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• I introduced the notion of (n,m,ρ)-metrices in:           
Mat. Bilten, 16, Skopje, 1992, 73-76. Here I will 
discuss only the (3,1,ρ )-metrices and (3,2,ρ )-
metrices,i.e.the cases n=3, and m=1 or m=2.

• Let M be a nonempty set and let ρ⊆M3. For a 
map d:M3→ we state the following conditions:
1) d(x,y,z)≥0,
2) d(x,y,z)=0 if and only if (x,y,z)∈ρ;
3) d(x,y,z)=d(x,z,y)=d(y,x,z),
4) d(x,y,z)≤d(x,y,u)+d(x,u,z)+d(u,y,z), 
5) d(x,y,z)≤d(x,u,v)+d(y,u,v)+d(z,u,v),
6) d(x,x,y)=d(x,y,y),
for (x,y,z)∈M3 and (u,v)∈M2 .



A map d satisfying 1), 2), 3) and 4) is called a 
(3,1,ρ)-metric;
1) d(x,y,z)≥0,
2) d(x,y,z)=0 if and only if (x,y,z)∈ρ;
3) d(x,y,z)=d(x,z,y)=d(y,x,z),
4) d(x,y,z)≤d(x,y,u)+d(x,u,z)+d(u,y,z), 
A map d satisfying 1), 2), 3) and 5) is called a 
(3,2,ρ)-metric; and  
1) d(x,y,z)≥0,
2) d(x,y,z)=0 if and only if (x,y,z)∈ρ;
3) d(x,y,z)=d(x,z,y)=d(y,x,z),
5) d(x,y,z)≤d(x,u,v)+d(y,u,v)+d(z,u,v),



A (3,1,ρ)-metric satisfying 6) is called a (3,1,ρ)-
symmetric.
1) d(x,y,z)≥0,
2) d(x,y,z)=0 if and only if (x,y,z)∈ρ;
3) d(x,y,z)=d(x,z,y)=d(y,x,z),
4) d(x,y,z)≤d(x,y,u)+d(x,u,z)+d(u,y,z), 
6) d(x,x,y)=d(x,y,y),

A (3,2,ρ)-metric satisfying 6) is called a (3,2,ρ)-
symmetric.
1) d(x,y,z)≥0,
2) d(x,y,z)=0 if and only if (x,y,z)∈ρ;
3) d(x,y,z)=d(x,z,y)=d(y,x,z),
5) d(x,y,z)≤d(x,u,v)+d(y,u,v)+d(z,u,v),
6) d(x,x,y)=d(x,y,y),



Remark: In the notion of (n,m,ρ)-metrices, the 
case n=2 allows only one possibility for m,  m=1. 
Then, for a  nonempty set M and ρ⊆M2, a map 
d:M2→ is a (2,1,ρ)-metric if:
1) d(x,y)≥0,
2) d(x,y)=0 if and only if (x,y)∈ρ, 
3) d(x,y)=d(y,x), and
4) d(x,y)≤d(x,u)+d(u,y), 
for (x,y)∈M2 and u∈M.
It follows that ρ has to be an equivalence relation 
on M. If ρ={(x,x) | x∈M}, then the notion of a 
(2,1,ρ)-metrics t is the notion of a metrics on M.



If d is a (3,j,ρ)-metric, then ρ has to be a 
(3,j)-eqivalence, for j=1 or 2, i.e.:
1) (x,x,x)∈ρ ;
2) if (x,y,z)∈ρ, then (x,z,y), (y,x,z)∈ρ ;
3.1) if (x,y,u),(x,u,z),(u,y,z)∈ρ, then (x,y,z) ∈ρ ;
3.2) if (x,u,v),(y,u,v),(z,u,v)∈ρ, then (x,y,z) ∈ρ.

The set Δ={ (x,x,x) | x ∈M } is a (3,j)-eqivalence 
for both j=1 and j=2.
A (3,j,Δ)-metric (symmetric) d is called a (3,j)-
metric, ((3,j)-symmetric),  j=1or 2.



Any (3,j,ρ)-metric d on M induces a map 
D:M2→ defined by D(x,y)=d(x,x,y). The map D 
satisfies: D(x,y)≥0; and D(x,x)=0, and is called a 
distance in [M] and pseudo o-metric in [N2].
If d is a (3,j)-metric, D is a o-metric as in [N2].
If d is a (3,j)-symmetric, D is  a symmetric as in 
[N2].
If d is a (3,2)-symmetric, then D satisfies:
D(x,y)≥0;  D(x,y)=0 iff x=y; D(x,y)=D(y,x); and 
D(x,y)≤3/2(D(x,z)+D(z,y)), and is called  
quasimetric, nearmetrics or inframetrics.



Let d be a (3,j,ρ)-metric on M, j=1 or 2. 
For ε>0, we define three ε-balls, as follows: 
B(x,y,ε)={z | d(x,y,z)<ε};   K(x,ε)={y | d(x,y,y)<ε}; 
B(x,ε)={y | there is a z, such that d(x,y,z)<ε}.
Next we define several topologies on M:
a) τ(G,d) generated by the ε-balls B(x,y,ε);        
b) τ(H,d) generated by the ε-balls B(x,ε);         
c) τ(D,d) generated by the ε-balls B(x,x,ε);
d) τ(N,d): U∈τ(N,d) iff ∀x∈U, ∃ε>0, B(x,x,ε)⊆U;
e) τ(W,d): U∈τ(W,d) iff ∀x∈U, ∃ε>0,B(x,ε)⊆U; 
f) τ(S,d) generated by the ε-balls K(x,ε); 
e) τ(K,d): U∈τ(K,d) iff ∀x∈U, ∃ε>0,K(x,ε)⊆U;



For any (3,j,ρ)-metric d on M, j=1 or 2, these 
topologies satisfy the following inclusions: 
τ(W,d)⊆τ(N,d)⊆τ(D,d)⊆τ(G,d) , 
τ(W,d) ⊆τ(H,d)⊆τ(G,d), and 
τ(W,d) ⊆τ(K,d)⊆τ(S,d). 
For a (3,2,ρ)-metric d on M, we have the 
following additional inclusions:
τ(W,d)⊆τ(N,d)=τ(K,d)⊆τ(S,d)⊆τ(D,d)⊆τ(G,d).
In general, these inclusions are strict.



For each X,Y∈{W, N, D, G,H} we denote by: 
a) Co(X–Y) b) C(X–Y)
c) Cos(X–Y) d) Cs(X–Y)
the class of all topological spaces (M,τ), such 
that there exist a: 
a) (3,1,ρ)-metric          b) (3,1)-metric  
c) (3,1,ρ)-symmetric d) (3,1)-symmetric
d, such that τ=τ(X,d)=τ(Y,d). 
For X=Y, we write only Co(X), C(X), Cos(X) and 
Cs(X).



The class Cs(N) is the class of symmetrizable
spaces, the class Co(N) is the class of pseudo 
o-metrizable spaces, and the class C(N) is the 
class of o-metrizable spaces, as in [N2].
The 2-metrizable spaces investigated in [Me] 
and [G1] are from the class Co(G), with some  
additional requirements on the set ρ, i.e. with the 
requirement that d(x,x,y)=0.
In [Mu], it is shown that under some additional 
conditions on a (3,1)-metric d, the topological 
space (M, τ(N,d)) is a metrizable space. 



The class of metrizable spaces is a subclass of 
each  of the above mentioned classes Cs(X–Y). 
The class Co(N–D) is the class of all the 
topological spaces satisfying the I axiom of 
countability.
The classes Cos(N–D) and Cos(W–G) coincide. 
Similarly, Cs(N–D)=Cs(W–G).

Question:
What are the classes: Cs(W–G), C(W–G)???



For a (3,1,ρ)-metric d on a set M, the map 
Fab : M → , defined by Fab(x)=d(a,b,x), in 
general, is not continuous for a,b∈M and any 
induced topology on M by d. 
But, for any a∈M the multvalued map  
Fa : M → , defined by Fa(x)={d(a,x,y) | y∈M } 
is l.s.c for the induced topologies  τ(G,d) and  
τ(H,d). 
Questions:
What conditions on d would imply the exis-
tence of a continuous selection for  Fa ??
What is the subclass of C(W-G), (Cs(W-G)) 
satisfying the property that each Fa has a 
continuous selection ???



Example: Let M= , and let d:M3→ be defined 
by:
d(x,x,x)=0
d(x,y,y)=1  for x<y 
d(x,y,y)=y–x  for y≤x
d(x,y,z)=max{z–y, | z–y–1|} for x<y<z.
This d is a (3,1)-metric, 
τ(W,d)=I, τ(H,d)=τ(G,d)=D, 
τ(N,d)=τ(D,d)=τ is generated  by the half open 
intervals [x,y), (( ,τ) is called Sorgenfrey line),
τ(K,d)=τ(S,d) is generated by the half open 
intervals (x,y].


