Cascades

The cascade (V, <) is a tree without infinite branches.
@y -theroot of V.
vt - the set of immediate successors of v.

max V - the set of maximal elements.

A cascade V is sequential if for every v € V' \ max V the set
v is countable and infinite.

@ max V = w - the set of maximal elements ( for V # @y) of
sequential cascade.
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Rank of cascades

@ We define a rank of elements of V inductively:
@ rank(v) = 0 for v € max V;

e if v ¢ max V then
rank(v) = min{a : & > rank(w) for every w € v" }.

o rank(V) := rank(Qy).
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Monotonic cascades

A cascade V is monotonic iff
o' can be enumerate

w1, Wy, w3, ...
such that
rank(wy) < rank(w,) < rank(ws), ...,

for every v € V\ max V
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V - the cascade.
w € V -its element.
w! = {v € V:w < v} - the subcascade give by w.

®wT =w

rank(w') = rank(w)
° @1, =
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Contours

@ V -the cascade and let max V = w.

o [V -acontouri.e aspecial filter on max V

e Contour is defined inductively for each subcascade w':
o [w! isa trivial filter on {w} for w € max V;

@ otherwise

o Ac [wiff (ANmaxv) € [o! for almost every v € w;
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P-hierarchy

@ We define P, for 1 < a < wy on Bw as follows:
o u € P, iff
@ there is no monotone sequential cascade V, of rank a such
that [V, C u,
@ foreach 1 < B < « there is a monotone sequential cascade
Vg of rank B such that [ Vg C u.
@ Moreover if for each & < wy there is a monotone sequential
cascade V, of rank « such that f V. C u then we write
u € Py,.
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P-hierarchy

@ P - principal ultrafilters;
@ P, - P-points;
e How to find Ps-ultrafilters?
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Theorem (Starosolski, 2008)

The following conditions are equivalent

@ P-points exist
@ P, # O for each successor & < wy;

@ P, # O for some successor 1 < & < wy;

<

Theorem (Starosolski, 2010)

The following conditions are equivalent Assume CH. P, # @ for
each limit o < wy;
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Flaskova results

Theorem (Flaskova, 2006)

Assume CH. Let 7 be a tall P—ideal that contains all singletons than
there exists L-ultrafilter which is not a P—point.

u € Pw is is an Z-ultrafilter iff for any f : w — A thereis U € u
such that f(U) € Z.

Theorem (Flaskova, 2006)

Assume MA. Let T be an ideal of thin sets than there exists
Z-ultrafilter which is not a P—point.
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Theorem (Machura & Starosolski, 2011)

Assume CH. Let I be tall P—ideal that contains all singletons and let
1 < & < wj. Then there exists L-ultrafilter which belongs to the class

P )

Theorem (Machura & Starosolski, 2011)

Assume MA. Let T be an ideal of thin sets and let 1 < a < wy than
there exists Z-ultrafilter which belongs to the class P,.
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Applications of the P-hierarchy

Baumgartner:
@ J, = {B C w; : Bhas order type < a}

@ | - a family of proper I,-ultrafilters i.e. [,-ultrafilters
which are no Ig-ultrafilters for < a.

o IfJi # @, then a = wf for some B
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Applications of the P-hierarchy

Theorem (Starosolski, 2010)

QuePiffuc],
Q Ifu € J;,u then u € Pg for some p < a

Theorem (Starosolski, 2008)
I = @ (whilst P, # D).
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