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Abstract. In this note we use the ideas of P. Nyikos to establish
some properties of zero-dimensional metrizable spaces X such that
Ck(X) is stratifiable. In particular, we prove that Ck(F) is not
stratifiable for every ultrafilter F .

In what follows we consider only zero-dimensional metrizable spaces.
The main result of this note is the following

Theorem 1. Let X be a dense Baire subspace of a Polish P such that
Ck(X) is stratifiable. Then X is comeager in P .

The proof of Theorem 1 is based on the subsequent two facts. The
first of them is Lemma 29 of Gartside and Reznichenko [1], and the
second was established by Nyikos [3].

For a topological space X we shall denote by O∗(X) and K∗(X) the
families of all nonempty clopen and compact subspaces of X respec-
tively.

Lemma 1. For a space X the following conditions are equivalent:

(1) Ck(X) is stratifiable;
(2) there exist maps φ : K∗(X) → K∗(X) and Φ : O∗(X) → K∗(X)

such that Φ(U) ⊂ U for U ∈ O∗(X) and if V ∩ K 6= ∅ then
φ(K) ∩ Φ(V ) 6= ∅ for V ∈ O∗(X) and K ∈ K∗(X).

Lemma 2. Let X be topological space and φ : K∗(X) → K∗(X) be a
map. Assume that there exists a sequence (Wn)n∈N of clopen subsets
of X and a descending sequence (Kn)n∈N of collections of compact sets
such that

⋃
n∈N Wn is clopen, and such that Wn ∩ φ(K) 6= ∅ for all

K ∈ Kn but Wn ∩ K 6= ∅ for some K ∈ Ki for all i < n. Then
there is no Φ : O∗(X) → K∗(X) such that the pair (φ, Φ) fulfills the
requirements of Lemma 1.

In the proof of Theorem 1 we shall also use the characterization of
Baire spaces by means of the Choquet game. We recall from [2] that
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the Choquet game on a topological space X is played by two players,
say I and II, as follows: the first player starts the game by choosing
an open nonempty subset U0 of X and the second one responds by a
nonempty open subset V0 of U0. Then the first player chooses an open
nonempty U1 ⊂ V0, and the second player responds with a nonempty
open V1 ⊂ U1, and so on. At the end of the game they construct
sequences (Un)n∈N and (Vn)n∈N of open nonempty subsets of X such
that

U0 ⊃ V0 ⊃ U1 ⊃ V1 ⊃ · · · ⊃ Un ⊃ Vn ⊃ · · · .

The first player wins, if
⋂

n∈N Un = ∅. It is known [2] that a space X
is Baire if and only if the first player has no winning strategy in the
Choquet game on it.

In what follows we shall denote by O∗∗(X) the family of all subspaces
of X with nonempty interior.

Proof of Theorem 1. Assume, contrary to our claim, that Y = P \X
is not meager, and hence there exists a clopen subset U of P such that
Y ∩ U = U and Y ∩ U is a Baire space. Since Ck(Z) is stratifiable for
every closed subspace Z of X (see [1, Proposition 27]), there is no loss
of generality to assume that X = U .

Let B be a countable clopen base of the the topology of P and
φ : K∗(X) → K∗(X). We shall define two maps Υi : O(P )∗∗ → B such
that

(i) Υi(U) ⊂ U for every U and i ∈ {0, 1}; and
(ii) The set {x ∈ Υ1(U) : φ{x} ∩ Υ0(U) = ∅} is a dense Baire

subspace of Υ1(U).

Let us fix U ∈ O∗∗(P ). Since φ{x} is nowhere dense in Int(U) for
all x ∈ U , we can write U as the union U =

⋃
B∈B,B⊂U UB, where

UB = {x ∈ U : φ{x}∩B = ∅}. Then one of the UB’s is nonmeager, and
hence there are disjoint B0, B1 ∈ B such that UB0 ∩B1 is a dense Baire
subspace of B1. Now it suffices to set Υi(U) = Bi, where i ∈ {0, 1}.

Next, we shall define a strategy T of the fist player in the Choquet
game on Y as follows: T (∅) = Υ1(P )∩Y and T (V0, . . . , Vn) = Υ1(Vn)∩
Y for all (V0, . . . , Vn) ∈ O∗(Y )<N [overhead bars denote closures in P ].
Since Y is a Baire space, T is not winning, which yields a sequence
(Vn)n∈N of open subsets of Y such that Vn ⊂ T (V0, . . . , Vn−1) for all
n ∈ N and

⋂
n∈N Vn = {y∗} for some y∗ ∈ Y .

It suffices to note that Wn = Υ0(Vn) ∩ X and Kn = {{x} : x ∈
Υ1(Vn) ∩X} fulfill the requirements of Lemma 2, which together with
Lemma 1 contradicts the stratifiability of Ck(X). 2
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Corollary 1. For every ultrafilter F on N considered with the topol-
ogy inherited from the Cantor space {0, 1}N, the space Ck(F) is not
stratifiable.

In light of [1, Proposition 27(1)] (asserting that if Ck(X) is stratifi-
able and Y is a closed subspace of X, then Ck(Y ) is stratifiable), the
subsequent statement is a self-strengthening of Theorem 1.

Corollary 2. Let X be a subspace of the Baire space [N]ℵ0. If Ck(X)
is stratifiable, then for every closed subspace F of [N]ℵ0 the intersection
X ∩ F has the Baire property in F .

Remark. 1. In the proof of Theorem 1 we used the decreasing families
of singletons.

2. It was proven in [3] that if Ck(X) is stratifiable for a σ-compact
X, then X is Polish. If φ is upper semicontinuous (or, at least, so is
the restriction of φ to the family of singletons,) by the same methods
as in the proof of Theorem 1 one can show that if X is dense in P
and there exists Φ such that (φ, Φ) are such as in Lemma 1, then
X is comeager. Consequently, if the stratifiability of Ck(X) can be
characterized in the same way as in Lemma 1 with φ|{{x} : x ∈ X}
being upper semicontinuous, then X ∩ F is comeager in every closed
subset F of a Polish space P ⊃ X such that X ∩ F = F .

But even if this is true, it is not enough to prove that X is Polish
provided Ck(X) is stratifiable. For example, let Y be a perfecrly meager
subspace of [N]ℵ0 (e.g., a b-scale). Then the above results give no idea
how to approach the question whether Ck([N]ℵ0 \ Y ) is stratifiable. 2

After we finished writing this note, we learned that E. Reznichenko
has obtained the same result earlier. Later, Reznichenko improved this
to get the following complete result: For a separable metrizable X,
Ck(X) is separable if, and only if, X is Polish [4].
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