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Selective separability

Let A and B be sets whose elements are collections of subsets of an
infinite set X.
S1(A, B) denotes the selection principle:

For each sequence (A, : n € N) of elements of A there is a
sequence (b, : n € N) such that for each n, b, € A,, and
{bn : n € N} is an element of B.

Stin(A, B) denotes the selection hypothesis:

For each sequence (A, : n € N) of elements of A there is a
sequence (B, : n € N) of finite sets such that for each n,
B, C A,, and |,y Bn is an element of B.
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Selective separability

Let A and B be sets whose elements are collections of subsets of an
infinite set X.
S1(A, B) denotes the selection principle:

For each sequence (A, : n € N) of elements of A there is a
sequence (b, : n € N) such that for each n, b, € A,, and
{bn : n € N} is an element of B.

Stin(A, B) denotes the selection hypothesis:

For each sequence (A, : n € N) of elements of A there is a
sequence (B, : n € N) of finite sets such that for each n,
B, C A,, and |,y Bn is an element of B.

Let D denote the family of dense subspaces of a topological space X, the
selection principles

Stin(D, D) is called selective separability = M-separability

S1(D, D) = R-separability
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f-density Velichko 1966

Let xe Xand AC X
@ x is a O-cluster point of A if the closure of each
neighbourhood U of x meets A. Cly(A) is the set of all
f-cluster points of A,
e Ais f-closed if Clp(A) = A,
e Ais O-dense in X if Clp(A) = X,
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f-density Velichko 1966

Let xe Xand AC X
@ x is a O-cluster point of A if the closure of each
neighbourhood U of x meets A. Cly(A) is the set of all
f-cluster points of A,
e Ais f-closed if Clp(A) = A,
e Ais O-dense in X if Clp(A) = X,

If X contains a countable f-dense subset, the X is said to be
0-separable. Dy denote the family of all #-dense sets in a space X.
A space X is said to be:
o selectively 0-separable or Mg-separable if X satisfies
Stin(Dy, Dy);
@ strongly selectively 0-separable or Rg-separable if X satisfies
S$1(Dy, Do);
o GNg-separable if X satisfies Sl(Dg,Dgp), where A € Dy is in
Dgp if it can be written as a union of finite sets B,, n € N,
such that YU open , UN B, # () for all but finitely many n.
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Since D C Dy, we have
Stin(Dg, D) = Sfin(D, D)

4 4
Stin(Dg, Do) = Sfin(D, Dp)
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Since D C Dy, we have
Stin(Dg, D) = Sfin(D, D)

4 4
Stin(Dg, Do) = Sfin(D, Dp)

Examples
@ Let R endowed with the open-minus-countable topology ¥:
Uedif U= V\C, where V is open in the usual topology on
R, and C is a countable subset of R. It satisfies S,(Dy, Dy)
and does not satisfy neither S¢,(Dg, D) nor S¢in(D, D).

v
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Since D C Dy, we have
Stin(Dg, D) = Sfin(D, D)

4 4
Stin(Dg, Do) = Sfin(D, Dp)

Examples
@ Let R endowed with the open-minus-countable topology ¥:
Uedif U= V\C, where V is open in the usual topology on
R, and C is a countable subset of R. It satisfies S,(Dy, Dy)
and does not satisfy neither S¢,(Dg, D) nor S¢in(D, D).

o Let X =R U{p}, where p ¢ R endowed with topology 7: a
set U € T if either U=V \ C with V open in the usual
topology on R and C countable in R, or p € U and X \ U is
countable. It satisfies S,(D, Dy) but not neither Sg,(D, D)
nor Sfin(Dg, D) )
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A family V of open sets of space X
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A family V of open sets of space X

@ Vis called a 7-base for X if for any open set U C X there is
V € V such that V C U

@ Vs called a my-base for X if for any open set U C X there is
V €V such that V Cc U
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A family V of open sets of space X

@ V is called a w-base for X if for any open set U C X there is
V €V such that V C U

@ Vs called a my-base for X if for any open set U C X there is
V €V such that V c U

<

@ If a space X has a countable my-base, then it satisfies
Sl(Dg,'Dg).

@ If a space X has a countable 7-base, then it satisfies
S1(Dy, D).

@ The product X x Y of a space X satisfying Sf,(D, Dy) and a
space Y having a countable my-base satisfies also S, (D, Dp). )
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X has countable 6-fan tightness if for each x € X and each
sequence (A, : n € w) of subsets of X such that x € Cly(A,) for all
n € w, there are finite sets F, C A,, n € w, such that

X € Cle(Unew Fn).
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X has countable 6-fan tightness if for each x € X and each
sequence (A, : n € w) of subsets of X such that x € Cly(A,) for all
n € w, there are finite sets F, C A,, n € w, such that

X € Cle(Unew Fn).

Proposition

If a 0-separable space X has countable #-fan tightness, then X is
selectively Mp-separable.
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The Alexandroff Duplicate

Let f : X — Y is said to be §-continuous if for each x € X and
each open set V containing f(x) there is an open set U containing
x such that f(U) C V.

o If f: X — Y is a closed irreducible mapping and U is an open

subset of X, then f(U) = f#(U).

o If f: X — Y is closed irreducible, and D is 0-dense subset of
Y, then f(D) is O-dense in X.
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Let f : X — Y is said to be §-continuous if for each x € X and
each open set V containing f(x) there is an open set U containing
x such that f(U) C V.

o If f: X — Y is a closed irreducible mapping and U is an open

subset of X, then f(U) = f#(U).

o If f: X — Y is closed irreducible, and D is 0-dense subset of
Y, then f(D) is O-dense in X.

Proposition

The Mp-separability is preserved by closed irreducible -continuous
mappings.
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The Alexandroff Duplicate

Let f : X — Y is said to be §-continuous if for each x € X and
each open set V containing f(x) there is an open set U containing
x such that f(U) C V.

o If f: X — Y is a closed irreducible mapping and U is an open

subset of X, then f(U) = f#(U).

o If f: X — Y is closed irreducible, and D is 0-dense subset of
Y, then f(D) is O-dense in X.

Proposition

The Mp-separability is preserved by closed irreducible -continuous
mappings.

The Alexandroff duplicate AD(X) of a space X is My-separable if
and only if X is My-separable

Agata Caserta Caserta 25-30 June, 2012



The unexpected result that separable Fréchet-Urysohn spaces are
M-separable was shown in Barman-Dow.

X is 0-Fréchet-Urysohn if for each A C X and each x € Cly(A)
there is a sequence (ap)necw in A which f-converges to x, i.e. for
each open set U containing x there is ng € w such that a, € U for
all n > ng.
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The unexpected result that separable Fréchet-Urysohn spaces are
M-separable was shown in Barman-Dow.

X is 0-Fréchet-Urysohn if for each A C X and each x € Cly(A)
there is a sequence (ap)necw in A which f-converges to x, i.e. for
each open set U containing x there is ng € w such that a, € U for
all n > ng.

Proposition

Let X be a Urysohn space such that for each A C X and each
x € X, x € Clg(A\ {x}). If X is 6-separable and
0-Fréchet-Urysohn, then X is My-separable.
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Point-picking Games

Game Gpp, (resp.GEp)

Two players, ONE and TWO, play a countably infinite game on a
space X. In the n-th round ONE chooses a nonempty open set U,
and TWO responds by choosing a point x, € U,. ONE wins a play
(Ui, x1; Ua, x5+ -+ s Upy Xpn; -+ ) if the set {x, : n € w} is H-dense
(resp. 6-groupable dense) in X; otherwise TWO wins.
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Point-picking Games
Game Gp,, (resp.GSp)

Two players, ONE and TWO, play a countably infinite game on a
space X. In the n-th round ONE chooses a nonempty open set U,
and TWO responds by choosing a point x, € U,. ONE wins a play
(Ui, x1; Ua, x5+ -+ s Upy Xpn; -+ ) if the set {x, : n € w} is H-dense
(resp. 6-groupable dense) in X; otherwise TWO wins.

Two players, ONE and TWO, play an inning per positive integer.
In the n-th inning ONE chooses a set O, from A, and TWO
responds by choosing an element T, € O,. The play

(O1; T1;..i; On; Ty ...) iswon by TWO if {T,:n€w}isa
member of B; otherwise, ONE wins.
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The following are equivalent for a space X:
(1) ONE has a winning strategy in the game G1(Dg, Dy) on X;
(2) TWO has a winning strategy in the game Gp, on X.
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The following are equivalent for a space X:
(1) ONE has a winning strategy in the game G1(Dg, Dy) on X;
(2) TWO has a winning strategy in the game Gp, on X.

Proposition

If ONE has a winning strategy in the game G, on a space X,
then TWO has a winning strategy in G1(Dy, Dyp).
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The following are equivalent for a space X:
(1) ONE has a winning strategy in the game G1(Dg, Dy) on X;
(2) TWO has a winning strategy in the game Gp, on X.

Proposition
If ONE has a winning strategy in the game G, on a space X,
then TWO has a winning strategy in G1(Dg, Dp).

| A\

Theorem
For a space X the following assertions are equivalent:

(1) ONE has a winning strategy in the game G1(Dyg, D5") on X;
(2) TWO has a winning strategy in the game G§p on X.

Agata Caserta Caserta 25-30 June, 2012



References

@ D. Barman, A. Dow, Selective separability and SS*, Topology Proc.
37 (2011), 181-204.

@ A. Bella, M. Bonanzinga, M. Matveev, Variations of selective
separability, Topology Appl. 156 (2009), 1241-1252.

@ A. Bella, M. Bonanzinga, M. Matveev, V. Tkachuk, Selective
separability: general facts and behavior in countable spaces,
Topology Proc. 32 (2008), 15-30.

@ A. Bella, M. Matveev, S. Spadaro, Variations of selective
separability Il: discrete sets and the influence of convergence and
maximality, Topology and its Applications, in press.

@ G. Gruenhage, M. Sakai, Selective separability and its variations,
Topology Appl. 158 (2011), 1352-1359.

@ Lj.D.R. Kotinac, S. Ozcag, Versions of separability in bitopological
spaces, Topology Appl. 158 (2011), 1471-1477.

Agata Caserta Caserta 25-30 June, 2012



References

@ J.R. Porter, R.G. Woods, Extensions and Absolutes of Hausdorff
Spaces, Springer Verlag, 1988.

@ D. Repovs, L. Zdomskyy, On M-separability of countable spaces and
function spaces, Topology Appl. 157 (2010) 2538-2541.

@ M. Scheepers, Combinatorics of open covers (VI): Selectors for
sequences of dense sets, Quaest. Math. 22 (1999), 109-130.

@ N. Velichko, H-closed topological spaces, Mat. Sb. (N.S.) 70(112)
(1966), 98-112.

Agata Caserta Caserta 25-30 June, 2012



