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Ordered topological space (X, 7, <)
(set, topology, partial order)

Compatibility between 7 and <:
convexity: every point of X has a 7-nbhd base of <-convex sets.

Tr-ordered: < is closed in X x X

i.e., xx < yx VA and (X)my/\) - (X>y) =x<y.
T3 5-ordered:
(a) x £ y = 3 contin increasing f : X — R, f(x) > f(y)
(b) F closed, a ¢ F = 3 contin incr f : X — [0, 1],
contin decr g : X — [0, 1] such that f(a) = g(a) =1 and
f(x)ANg(x)=0VxeF.
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An Ordered Compactification (X*, 7%, <*) of (X, 7, <):
o (X*,7*,<*) is compact Ty-ordered
e (X, ) is dense in (X*, 1)

(X, 7,<) has an ordered compactification if and only if it is
T3 5-ordered.
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The Stone-Cech compactification 3X:

C*(X) = {contin bounded functions f : X — R}
f e C*(X)= f(X) C compact /¢
The evaluation map
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feC*(X)

defined by e(x) = [Irccx(x) f(x) is an embedding iff X is
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The ordered Stone-Cech compactification 8,X

C*T(X) = {contin bounded increasing functions f : X — R}
f e C*1(X) = f(X) C compact I
The evaluation map

*T(X)
e X — H Ir C R€
feCc*1(X)

defined by e(x) = [[fcc+1x) f(x) is an embedding iff X is
T3 5-ordered

e: X = cl(e(X)) =BoX C H
fec*tx
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A C X is C*T-embedded in (X, 7, <) iff every f € C*T(A) has an
extension f € C*T(X).

X is C*T-embedded in B, X.

Thm: Ais C*T-embedded in X iff clg,xA = BoA.
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Connectedness

Proof: If A, B is a separation of X, 3 contin surjection
s: X —{0,1} with s(A) =0,s(B) = 1. Extend s to
§:8X — {0,1}. Then 5(clgxA) =0 and 5(clgxB) =1, so clgxA
and clgx B from a separation of
X = C/gx(X) = C/gx(A U B) = C/ﬁxA U C//ng.
Also, A and B are C*-embedded in X:

For f € C*(A), f : A— [-M, M], extend it to X by taking
f(By=M+1.
Thus, clgxA = A and clgxB = 3B, so BA, 3B is a separation of
BX.
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Connectedness

Would this work for ordered compactifications?

Only if we use “ordered-connectedness” defined to be: there exists
no continuous increasing surjection s : X — {0, 1}.

This would require A to be a down-set and B to be an up-set, and
would not allow any non-convex sets A, B in any separation.

This is too restrictive to be useful.
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Thm: If A, B form a separation of a locally convex totally ordered
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Thm: If A, B form a separation of a locally convex totally ordered
topological space X and clg, xAN clg,xB = 0, then 5,A and 5,B
form a separation of 5, X.

Example: clg,xAN clg,x B need not be (.

A B A B A B

PoX

o0 € C/[goxA N CIBOXB
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Connectedness

Thm: If A, B form a separation of a locally convex totally ordered
topological space X and clg, x AN clg,xB = 0, then 5,A and 5,B
form a separation of G, X.

Proof: It suffices to show that if A, B is a separation of a totally
ordered space X, then A and B are C*T-embedded in X.
lfg:A—=[-M, M CRisin C*T(A), extend g to §: X — R as
follows:
For b € B, take

gb)=—-M—-1if (<, bjNA=10

g(b) = sup(g((<+—, b] N A)) otherwise.
g is a contin increasing extension of g, so A is C*T-embedded.
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Connectedness

For b € B, take
g(b)=—M—1if («,B|NA=0
g(b) = sup(g((<, b] N A)) otherwise.

B A

BYZANN
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Connectedness

For b € B, take
g(b)=—M—1if («,B|NA=0
g(b) = sup(g((<, b] N A)) otherwise.

L | {\M
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Connectedness

We have shown: if A, B is a separation of a totally ordered space
X, then

e A and B are C*T-embedded in X
@ ([,A and ,B form a separation of 8, X.

These results do not hold for partially ordered topological spaces.
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Connectedness

Example: Consider the subspace X = AU B of R? shown, with the
“up” order (a,b) < (¢,d) iffa=c,b<d.

Here is a continuous increasing function f defined on A which
cannot be extended to B.
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Example: Consider the subspace X = AU B of R? shown, with the
“up” order (a,b) < (¢,d) iffa=c,b<d.

o—A

N0



Connectedness

Example: Consider the subspace X = AU B of R? shown, with the
“up” order (a,b) < (¢,d) iffa=c,b<d.

Zn
e
Xn b ¥ 1
N
o D
Wh
Wn < Xpi Yn < Zp, 50 1 = f(wy) < f(xp) and f(y,) < f(z,) =0.
Taking the limit shows that 1 < f(b) < 0 for any continuous incr

extension f.
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Remainders

An open question:
For which topological spaces X is X =~ X — X7

BX — X is the Stone-Cech remainder of X.
For which totally ordered topological spaces X is X ~ 5,X — X?

NONE. We will sketch the proof.
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Remainders

Suppose f : X — B, X — XAis a homeomorphism and an order
isomorphism. Extend f to f : ,X — (,X.

The largest/smallest element of 5,X is in X.

If the smallest element a were in 8, X — X, then there exists a
decreasing net in X converging to a, so X has no smallest element.
But X ~ 5,X — X would imply 5,X — X, and thus 5,X, has no
smallest element.

f has no fixed points.

Engelking: If X is dense in T» space B, f : B— Y is
continuous, and IA‘|X is a homeomorphisms into Y, then
F(B—X)NF(X)=0.



Remainders

C={xeX:f(x)>x}and D={xe X:f(x)<x}isa
separation of X.

clg,xC = {x € BoX : f(x) > x} and

cls,xD = {x € BoX : f(x) < x} are disjoint, so by a previous
theorem, 5, C and 5,D are a separation of 5,X, and it follows
that IA’\C is a homeomorphism and order isomorphism from C to

B,C — C.
Thus the largest element w of 3,C is in C, so

flw)<weC.

But w € C = f(w) > w. So, no such f exists.
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