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Abstract

Invertibility conditions are properties used in Satis�ability Modulo Theories (SMT)
to reason about bit-vector formulas. Previous work has veri�ed 125 of 160 invertibility
conditions for arbitrary bit-width. Some of these were proven in the Rocq interactive
theorem prover (ITP) and others were veri�ed using SMT solvers. We prove the remaining
35 properties in Rocq with the help of Google Gemini and Claude Code. This paper
presents our e�orts in completing this set of proofs.

1 Introduction

Reasoning about machine integers has important applications in hardware and software veri-
�cation [9, 28]. Satis�ability Modulo Theories (SMT) solvers [5] can be used to perform such
reasoning. However, SMT-LIB 2 [4] � the input/output standard for most SMT solvers � only
allows properties over bit-vectors (used to model machine integers) to be expressed for speci�c
numeric bit-widths. As a result, such properties cannot be veri�ed with enough generality. For
example, the commutativity of addition of bit-vectors cannot be veri�ed for bit-vectors of all
bit-widths.

Our focus is on a speci�c set of properties called invertibility conditions [20] � used inci-
dentally, by SMT solvers for reasoning over formulas containing quanti�ed and non-quanti�ed
bit-vectors in cvc5 [3] and bitwuzla [18] (see [20, 19] for applications of invertibility conditions).
As an illustrative example, consider the formula x+ s = t, where x, s and t are bit-vectors that
have the same bit-width. x is invertible for this formula, and its inverse or solution is t − s.
Since such a solution exists for all values of x, s, and t, the condition under which x is invertible
is simply ⊤. This is expressed as the invertibility equivalence ⊤ ⇔ ∃x. x+ s = t. This formula
is valid in the theory of bit-vectors for any bit-width. Niemetz et al. [20] generate this and
179 other invertibility conditions, most of which are more constrained than ⊤. For example,
s÷ (s÷ t) = t ⇔ ∃x. s÷ x = t expresses the fact that x is invertible in s÷ x = t precisely
when s÷ (s÷ t) = t holds. These 180 invertibility conditions were veri�ed using SMT solvers
by Niemetz et al. [20] but only up to bit-width 65. Subsequent work [22, 23, 7] veri�ed a large
subset of these equivalences for arbitrary bit-width using SMT solvers via a conversion of the
formulas to quanti�ed non-linear integer arithmetic and uninterpreted functions. However, this
approach was not fully successful in verifying all equivalences for arbitrary bit-width.

This led to using the interactive theorem prover (ITP) Rocq [27] to verify the remaining
properties. Rocq's expressive type system provides dependent types, which can be used to
specify properties over bit-vectors for any bit-width. Moreover, proving these properties using
an ITP gives us more con�dence in their validity with respect to their SMT-based veri�cation.
Previous work [11, 12] used a bit-vector library for SMTCoq [10] to prove 19 equivalences in
Rocq, 12 of which were previously unveri�ed for arbitrary bit-width.
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Symbol SMT-LIB Syntax Sort

=,̸= =, distinct σ[n] × σ[n] → Bool

<u, >u, ≤u, ≥u bvult, bvugt, bvule, bvuge σ[n] × σ[n] → Bool

∼ , − bvnot, bvneg σ[n] → σ[n]

&, |, <<, >>, >>a bvand, bvor, bvshl, bvlshr, bvashr σ[n] × σ[n] → σ[n]

+ bvadd σ[n] × σ[n] → σ[n]

<s, >s, ≤s, ≥s bvslt, bvsgt, bvsle, bvsge σ[n] × σ[n] → Bool

·, mod, ÷ bvmul, bvurem, bvudiv σ[n] × σ[n] → σ[n]

◦ concat σ[n] × σ[m] → σ[n+m]

[u : l] extract σ[n] → σ[u−l+1]

Table 1: The signaturess Σ0, Σ0.5 and Σ1 with SMT-LIB 2 syntax.

In this work, we consider 160 of the 180 invertibility conditions that do not include multiple
bit-widths. We veri�ed all invertibility conditions from this subset that were previously unver-
i�ed � either using Rocq or SMT solvers � for arbitrary bit-width. We proved some of these
manually, others using Google Gemini [26] as an assistant, and yet others were proved using
Claude Code [2] with minimal human supervision.

To summarize, our main contribution is the completion of the formal veri�cation of all 160
invertibility equivalences. As part of this contribution, we also extended a Rocq library for
bit-vectors, and demonstrated how modern large language model (LLM) based AI assistants,
like Gemini and Claude Code can help in formal veri�cation tasks.

The rest of the paper is structured as follows. In Section 2, we introduce the formal pre-
liminaries necessary for a technical presentation of our work; in particualr, in Section 2.3, we
present invertibility conditions and summarize previous attempts at formalizing them; Section 3
presents our contributions in completing these prior formalizations; Section 4 discusses how we
approached these proofs, speci�cally, how we involved Gemini and Claude Code to help us with
proofs, and Section 5 presents our conclusions and future avenues of research.

2 Background

2.1 Theory of Bit-Vectors

As in Ekici et al. [11, 12] (that this work is an extension of), we use many-sorted �rst-order logic
with equality [13] and the signature ΣBV of the SMT-LIB 2 theory of �xed-width bit-vectors
which de�nes a unique sort for each positive integer n, denoted as σ[n]. Constant, function and
predicate symbols of ΣBV as well as ΣBV -formulas and their semantics are as speci�ed by the
SMT-LIB standard. We denote equality by =, and use x ̸= y as an abbreviation for ¬(x = y).
We also use the (overloaded) constant 0 to represent the bit-vectors composed of all 0-bits.

Table 1 contains the operators from ΣBV for which invertibility conditions were de�ned.
We de�ne Σ1 to be the signature that contains only these symbols. Σ0 is the sub-signature
obtained by only taking all operators until the �rst horizontal line and Σ0.5 is the sub-signature
obtained by only taking all operators until the second horizontal line.
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2.2 Rocq

The Rocq proof assistant is based on the calculus of inductive constructions (CIC) [24]. It
represents formulas as types and reduces the task of proving formulas to �nding a term of the
corresponding type. Its type system is more expressive than that of SMT-LIB 2. Of speci�c
interest for this work is the ability to express formulas over dependent types � types that can
depend on values � in Rocq. Dependent types allow types to depend on values. For-instance, a
bit-vector type in Rocq can be de�ned as a list of Booleans � bitvector, say � and this type
can be further parameterized by a natural number using a dependent type. This allows one to
talk about bit-vectors of length n (bitvector n) for natural number n. Moreover, formulas
can be constructed by quantifying over n.

2.3 Previous Work

We recall the following terms presented in [20, 12]. An invertibility condition for a variable x in
a ΣBV -literal ℓ[x, s, t] is a formula IC[s, t] such that ∀s.∀t. IC[s, t] ⇔ ∃x. ℓ[x, s, t] is valid in the
theory of �xed-width bit-vectors, for all bit-widths. The invertibility equivalence associated with
the literal ℓ[x, s, t] and its invertibility condition IC[s, t] is the formula IC[s, t] ⇔ ∃x. ℓ[x, s, t].
Niemetz et al. [20] generate 180 invertibility conditions and use the corresponding equivalences
in a procedure for solving quanti�ed bit-vector formulas. We consider only the invertibility
conditions in which all bit-vectors have the same length. This corresponds to the invertibility
conditions whose signatures are restricted by Σ0.5 and there are 160 of these. The SMT solvers
that use these conditions rely on the validity of the equivalences for all positive values of n.
The following describes the di�erent attempts at verifying these 160 properties ordered with
respect to publication date.

1. Niemetz et al. [20] veri�ed all 160 equivalences for 1 ≤ n ≤ 65 using SMT solvers.

2. Niemetz et al. [22, 23] veri�ed 110 of the 160 equivalences for arbitrary n by translating the
equivalences to formulas in the theories of non-linear integer arithmetic and uninterpreted
functions. This approach still failed on 50 of the equivalences.

3. Ekici et al. [11, 12] formalized these equivalences in the Rocq ITP using dependent types
and proved 19 equivalences, 12 of which were from the 50 unproved equivalences (com-
pleting the veri�cation of all IEs in Σ0).

4. Berger et al. [7] extended the framework of [22, 23] and veri�ed 3 more equivalences.

In this work, we have completed all missing proofs, by proving the 35 IEs that were previously
unveri�ed, for every bit-width.

2.4 Large Language Models

Large Language Models (LLMs) are large-scale deep-learning neural networks � typically built
on the Transformer architecture [29] � trained on vast text datasets to predict subsequent to-
kens, enabling them to process and generate highly sophisticated human language [8]. However,
LLMs are inherently unreliable because their probabilistic architecture optimizes for statistical
likelihood rather than absolute truth [16], making �hallucinations� an inevitable limitation [31].

Despite this unreliability, as long as the LLM hasn't (1) altered the stated theorem being
proved and (2) introduced any new axioms that extend Rocq's trusted computing base (TCB),
we can be con�dent in the soundness of the proofs, thanks to the principle of proof irrelevance
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ℓ[x] = ̸= <u >u ≤u ≥u <s >s ≤s ≥s

−x ▷◁ t ✓✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
∼x ▷◁ t ✓✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

x & s ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
x | s ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

x<<s ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
s<<x ▷◁ t ✓✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
x>>s ▷◁ t ✓✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
s>>x ▷◁ t ✓✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
x>>a s ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
s>>a x ▷◁ t ✓✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
x+ s ▷◁ t ✓✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
x · s ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
x÷ s ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
s÷ x ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

x mod s ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
s mod x ▷◁ t ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Table 2: Proofs of arbitrary-width invertibility equivalences using di�erent approaches.

in Rocq � the idea that any two proofs of the same proposition are propositionally equal.
As such, LLMs and, by extension, multimodal conversational assistants like Gemini [26] and
agentic coding assistants like Claude Code [2], are suitable for our project's goal of formal
proof generation. Others have also noticed this synergy, resulting in a growing body of research
exploring the potential of pairing LLMs with ITPs (see, e.g., [6, 30, 32]).

3 Results

3.1 Summary

Table 2 summarizes the veri�cation of the 160 invertibility equivalences that we consider.1

▷◁ ranges over the given predicate symbols. ✓ means that the invertibility equivalence was
successfully veri�ed in Rocq [12, 11] in previous work; ✓ indicates that the corresponding

equivalence was veri�ed by one of the approaches that used SMT solvers [23, 22, 7]; ✓is used
for IEs that were proved using Rocq as part of this work.

3.2 Extensions to the bit-vector Library

We use and extend the BVList library [12] � a Rocq library that models bit-vectors and
operations over bit-vectors, and provides various proofs about bit-vectors. The library uses
a 2-layered approach to model bit-vectors � underneath the dependently-typed de�nition of
bit-vectors (bitvector in Section 2.2) is a simply-typed (or non-dependently-typed) de�nition.

1The extended BVList library and all �les relevant to our usage of Claude Code for this project are publicly

available at https://github.com/HaTruong05/invCondProofs/tree/lpar26.
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Proofs are produced for simply-typed bit-vectors, and lifted up to proofs of dependently-typed
bit-vectors using a functor. Bit-vectors in BVList are speci�ed using the little-endian notation.
This matches the internal representation of bit-vectors in SMT solvers. For a more elaborate
explanation of the representation of bit-vectors in BVList, see Ekici et al. [12].

In this section we enumerate our extensions to the library that allowed us to prove the
remaining invertibility equivalences.

Signed Comparison Operators

We added >s, ≤s, and ≥s to BVList (it already contained <s). Similar to the formalization
of the unsigned comparison operators (described in detail for ≤u and ≥u in Ekici et al. [12]),
these operators are de�ned over multiple layers - at the top is the dependently typed de�nition;
underneath it, a function ensures that the bit-vectors being compared have the same length;
yet another function reverses both bit-vectors for easier comparison starting from the most-
signi�cant bits of the bit-vectors; �nally, a function at the bottom-most layer does a bit-wise
comparison of the two bit-vectors from the most to least-signi�cant bits.

Conversions between Bit-Vectors and Integers

We added two conversion functions from bit-vectors to integers:

� bv2int - a conversion from unsigned bit-vectors to their corresponding integer values.

� sbv2int - a conversion from two's complement signed bit-vectors to their corresponding
integer values.

We used bv2int in many of the invertibility equivalence proofs over multiplication that we did
manually (without AI assistance). It helped to reason about multiplication over Z � the Rocq
integer type � and use lemmas from the Rocq library over integer multiplication.

For the invertibility conditions over signed comparison predicates, we needed sbv2int �
a conversion from bit-vectors to integers that would take the signed interpretation of the bit-
vectors. This allowed us to also soundly leverage properties over Rocq's integer type for the
equivalences that contained signed comparators.

Unsigned Division and Remainder

We added ÷ and mod , using the de�nitions from Figure 1. Both de�nitions �rst check whether
the size of the operands match. Both operators also follow SMT-LIB 2 semantics when the
divisor is 0 (expressed in BVList using the mk_list_false function). Unlike previous arithmetic
operators, which were de�ned in BVList in terms of a bit-blasting semantics where the bit-vector
operator is expressed as a propositional operation that composes all the bit-level operations over
the operands, ÷ and mod were de�ned simply by converting the operands to natural numbers
and using the corresponding division and remainder operators for natural numbers (N.div and
N.modulo). We found that the more complex the bit-blasting semantics, the more natural it is
to reason about the operator after having soundly converted the operands to natural number or
integers. In fact, even though multiplication was de�ned in BVList by bit-blasting, most of our
invertibility equivalence proofs used the bv2int function so that reasoning over the operators
could be performed using their integer interpretations.

5



LLM-Assisted Formal Veri�cation of Bit-vector Invertibility Conditions in Rocq Truong et al.

1 Definition udiv_list (a b : list bool) : list bool :=
2 if beq_list b (mk_list_false (length b)) then mk_list_true (length a)
3 else N2list (N.div (list2N a) (list2N b)) (length a).
4

5 Definition bv_udiv (a b : bitvector) : bitvector :=
6 if ((@size a) =? (@size b)) then udiv_list a b

7 else nil.
8

9 Definition urem_list (a b : list bool) : list bool :=
10 if beq_list b (mk_list_false (length b)) then a

11 else N2list (N.modulo (list2N a) (list2N b)) (length a).
12

13 Definition bv_urem (a b : bitvector) : bitvector :=
14 if ((@size a) =? (@size b)) then urem_list a b

15 else nil.

Figure 1: De�nitions of ÷ and mod.

4 Proof Techniques

In terms of how much AI-assistance we used, our proofs can be classi�ed as manual (no AI
assistance), supported by AI (where we used Gemini to �ll in some gaps in our proofs) or
produced by AI with minimal human supervision (using Claude Code).

All our proofs followed the same general approach: the equivalence was proved over simply-
typed bit-vectors by proving separately, the left-to-right and right-to-left implications that the
equivalence is composed of. In keeping with previous work, this was the more challenging
and interesting part of proofs. The corresponding proof over dependently-typed bit-vectors is
straight-forward to derive from this. In fact, we derived these for all 35 of the proofs we added
using Claude Code.

In the following, we elaborate on each of the 3 techniques we used for completing our proofs.

4.1 Manual Proofs

6 of the proofs were produced manually, without any LLM assistance. 3 of these were over
the <s predicate and operators from Σ0 and 3 of them were over the bit-vector multiplication
operator. For proving properties over bit-vector multiplication, we found it useful to reason
about them by interpreting them as integers and using Rocq's integer multiplication operation
� Z.mul. This also allowed us to use many properties about Z.mul from the Rocq standard
library. To maintain Rocq's TCB, we proved the translation from bit-vectors to integers sound
for the multiplication operator. The following lemma played a central role in proving the bv2int
translation sound:

∀(x y : bitvector n), bv2int(x · y) % 2n = (bv2int(x) * bv2int(y)) % 2n

where % and * are the modulo and multiplication operators over Rocq's integer type (Z).

4.2 Proofs Supported by AI

Despite their ability to hallucinate in their responses, we decided to use AI assistants to help
with our proofs since we had the assurance from Rocq that it would not accept an unsound
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proof as long as we didn't add any axioms to it. We �rst employed Google Gemini to help
us with our proofs. We used it interactively via its web interface � with Gemini 3 Pro as
the chosen model [14] � for many di�erent tasks: to translate whiteboard proofs into Rocq
proofs; to �ll in part of a larger proof; to come up with ideas to prove a particular lemma.
While this was undoubtedly useful � it led to the completion of 11 proofs over the course
of a 10-week term � it had its limitations. For the more �challenging� (we admit to using
a subjective interpretation of the word) proofs, it needed a lot of interaction, and needed to
be told when it was taking an obviously incorrect path. Often, we had to remind Gemini of
problems that it had already seemed to have addressed. The issue that restricted its usage
the most was the fact that the BVList library had tens of thousands of lines of proofs, and
Gemini did not have access to these lines. We were concerned that exposing Gemini assistant
to the entire library would trigger long-context vulnerabilities [25, 17], resulting in its inability
to focus on the relevant information needed for each proof. As shown in [15], Gemini is not
exempt from such vulnerabilities, and its performance may also degrade as more prompts are
issued. Thus, we instead settled on the approach of asking Google Gemini what information it
needs, searching for it ourselves, and passing it to the AI.

4.3 Proofs Produced by AI

To overcome the limitations encountered while using Gemini as a chatbot, we opted for
Claude Code on the Pro subscription plan, running it directly in the command-line termi-
nal. All the proof work we initiated with Claude Code uses Sonnet 4.6 [1]. Claude Code
sometimes spawned subagents running on Haiku 4.5 [1] for auxiliary tasks. We initialized a
Claude Code project within the directory containing the Rocq �les BVList.v, InvCond.v and
DepInvCond.v. BVList.v is the Rocq �le containing BVList library, InvCond.v contains proofs
of all invertibility equivalences over simply-typed bit-vectors proved using lemmas from BVList,
and DepInvCond.v contains all the invertibility equivalence proofs over dependently-typed bit-
vectors. Initializing the Claude project (1) gives access to all �les within that directory to the
AI (2) creates another directory storing logs of all conversations with Claude Code initiated in
the project directory in JSONL format.

We put the necessary instructions and context for all proof work in a markdown �le named
CLAUDE.md. Doing this gave Claude some context, so we didn't have to specify instructions to
Claude for every new invertibility equivalence. Instead, we simply gave it the following prompt:
�Prove <invertibility equivalence>. Follow the work�ow in CLAUDE.md.�

Claude Code succeeded in (1) de�ning ÷ and mod , (2) proving 18 invertibility equivalences,
taking on average 2 hours per proof, and (3) deriving the proofs of all 35 equivalences over
dependently-typed bit-vectors from the corresponding proofs over simply-typed bit-vectors in
under 40 minutes.

For all AI-generated proofs, we were able to prevent added unsoundness by ensuring that
(1) the AI wasn't modifying the statement of the property being proved (2) it wasn't adding
any unproved (admitted) lemmas. This was su�cient due to the soundness guarantees of
Rocq's TCB. However, this TCB does not protect against unsoundness introduced by incorrectly
de�ned operators which could propagate through to unsound proofs that could still be accepted
by Rocq. As a consequence, we spent some time manually verifying the de�nitions of ÷ and
mod to ensure they were consistent with the corresponding SMT-LIB 2 de�nitions. These have
also been presented in 1.

Niemetz et al. [21] found that 3 of the invertibility conditions presented in Niemetz et
al. [22] were invalid for bit-vectors of length 1 (but valid for all other lengths). For length 1, a
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specialized IC was given. We tried to prove the general version of the third one:

∀s, t : σ[n]. (s ≥s 0 ⇒ s ≥s t) ∧ (s <s 0 ⇒ s>> 1 ≥s t) ⇔ (∃x : σ[n]. s÷ x ≥s t)

Claude was able to corroborate the error by giving us a counter-example for the equivalence for
n = 1 and instead proving the equivalence for a re�ned invertibility condition:

(n = 0 ⇒ s ≥s t) ∧ (n > 0 ⇒ (s ≥s 0 ⇒ s ≥s t) ∧ (s <s 0 ⇒ (s>> 1 ≥s t)))

5 Conclusion and Future Work

From the invertibility equivalences produced by Niemetz et al. [20], we completed the veri�cation
for arbitrary bit-widths of all 160 invertibility equivalences that only contain bit-vectors of
identical widths. We did this by verifying the 35 previously unveri�ed equivalences in Rocq.
We also veri�ed 3 other equivalences in Rocq that were only veri�ed by SMT solvers previously.
We used the BVList library that models SMT-LIB 2 bit-vectors, and extended it with the
predicates >s, ≤s and >s, and the bitvector operators ÷ and mod . From our 35 Rocq proofs,
6 were produced without any AI assistance, 11 were produced using assistance from Google
Gemini as a chatbot, and 18 were produced by Claude Code with minimal human supervision.

One natural way of extending our work would be to prove those of the 20 invertibility equiv-
alences over ◦ (bit-vector concatenation) that remain unveri�ed. This would require modifying
the general structure of our equivalences. Another useful change to the library would be to
ensure that all de�nitions of arithmetic operators are de�ned consistently � either using bit-
blasting semantics, or using a conversion to natural numbers or integers. Currently, +, −, and
· are de�ned using bit-blasting, while ÷ and mod are de�ned by converting the operators to
natural numbers. BVList can specify multiple de�nitions for the same operator and a proof
of their equivalence allows a user to use whichever de�nition they prefer (in fact, the library
already has multiple de�nitions for each shift operator). So whichever semantics we choose for
all arithmetic operators, we can still keep the alternative de�nitions, since they might be useful
for proving some properties.

Especially since the use of LLMs have accelerated our proving process, another direction
of future work would be to prove all invertibility equivalences that have only been veri�ed by
SMT solvers. Since ITPs like Rocq maintain a reliable trusted computing base that our proofs
don't violate, properties proved in them come with higher guarantees than those veri�ed by
SMT solvers.
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