical), and thus it is even strictly (though not boldly) paraconsistent. Moreover, it
validates some basic classical equivalences connected with negation, like De Morgan’s laws
and the double negation laws. Unfortunately, £.= has some very serious drawbacks as well.
The main (but definitely not the only) one is that M.P. for D is not valid in it. (This is exem-
plified by any valuation v in which v(p) = 0.5, v(v)) = 0.4 and v(¢ D ¥) = 0.9.) Thus D
cannot be regarded in £.= as an implication connective of any sort.

Is there a standard fuzzy logic L such that M.P. for D is valid in L=? Of the three basic
fuzzy logics (Lukasiewicz logic, Godel logic and product logic), only in Godel logic D has
this property (see, e.g., Hajek 1998). Hence it seems better to try to use G= instead of £.=.
However, in its original language (of {A,V, D, L}) G= is identical to G. In particular, G=
is not paraconsistent with respect to the official negation of G. To obtain a paraconsistent
variant of G, one should employ also the second idea mentioned above (and used in Ertola
et al. 2015): to augment the language with a new negation connective. A particularly appeal-
ing choice is to augment G= with the involutive Lukasiewicz negation. Denote the resulting
logic by G=. As a fuzzy paraconsistent logic, G= has all the nice properties of £.= that were
mentioned above. On the other hand it does not have its main shortcoming, because D is
in it a true implication connective: ¢ D v follows in G= from 7 iff 1 follows in it from
T U {p}. What is more: G= is a conservative extension to a richer language of the basic
fuzzy logic G. However, even G= still has some serious drawbacks. Thus like £= it is not
boldly paraconsistent.” Even more significant is the fact that (again like £=) V= is not
valid in it. This is very important, since classical negation is determined by a combination of
two principles: the law of contradiction (that implies that ) follows from ¢ and —¢), and the
law of excluded middle (validity of pV—). Since we are seeking here paraconsistency, we
are giving up the first of these two principles. So in order to justify viewing — as a sort of
negation (and in order to recover as much as possible from classical logic, while still being

"In both logics ¢\V—g is not valid, but it follows from {p, —p}, as the minimum value assigned to {p, —p} is
at most 3, while the value assigned to gV is at least 3.
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paraconsistent), we should keep intact at least the other basic principle of classical negation:
the law of excluded middle.

In this section we use rexpansions of the Godel matrix Mg for constructing even better
paraconsistent fuzzy logics which are based on G. Before describing our method, here is the
list of properties that we would like a paraconsistent fuzzy logic L to have:

(1) L should be boldly paraconsistent;
(i) L should be subclassical (and so, by (1), strictly paraconsistent);
(iii) L should be conservative over G;

(iv) D, A, and V should respectively be an implication, a conjunction, and a disjunction for
L. This means that for every 7T, ¢, 1, and ¢ we should have:

(V).A TU{p} Fr iff T Fr o O o
(v).B T Fr oAb iff T r, @ and T by, o
(iv).C TU{eV Y} L oiff TU{¢}Froand T U {¢} Fr o3

(v) L should validate ¢V —¢;

(vi) L should validate the basic classical equivalence concerning —, V, and A: ¢ = ——p,
—(eVY) = (mpA—y), and —(pAY) = (mpV-ih);

(vii) L should validate the following connections between negation and implication:

(ViD).A ¢ D (=) D =(p D))
(vii)B —(p D ) D~
(viD).C (¢ D) D (=(p DY) D)

A word of explanation is needed for the last item in this list. Ideally, we would have liked
to add to item (vi) of the list above also the classical equivalence that connects — and D:
—(¢ D 1Y) = (pA—). This, in turn, is equivalent to the validity of (vii).A, (vii).B and

(viD).C’ =(¢ D) D p

Unfortunately, we cannot include (vii).C’ in our list, since together with items (iv) and (v), it
immediately entails the validity of ¢V (¢ D 1), contradicting item (iii) of our list. So instead
of (vii).C’ we include in the list a weaker version, which is valid in G=, as well as in all the
standard fuzzy logics (in which —) is taken as ¢ D ).

5.1 The Nmatrix M’ and Its Refinements

The method of rexpansions allows us to present a better approach to the construction of
paraconsistent conservative extensions of Godel logic, which stays within the framework of
truth-preservation. This is achieved by relaxing the principle of truth-functionality, and the
preservation of absolute truth. The former is done by basing our construction on Nmatrices,
and the latter by replacing “completely true” with “true enough”, that is, taking a larger set
of designated truth values. Formally:
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Definition 5.1. Let 0 < t < 1. Mg' is the Nmatrix for {A,V, D, 1} obtained from Mg by:

1. Taking [t, 1] as the designated values.

[t,1] a<borb>t

2. Changing O (D) to O (D) (a,b) = {{b} a>bandb <t

Mg, is the extension of Mg to {A,V, D, L, =}, in which O(=)(a) =1 — a.

The next theorem shows that Mg", provides a satisfactory basis for constructing para-
consistent fuzzy logics.

Theorem 5.2. Let 0 < t < 1 and let M = (V, D, O) be a simple refinement of Mg",. Then:

1. by satisfies (iii), (iv).B, (iv).C, and (vi) (that is, it is conservative over G, N is a
conjunction, V is a disjunction, and De Morgan and double negation laws are valid).®

2. If 1 € O(D)(x,y) whenever either x = 0 or y = 1 then -, satisfies (ii).
3. Ift > % then \- satisfies neither of (i), (iv), and (v).
4. Ift < % then &4 satisfies (i) and (v).

Proof. Suppose M = (V,D,0) and Mg", = (V!, D!, O).

1. It is straightforward to verify (iv).B, (iv).C and (vi). As for (iii), one verifies that M
[t,1] =1
{t-z} x<1
3.10, every simple refinement of Mg", induces a logic that is conservative over G.

is a simple F-rexpansion of Mg, for F' = Az € [0,1]. . By Corollary

2. Suppose that 7 t/cr, . Then there exists a classical valuation v such that v(¢)) = 1 for
every ¢ € T and v(p) = 0. v is also an M-valuation, and thus T /4 ¢.

3. If v EM p and v FM —p, we must have v(p),1 — v(p) > t, which is impossi-
ble for ¢ > 3. Therefore, p,—p g and (i) fails. Moreover, #r( (pA—p) D g
(by assigning % to p and 0 to q), and thus also (iv) fails. Finally, v #™ pv—p for

v(p) = v(-p) = v(pV-p) = 3.

4. We start with (i): First we show that — is a weak negation in - . Since 0 < ¢ < % there
exists @ < ¢ such that 1 — a > t. Any M-valuation v in which v(p) = 1 — a satisfies
p but not —p, and any M-valuation v in which v(p) = a satisfies —p but not p. Thus
p ¥ —p and —p /o p. Second, in any M-valuation v in which v(p) = v(—p) = % and
v(q) = 0, we have v F™ {p, ~p} and v #* q. Therefore p, —p I/, q. Next, we show
that -4 is boldly paraconsistent. Suppose (/¢ ¢ and p ¢ At(). Then there exists an
M-valuation v such that v(y) < t. Define a function v as follows: v'(y)) = v(v)) for
every subformula ¢ of ¢ (including ¢ itself), and v'(p) = v'(—p) = 3. Now extend v/
to an M-valuation, and obtain that p, —=p /o, . As for (v), for every M-valuation v,
if v(p) < t then v(—y) > t and vice versa, and hence V. O

8While the left-to-right direction of (iv).A may not hold, its right-to-left direction (namely M.P.) does hold.
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The proof of Theorem 5.2 actually provides another interesting result regarding the Godel
matrix: the same logic would result if the designated values were taken to be any interval of
the form [¢, 1] forany 0 < ¢ < 1.

Proposition 5.3. Let 0 < t < 1 and M' = (V', D', O"), where V' = [0,1], D' = [t, 1], and
Ot = Oc;. Then l_MG = l_Mt.

Proof. M is a simple refinement of M, which is a simple rexpansion of Mg. By Corol-
lary 3.9, we have -, = Faqe. 0

Other negations can be considered for G, and rexpansions (and in particular Corollary
3.9) can be used in order to prove that the result is conservative over G.

Lemma 5.4. Let A be a set of axioms in CL. If A is valid in Mg", then G*, the axiomatic
extension of G with A, is conservative over G.

Proof. Clearly, g C Fga. Nowlet 7 C CL\ {—} and ¢ € CL\ {—}. If T Fga ¢, then
T F gt - And since &=« is conservative over G, we must have 7 g . ]

Note that finding a new semantics for the augmented logic is not required, as only sound-
ness is needed for the proof.

Example 5.5. Let A be a set consisting of the axioms from property (vi) above. Then G4 is
an axiomatic extension of G with a negation that satisfies the usual double negation and De
Morgan rules, and is conservative over G.

[

5.2 Two Particular Refinements of Mg2

1
Theorem 5.2 shows that simple refinements of M2 enjoy many desirable properties one

would expect from a paraconsistent fuzzy logic. However, they may lack some of the prop-
erties mentionedlabove. In particular, the formulas in (vii) are not valid in the logic that is
induced by Mg?2 itself (for example, if v(¢) = 0.7, v(¢)) = 0.8, and v(¢ D ¢) = 0.7, then
v doels not satisfy (vii).B). Moreover, (iv) does not hold in the simple refinement M? 798 of
M2, obtained by setting O(D)(a,b) = 0.7 whenever b > £ ora = b, and O(D)(a, b) = 0.8
whenever b < % and a < b. Indeed, v(—(p D ¢)) = 0.3 < % for every M° 708 valuation
v, which means that —(p D ¢) 0705 1. However, the M%7~%_valuation u in which
u(p) = u(y) = 0and u(p D ¢) = 0.7, shows that /0.0 =(¢ D ¢) D 1. Property (ii)
also does not hold in F0.7-0:, as ¢ follows from —(p D p) D =(L D =(p D p)) in it, but
not in classical logic.

We present two particularly interesting simple refinements of M(;é. The first is obtained
by refining the interpretation of D back to its original interpretation in M. The second is
a reconstruction of a well-known semi-relevant logic (Anderson and Belnap 1975, Dunn and
Restall 2002), in which all properties (i)—(vii) hold.
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5.2.1 Closest to The Original: det(Mg2)

1
If we refine the interpretation of D in M g2 to its original interpretation in Mg, we obtain a
1

matrix for a paraconsistent fuzzy logic (denoted det(Mg2)), whose {A, V, D, | }-fragment
differs from Mg solely in the choice of designated values. This seems as close as one can get

to adding a paraconsistent involutive negation to M. Moreover, I—d o %) strictly extends
e fel=

I—M 1 » and satisfies all properties listed above, except for (vii).A. The only property whose

Veri%Eation is not routine is (iv).A, which we now prove.

P iti 5.6 (Deducti Th f + . - ]
roposition (Deduction eorem for detMas i)) T detMed) ©1 D w2 dff

+ .
T, 1 detmgdy P2
Proof. The fact that T l—det(MG 3 ) ©1 D o implies T, ¢ l—det(MG 3 ) 9 1s easily verified us-

ing the interpretation of D. For the converse, suppose T b‘d ( ©1 D p2. We prove
et

1
MG?.)
1

that T, ¢4 |7/d M 1 ) 2. By our assumption, there exists a det(M g2 )-valuation v such that
et fer=

v(y) > 3 forevery ¢ € T, and v(p1 D ¢2) < 1. Letry = v(p1) and 75 = v(g2). Then:
v(pr D pg) =10 < 3,1 =71y > 4, and g > ro. If rp > S then v IZdEt(MGé) 1 and
v Vdet(MGﬁ% ) 0,9, and thus T, 4 b‘det(MG 3 : 2. Hence we assume in addition that r; < %
We construct an appropriate countermodel by “fixing” v so that it satisfies 7 and 4, but

still does not satisfy (,. This is done by replacing r; by %, and then making other necessary
1
adjustments to keep the resulting valuation a det(Mg2)-valuation. Let

L T <r

2ry
% m<r<l—-n

rz—142r1 _
e T > 1—r

f=Xxel0,1].

and let v'(¢) = f(v(p)) for every . f is clearly an increasing function from [0, 1] to [0, 1].
Now, v'(¢) > 5 forevery ¢ € T, as v(¢) > 5 > ry for every such 1. Also, v'(¢;) = 3, and
1

V'(g2) < 3,88 v(p2) =19 < 1. Itis left to prove that v’ is a det(Mg2)-valuation. Suppose
det(Mg2) = (V, D, 0).
L' (pn) = flulpA) = flmin{v(e), v(¥)}) = min {v'(),v'(¢)}, as fis increas-

ing.
2. Disjunction is shown similarly.

3. I 0/(p) < /() then v() < v(¥), and then v/( > ¥) = f(v( > ) = (1) = L.
V(5 0) = Flo(e D ) = Fu(®) = /().

4. We show that v'(-p) = 1 —V'(p). If v(p) < ry, then v(=p) > 1 — 7. In

such a case, v'(¢) = %v(gp) and v'(—p) = ”(W)Q;11+2m _ 27’12—7411’(“’). In particular,
V() + v/ (mp) = HEEN=E) — 1 Jfpy < () < 1 -7y, then /() = V(~p) = 3.

And if v(¢) > 1 — 7y, then this case is symmetric to the first case.
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5.2.2 A Semi-relevant Refinement: Mpg;,>

The matrix for the logic RM - (Avron 1986), that we denote by M /- is a simple refinement
{1-a} a<b<l-a
{b} otherwise
Note that RM - is shown in Avron (1986) to be equivalent to the famous Dunn-Meyer
semi-relevant logic RM (Anderson and Belnap 1975). RM - satisfies all of the properties
listed above. (All properties but (iv).A and (vii) follow from Theorem 5.2. (iv).A and (vii)

were proved in Avron 1986.) In particular, it strictly extends l—M %.9 Moreover, we show
G3

1
of M2 in which implication is interpreted by: O(D)(a, b) = {

that RM - is unique with respect to the properties above:
Proposition 5.7. RM? is the only finitary'® logic that satisfies all properties (i)—(vii) above.

Proof. Let L be such a logic. Denote by H the Hilbert calculus for G from Dummett (1959),
and by Hgys- the Hilbert calculus obtained from # by the addition of the axiom schemes
of (v), (vi) and (vii). Note that the only rule of inference in ‘H and Hzy> is M.P. It was
shown in Avron (1986) that the set of theorems of H s> is the same as the set of formulas
that are valid in RM . Since RM - is finitary!! and admits the deduction theorem, it follows
that Hraso is sound and complete for RM -, that is, o is derivable from 7 in Hpyo iff
T Frao . Now, to satisfy (iii), all axiom schemes from H must be valid in L, as otherwise,
it would not be conservative over G. To satisfy (v), (vi) and (vii), the axioms they include
must be valid in L also. For (iv), M.P. must be valid in L. Thus Hgj,> is sound for L, and
in particular, RM - is contained in L. Now, if L strictly contains RM -, then since M.P. is
valid in RM - and L is both finitary and admits the deduction theorem (by (iv)), there exists a
formula ¢ that is valid in L but not in RM -. It is then a corollary of Avron (1986) that L has
a finite characteristic matrix, and in particular, so does its —-free fragment. Since G cannot
be finitely characterized by a matrix (Dummett 1959), L is not a conservative extension of
G, and thus (iii) fails. Therefore, we must have that L. and RM - are identical. OJ

Table 1 summarizes the various logics and properties discussed in this section, and in
particular, specifies the properties that hold in each logic. In the table, “t” means that the
property holds, and “f” means that it does not. The column in the middle (titled “Simple

1

Refinements of Mg2”) includes some cells with the symbol “T”. For the corresponding

1
properties, the meaning is that some simple refinements of M2 satisfy them, and some do

9The axiomatic extension of RM> with (vii).C’, that we did not include in our list of requirements, is also
considered in Avron (1986), and is proven to be equivalent to the 3-valued logic PAC (Arieli and Avron 2015),
that is also known as RM3.

10A logic L is called finitary if the compactness theorem holds for it, that is: 7 1, ¢ iff I' Fy, ¢ for some
finite ' C 7.

'This follows from the equivalence between RM - and RM shown in Avron (1986), together with the fact
that RM itself is finitary. The latter follows from the (strong) soundness and completeness theorem that was
proven for RM in Avron (2016).
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not. In contrast, property (iii) is not relevant for £.=, as it does not include any new connective.
Thus it is marked with “L”.

Table 1: Summary of Properties

Property = G= Simple det(M Gé ) RM?
Refinements
of M G 2
1) f f t t t
(i) t t T t t
(iii) 1 t t t t
(iv) f t T t t
(V) f f t t t
(vi) t t t t t
(vii) t f T f t

5.3 What is the Cardinality of {I—MGZ [0<t< 1}?

We conclude by investigating the relation between the different logics that are induced by the
Nmatrices Mg", (see Definition 5.1) themselves. These logics are minimal in the family of
logics that are studied in Theorem 5.2, as different refinements of them may induce different
extensions.

The main result of this concluding section can be summarized as follows:

1. All the Nmatrices Mg!, for 0 < ¢ < ; induce the same logic;
2. There are exactly two logics that are induced for ¢ > %
3. All together, the answer to the above question is: three.'?

The rest of this section is devoted to the proof of this result. We start by introducing
the notion of (t1, t2)-expanding functions in Definition 5.8, and prove that they characterize
all strongly preserving rexpansions between elements of {Mg" |0 <t < 1} in Lemma 5.9.
This fact is then used in Lemma 5.10, where the logics that are induced by these Nmatrices
are identified, thus obtaining the aforementioned result in Corollary 5.11.

Definition 5.8. Let 0 < t; < ty < 1. An expansion function F' : [0, 1] —P([0, 1]) is called
(t1,t2)-expanding if:

(1) Upeppy F(2) = [0,1] and U,.cp, 5y () = [t2,1].

(2) Fisincreasing: if z < y then 2’ </ forevery 2’ € F(z) and y' € F(y).

12We stress that the logics that are considered here are those that are induced by the Nmatrices Mg’ them-
selves, not their refinements.
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3) F1 —z) = {1—y|ye F(x)} for every x € [0,1] (that is, y € F(x) iff
1—ye F(1—ux)).

(4) F(z)is a singleton whenever x < t, (and so because of (3), also when = > 1 — ¢5).

Lemma 5.9. Let F' : [0,1] = P([0,1]) and 0 < t; < ty < 1. Then the following statements
are equivalent:

1. Fis (t1,ty)-expanding.
2. Mg" is an F-rexpansion of Mg"™.

3. Mg is a strongly preserving F-rexpansion of Mg".

Proof. Suppose Mg" = ([0,1],[t,1],01), Mg”? = ([0,1],[t2,1],0,) and
(MG?)F = <VF7DF70F>-

(1 = 3) : Letus calculate (Mg")p: Ve = [0,1] and D = D1 [t1, |, because ofproperty

(1). As for Op: Using property (2), we have that Op(A)(x, { ) and
Or(V)(z,y) = F(max{ﬁ [z], F [y ]}) By property (3), we have (’)F( )(x) ( F [z]).
t,1 < >t
Combining properties (2) and (4) gives us Op(D)(x,y) = 1] wsyoryzh .
{y} z>yandy<ty
Finally, Op(L) = F(0).
We show that Mg is a (simple) refinement of (Mg"?):
1. O1(N)(z,vy) - Or(N)(x,y): Assume  w.l.g. that x < .
Since F is increasing, F'[z] < Fly], which means that

Or(N)(w,y) = {z} € F(F [¢]) = Fmin { F [2], F [y }) = Or(N)(z,y).
2. O1(V)(z,y) € Op(V)(z,y): this is shown similarly.

3. O1(—)(z) € Op(—)(z): using property (33, we have that N
O\(~)(@) = {1~} € {1~y |y € F(Fla))} = F(1 ~ F[a]) = Op (=) (x).

4. O10)(x,y) <  Op(DO)(z,y): If z < 'y or y € [t1,1] then
O10)(x,y) = [t1,1] = Op(D)(x,y). Otherwise, O1(D)(x,y) = {y}, which

conforms with the calculation of O (D) above.

5. O1(L) € Op(L): We show that 0 € F(0) (= Og(L)). Since Im(F) = [0,1],
0 € F(z) for some x. Assume for contradiction that x > 0. Since F' is an expansion
function, there exists some y € F'(0). By property (2), 0 > y, which is a contradiction.

Next, we prove that Mg" is a strongly preserving F-rexpansion of Mg". Clearly, it is
preserving (as it is simple). The interpretations of all the connectives in Mg" are de-
terministic, with the exception of D. Therefore, the onlz thing that needs to be verified
is that F'(z) N O1(D)(z,y) # 0 whenever z € Oy(D)(F [z], F [y]) and either x < y or
y € [t1,1]. Let 2 € Os(D)(F [z], F [y]). Since z < y or y € [t, 1], we have F [z] < F [y]
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or ﬁ[y] € [t2,1]. Therefore, z € [to,1], and so F(z) C [t1,1]. Since in this case,
O1(D)(x,y) = [t1, 1], we have F(2) N O1(D)(x,y) = F(z) # 0.

(3 = 2) : Clearly, every strongly preserving F'-rexpansion is an F-rexpansion.
(2 =1): Suppose Mg" is an F-rexpansion of Mg". We prove that F is (t;,t;)-

=

expanding, by verifying the four properties:
1. The correctness of property (1) is trivial.
2. If F is not increasing, then there exist z,2’, v,y € [0,1] such that x < y, 2’ € F(x),
y' € F(y)and 2’ > 7. Since F' is an expansion function, ' # ¢/, thus 2’ > y’. Now,

since Mg is an F-rexpansion of Mg™, 1y’ € O1(N)(2',y') C Op(A)(2',y) = F(z).
This is impossible, as z # y, ¥ € F(y), and F' is a rexpansion function.

3. Let x € [0,1]. We prove that F(1 — z) = {l—-yl|ye F(x)}.
For every z¢€ F(1—x), since Mg" is an F-rexpansion of Mg?,
1 — 2z € 00k < Usecoyyanf(z) = F(z), and therefore

z€{l—y|lye F(x)}. Andforevery z € {1 —y|y € F(x)},1 — 2z € F(z), and
therefore z € O1(—)(1 = 2) € U, co, oy F(2) = F(1 — ).

4. If F(x) is not a singleton for some = < to, then let y1,y, € F'(x) such that y; < ys.
In particular, y;,y> < t;. Therefore, since Mg is an F-rexpansion of Mg™,
y1 € O100)(¥2:¥1) € U.co, o)) £'(2) = [t1, 1], which is a contradiction. O

Now we apply Lemma 5.9 and Theorem 3.8 to the matrices M ", for various values of ¢.

Lemma 5.10.

1. l_Mci:'_M éforevery0<t<%.

G
2. Fpgn =g forevery 3 <t <ty < 1.

3. Pt G Fagr forevery 5 <t < 1.

4. l_MGé gt and b=y 0 € l_Mcé for every% <t<1.

Proof.

1. We construct an expansion function £ that maps [0, 3) to [0,¢) and (3, 1] to (1 — ¢, 1].
The remaining value % is duplicated to the remaining segment [t, 1 — ¢]. Namely:

{2tx} T <3
F=Xxel0,1].4[t,1—1] r=1
{2tz +1-2t} z>1

F . [0,1]]—P([0,1]) since ¢ < 3. By Lemma 5.9 and Theorem 3.8, it

suffices to prove that F' is <t,%>—expanding. F is clearly an increasing ex-

pansion function with |JIm(F) = [0,1] and Uxe[l 1 F(zx) = [t,1]. To
27
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see that property (3) is satisfied, we distinguish three cases: If z < %,

1 — 2 > 3, and then F(1 — z) = {l1-2ta} = {l-yl|yeF(x)}.
If 2 = 3, 1 —a2 = 5 and then F(1 — z) = [t,1—1¢. Note that
for every y, y € [t,1—t] iff 1 —y € [t,1—t]. Hence in this case,
Fl—z)={1-ylyet,l-t}={1-y|lycFl)} fz>31-z<1i and
thenF(l—x):{Qt(l—x)}:{l—y|y€{2t$+1—2t}}—{1—y|y€F( )}

Finally, property (4) clearly holds, as F () is a singleton whenever = < 1.

2. We construct a rexpansion function that maps [t2, 1] to [¢1,1], [0,1 — ¢3) to [0, 1 — ¢1),
and [1 — £y, t9) to [1 — ¢;,t1). Consider the following function:

1_2£U r<1—1y
f=rxrel01]. {3 o+ 28 1-t,<z<t

1-t t1—t

171 1’+11t22 T >ty

Let F = X € [0,1].{f(x)}. By Lemma 5.9 and Theorem 3.8, it suf-
fices to show that F' is (f1,ts)-expanding. F' is clearly an increasing expan-
sion function, | JIm(F) = [0,1], and F(x) is always a singleton. In addition,
Usenn () = £t 1)) = [, 1], Finally, F(1 — 2) = {1 -y y e F(x)}, as
f(1—2)=1- f(z) forevery z € [0, 1].

3. To show that -, : C oL, we prove that for every Mgi—valuation v there exists

a Mg -valuation v’ such that for every formula o, v EMe=  iff o/ EMe% 13 Let
v be a Mg -valuation. We construct v’ by mapping the values that are strictly below
1 to being strictly below ¢, in a way that conforms with the interpretation of —. By
making this mapping an increasing one, we conform with the interpretation of the other
connectives. This is defined as follows: Let f be defined by:

0 z=20
f=Xxel0,1]. 2t—1)z+1—-t O<z<l1
1 r=1

f:[0,1] = [0, 1] is strongly increasing and f(1 — x) = 1 — f(x) for every x € [0, 1].

Define v/(1)) = f(v(v))) for every 1. First, we prove that v’ is a Mg' -valuation: For
A, we have v'(pA)) = f(o(eA)) = f(min{u(p),v(¢)}) = min{v(p),v' ()},

as f is increasing. V i1s shown similarly. In  addition,
V(my) = (=) = 1 —w@) = 1 - flu@) = 1 - v(¢) and
V(L) = f(v(L)) = f(0) = 0. Next, we show that the implication constraints
are satisfied: If v'(p) < ¢'(¢), then since f is increasing, v(yp) < v(¢). Since v is
a Mgl -valuation, v(p D 1) = 1, and hence v'(¢ D ¥) = 1 > t. If /() > t,
then by the definition of f, v/(¢)) = 1, which means that v(v)) = 1, and again,

V(¢ D ) =1 > t. Finally, if v'(¢) > v'(¢)) and v'(¢)) < t then we have v(p) > v(v)

13The proof of this item does not use rexpansions: by Proposition 3.4, Mg! is not a rexpansion of Mg’
as there is no function f : [0, 1] — [0, 1] satisfying = € {1} iff f(x) € [t,1].
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and v(v)) < 1. Since v is a Mgl-valuation, v(¢ D ) = v()) < 1, and hence
V(e DY) = f(v(v)) = v'(¢). Second, we prove that v EMen o) iff o' EMeS 4, for
every formula ¢. If v EM&= 4 then v(¢)) = 1. In this case, v/(1)) = 1 as well, and in
particular, v’ EMah 1. In addition, if v’ EMah ¥, then v'(¢) > t, that is, f(v(v)) > t.
By f’s definition, we must have v'(¢)) = f(v(¢)) = 1, which means that v(¢)) = 1.
Therefore, v EMae* .

To show that .+ # k1, note that p D gk, 1 =g D —p, as for every
Mg -valuation v such that v(p O ¢) = 1, we must have that v(p) < wv(q).
In particular, v(—¢) < w(-p), and thus v(-¢ DO -p) = 1. How-
ever, p D ql/pet —g D —p, as can be seen by the following M" -valuation:
v(p) = 1,v(q) = t,v(=p) = 0,v(=q) =1L = t,v(p D q) = t,v(~¢ D —p) = 0.

4. By Theorem 5.2, we have that p, =p ¢ g but p, —p |7‘M 1 ¢-and l—M —pVp but
GA

3
G-

Fmet "9Ve. O

Corollary 5.11. {F .« [0 <t <1} = {I— 1

)
Mg2

I—M 3, l_MGL } and its cardinality is 3.
G-

6 Conclusion and Further Research

We have investigated rexpansions — compositions of expansions and refinements on Nmatri-
ces. Properties of this operation were proved, as well as their effects on consequence rela-
tions. Examples of applications of these results were also given, including the construction of
conservative extensions for many logics from the literature, and in particular, paraconsistent
conservative extensions of Godel logic, that were investigated further.

Theorem 3.8 provides a sufficient condition for two Nmatrices to induce the same con-
sequence relation. However, Example 4.4 shows that this condition is not necessary, since
the {A, V}-fragments of Mpp and My, induce the same logic, but neither is a strongly
preserving rexpansion of the other. An interesting direction for further research is to charac-
terize general cases in which the condition it suggests is also necessary. An intermediate goal
in this direction is to further generalize the sufficient condition, so that it uniformly covers
examples that are currently left out (like Myp and Mky,). Future work would also include
more applications of rexpansions, in the spirit of Sections 4 and 5. Such applications can
simplify known results from the literature of non-classical logics, and also the construction
of new conservative extensions with certain properties. We have started to advance this line
of work in Chapter 6 of Zohar (2018), where rexpansions are used to describe the modular
construction of proof systems for non-classical logics, and plan to describe other modular
constructions via rexpansions. Section 5 should be extended beyond Godel logic, to provide
a general method for the construction of paraconsistent fuzzy logics, based on rexpansions.
Among the logics that are induced by refinements of Mg", only RM~= has a known axioma-
tization. We leave it for future research to axiomatize other such logics, and in particular, the

1
logic that is induced by M2 itself. The decidability and complexity of these logics is also
left for further research.
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