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A space X is called Frechét-Uryshon if x € cl(A), then there is a
sequence (X,)nen in A such that x, — x.
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e by £(F) = w U {F} where w is discrete and F is a free filter on w.

&(F) is a FU-space iff £(F) is sequential.

A free filter F is called FU-filter if the space &(F) is a FU-space.
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The Frechét filter F, and the FAN-filter are FU-filters.
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Proposition

A filter F is a FU-filter if VF € F*3A € [F]“(A — F).

Notation

[F]“ = infinite subsets of F, F© = {A € [w]¥ :VF € F(ANF #0)}
and, for A € [w]¥, A — F means that VF € F(|A\ F| < w).
C(F)={Acw]“:A— F}.
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A family A C [w]® is called almost disjoint (AD-family) if it is infinite
and VA, B € A(|AN B| < w).
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Given an infinite B C [w]*, we say that an infinite family A is
maximal in B if AC B and VB € B3A € A(|JAN B| =w).

An AD-family A is called maximal (MAD-family) if it is maximal in
[w].
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Given an ideal / on w, we set
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I ={Bc[w]“:YAcI(|BNA| <w)}

The dual ideal of a filter F is the ideal Ir ={E Cw:w\ E € F}.
And the dual filter of an ideal [ is the filter F; = {E Cw:w\ E € [}.

Given S € [w]* and a filter F, S — F iff S € I+. A filter Fis a
FU-filter iff (I£)* = Ix.
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Theorem[P. Simon, 1998]

A filter F is a FU-filter iff there is an AD-family A maximal in /5
such that F = F4.
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If Ais an AD-family, then

TTTTTT

FU-spaces ,FA:{FQWVAGA(A g* F)}

is a FU-filter.

Theorem[P. Simon, 1998]

A filter F is a FU-filter iff there is an AD-family A maximal in /5
such that F = F4.

The FAN-filter is precisely to Fp, where P is an infinite partition of
w in infinite subsets.
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For each AD-family A, we let

FU-spaces
/(A) = {E Cw:3A, ..., A € A(E C* Ay U..... U Ak)}
If I is an ideal, then [T =P(w)\ I = F+.

For each AD-family A, we let Sy = Fj(4).
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An AD-family A is nowhere maximal almost disjoint family
(NMAD-family) if for every X € I(A)* there is A € A+ N[X]~.

TTTTTT

FU-spaces

Proposition[P. Simon 2008]

Sa is a FU-filter iff A is a NMAD-family.

Example

If P is an infinite partition of w in infinite subsets, then Sp is a
FU-space with countable base.

If Ais an AD-family, then x(S4) = |A|.
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following are equivalent:

m Sy =Fp.
m B is maximal in AL.
m AUBis MAD.
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F <grk G implies F <k G and F <gk~ G.

Pre-orders

Frrk Gif F <px G and G <gx F. F =G if there is a bijection
f :w — w such that f[F] =G.

A=~ gk, but the converse is not true in general.
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The following properties hold for the orders.
m F, <k F for every free filter F.
Pre-orders | ..7:, SRK F for every FU—fiIter F.

m Let F be a filter on w. Then, F <y F, iff there is S € [w]“ such
that S — F.

m If Fis a FU-filter, then F, <k F <k F,.
m F 4 ~y Fp for all pair of AD-families A, B.

m Let F be a filter. Then, F <gx F, iff there is S € F such that
S— F.

m F 4 =gk~ Jp for arbitrary AD-families A and B.
m If F <gk G and G is a FU-filter, then F is a FU-filter.

iver
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(2)
Write F = F 4 where A is an AD-family. Fix A € A and define

f:w—wsothat f: A— wand f:w\A— w are bijective. Clearly,
f witnesses F, <gpk FA.

Pre-orders

(7)

Fix B € B. Define f :w —>wsothatf:B s wand f:w\B—w
are bijective. Clearly, f witnesses F 4 <gk~ Fg. In a similar way, we
prove that Fg <gx+ FA.
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e erreir We say that a filter F on w is relatively equivalent to the Fréchet
filter if there is S € F such that S — F.

Pre-orders

A FU-filter F is relatively equivalent to the Fréchet filter iff
F ~NRK fr.

Fu~ F, iff Aisa MAD-family.

Let F and G filters such that G # F, and F is not relatively
equivalent to the Fréchet filter. If F <gk G, then there is a surjective
function g : w — w such that g[G] = F.
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Let A and B be AD families on w. The following conditions are
equivalent.

Pre-orders

(1) Fi <grk Fa via the surjective function f : w — w.
(2) (a) Vn<wVA € A(f " (n) N Al <w),

VA € AVC € B*(|f[A]N C| < w), and

VS € C(B)VH € [S]“IA € A(If 1 (H) N Al = w).

Lemma

If F and G are filters on w such that F <gx G, then x(F) < x(G).
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Let A= {A;:i € I} be an AD-family and for each i € I let F; be a
e @i filter on w with A; € F;. Then we define

[17 ={F Cw:viel(FeF).
iel

It is evident that [];., 77 is a filter on w and [, F; is a FU-filter iff
Fiis a FU-filter for all j € /.

The FAN-filter is the filter [, _. F,(P,) where {P,:n < w} isa
partition of w in infinite subsets. The product of finitely many filters
Foy -eeey Fpn Will be denote by Fo @ F1 D ..... ® Fn.
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an AD-family on A;. If f; : w — A; is a bijection, for every i € /,
Pre-orders then, f.AJ SRK HIEI ff,[.A,] for eaCh _] € I

Example

Let {M, N} be a partition of w in two infinite subsets. Fix two
bijections f : w — M and g : w — N. For each pair of AD-families A
and B, we consider the filter 74 & Fp := Fr4 © Fg(p)-

Fa <rk Fa®Fpand Fg <gpx FAD F5.
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If Ais an AD-family that is not MAD, then there is an AD-family B
such that 7z Lri FA.

Pre-orders

Question

Given an AD-family non-MAD-family A, is there an AD-family B
such that F4 and Fz are RK-incomparable ?

For any infinite partition P of w in infinite subsets, the FU-filters Fp
and Sp are RK-incomparable.
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Pre-orders Let A be a NMAD-family of size ¢. If k < ¢ satisfies that 2% > ¢,
then exist 2%-many FU-filters non-RK-successors of S4. In particular,
there is a FU-filter that is not RK-incomparable with S4.
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s Let P be a partition of w. If C is an AD-family such that |C| < a,
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Rivera-Gomez Let O be a partition of w. For an AD-family B the following
conditions are equivalent.

m So is equivalent to Fp.
FAN-filter and
So n SQ N RK ]:B-

m There is an partition P of w such that B is maximal in P+,

Given an infinite partition P = {P, : n < w} of w,

Sel(P) ={A € [w]”:Vn<w(|AN P,| < 1)}
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A Let @ = {Q, : n < w} be a partition of w. For an AD-family A the
i . following conditions are equivalent.
| SQ SRK ]:.A-
m There is a surjection f : w — w such that if P, = f~1(Q,) for
FAN e and each n <w, and P = {P, : n < w}, then
- m AC Pt and
m for every S € Sel(P) there is A € A such that
AN FL(F[S])| = w.
m There is a surjection f : w — w such that {f[A]: A€ A} is
maximal in Q1 and f|4 is finite-to-one, for each A € A.

Let O be a partition of w. If A is an AD-family of size < b, then
So £rk Fa-
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|
For any partition P, we have that Sp <grx Sp & Fp and
Fp <rk Sp & Fp.
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