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fn, [ — real valued functions from X into (0, 1).

{fn}52 quasinormally converges to f on a set X, written f, oN f, if there
exists a sequence of positive reals €, — 0 (a control) such that

(Ve € X)(3k)(Vn > k) |fulz) — f(z)| < en.

{fn}22, discretely converges to f on a set X, written f, D, f,if
(Vo € X)(3k)(Vn > k) fn(z) = f(2).
A topological space X is a QN-space if every sequence of continuous functions

fn— 0on X also f, L) quasi-normally on X.
A topological space X is a wQN-space if from every sequence of continuous func-

tions f,, — 0 on X one can choose a subsequence f, 2% 0 on X.

Every topological space is supposed to be perfectly normal with a countable base,
if you want, even metric separable.

We can tacitly assume that X is infinite since almost all considered properties are
trivial for finite spaces. U C P(X) is a cover of X if X = |JU and X ¢ U.

An infinite cover U is a y-cover if every x € X lies in all but finitely many members
of U.

A ~-cover U is shrinkable, if there exists a closed -cover V that is a refinement
of U.

O(X), I'(X), I'°(X), and I'*"(X) — the set of all open covers, open 7-covers, clopen
~-covers, and open shrinkable ~-covers of X, respectively.

We shall deal with countable covers.

A(X), B(X) families of covers of a topological space X. X is an S;(A, B)-space
if for every sequence {U, }52, of covers from A there exist sets U,, € U,, such that
{Un;n € w} € B.

Theorem 1 (M. Scheepers [Sc3]).
S1([,T)-space is a wQN-space.
Conjecture 1. Perfectly normal w@QN-space has property Si(T,T).

X has SSP if for any sequence of sequences fy, mm, n,m € w of continuous func-
tions such that f, ,, — 0 on X for every n, there exists an increasing sequence
{mn}52, such that fy, ., — 0 on X. By M. Scheepers and D. Fremlin

Theorem 2 ([Sc3] — [Fr2]).
wQN = SSP.

M. Scheepers [Sc2] QN — (aq).
M. Sakai [Sa] and L. B. and J. Hales [BH2] independently (a;) — QN, QN —
S1(T,T).

Theorem 3 (L.B.—J. Hales [BH2)).
wQN = S (I'*", ") = S, (I'*°, T).
f : X — R is lower (upper) semicontinuous if for every real a the set

{reX: f(z)>a} {xze€X: f(x)<a})is open.
X is awQN,-space if from every sequence of lower semicontinuous functions f, — 0

QN
on X one can choose a subsequence f,,, — 0 on X.
wQN*-space ...upper semicontinuous.
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If |X| < b then X is a wQN,-space. X has SSP, if for any sequence of sequences
H om0 }oe, of lower semicontinuous functions such that f, ., — 0 on X for
every n there exists an increasing sequence {m,}22, such that f, ,,, — 0 on X.
X has SSP* if for any sequence of sequences {{fn m}oo_o}52, of upper semicon-
tinuous functions such that f,,, — 0 on X for every n there exists an increasing
sequence {m,, }>%, such that fy ,,, — 0 on X.

Theorem 4. wQN, = SSP,..

Proof: f, ., lower semicontinuous, f, , — 0 on X for every n. Set

gm () =Y min{27", fom(2)}.

n=0
gm is lower semicontinuous and g,, — 0 on X. Therefore there exists an increas-
ing sequence {m,}22, such that g, 9% 0 on X with the control {277} ,. If
Im,, (T) < 27™ then
min{27", fn.m, (X))} = fam, () <27™

Hence fp, m.,, on Oon X. If f,,, — 0 on X are lower semicontinuous then 2" f,,, () —
0 for every fixed n. By SSP, there exists an increasing sequence {m,, }>° , such

2" fin,, — 0 on X.

Then fy,, oN 0 on X with control {27"}22

n=0"

q.e.d.
Theorem 5. SSP* — wQN*.
Problem 1. wQN* — SSP*?

X has the property 7., if every y-cover of X has a clopen ~y-cover refinement
(J. Hales [Hal). Similarly yvysp.
If Ind(X) =0, i.e. every two disjoint closed sets may be separated by a clopen set,
then vvyeo = Y7Vsh-
A wQN-space with v, is a S1(T', I')-space.
Theorem 6 (essentially J. Hales [Hal).
a) y-space has YYeo-
b) o-space has yysp.
Theorem 7. S;(I',T') — wQN™.
Theorem 8. wQN, — S;(T',T).

Proof: Since wQN, — wQN the space X has Ind(X) = 0. Also X is a S;(T'*",T)-
space. It suffices to show that X has the property vv., We show

SSP. — YYeo-

Let {U, : n € w} be a y-cover. Since X is perfectly normal and Ind(X) = 0, there
are clopen sets I}, ,, such that

U:UFn,m> Fn,man,erl-

m



We set

1 forxeF,,,,
fn,m(x) = { \

0 forxe X\ Fym.

Fulz) = 1 forzeU,,
"0 for x € X\ U,.

fn,m is continuous, f,, is lower semicontinuous, f, . /" f. and f,, / 1. For every
fixed n we have (f, — fn,m) — 0 on X. By SSP, there exists an increasing sequence
{mn}>L, such that (f, — fn,m,) — 0 on X and therefore f, ,,, — 1. If z € X then

(310) (91 2 10) fn, (1) > 3,

i.e. for all n > ng we have x € F,, ,,,,.
Therefore F), ,,,,,n € w is a clopen y-cover. Since F,, ,, C U, we are done.

q.e.d.
QN > S1(T,T)
S1(T*h.T)
wQN, > wQN < wQN*
SSP. > SSP < Ssp*




Added after Workshop:
The results by B. Tsaban and L. Zdomskyj presented at Workshop imply that
a QN-space is a wQN,-space. Moreover we have realized that the implication
"wQN,-space — QN-space is almost trivial. Thus

wQN, -space = QN-space.
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