milxbhp‘ aeyig -l aexiw ‘evnl :diirad ∫ b a f(x)dx .oezp iteq rhw [a, b]-e dpezp divwpet ‘id f xy‘k The Trapezium Rule ftxhd llk (1) Simpson’s Rule oeqtnq llk (2) Romberg Extrapolation bxanex ueig (3) Gaussian Quadrature qe‘b reaxz (4) Matlab/Scilab (5)

The Trapezium Rule ftxhd llk .h = b−an jxe‘ ilra mirhw-zz n-l rhwd z‘ miwlgn

:rhwa ix‘pil f eli‘k sxbd zgz ghyl aexiw zeyrl ozip ohw rhw lka

∫ β α f(x)dx ≈ h 2 (f(α) + f(β)) okle ∫ b a f(x)dx ≈ h 2 ( f(a) + f(a + h) ) + h 2 ( f(a + h) + f(a + 2h) )

+ h 2 ( f(a + 2h) + f(a + 3h) ) + . . . + h 2 ( f(b − h) + f(b) )

= h 2 f(a) + 2 n−1∑ i=1 f(a + ih) + f(b)

∫ b a f(x)dx ≈ h 2 f(a) + 2 n−1∑ i=1 f(a + ih) + f(b) :ftxhd llk df

.rhwd lr miinrt dxifb f(x) gipp :ftxhd llka zerhd ∫ β α 1 · f(x)dx = [( x − α + β 2 ) f(x) ]β α − ∫ β α ( x − α + β 2 ) f ′(x)dx = h 2 ( f(β) + f(α) ) − [ 1 2 ( x − α + β 2 )2 f ′(x) ]β α + ∫ β α 1 2 ( x − α + β 2 )2 f ′′(x)dx = h 2 ( f(β) + f(α) ) − h2 8 ( f ′(β) − f ′(α) )

+ ∫ β α 1 2 ( x − α + β 2 )2 f ′′(x)dx = h 2 ( f(β) + f(α) )

− ∫ β α ( h2 8 − 1 2 ( x − α + β 2 )2) f ′′(x)dx okle ,iaeig ‘ed oexg‘d lxbhpi‘a f ′′(x) z‘ dlitkny divwpetd | | | ∫ β α ( h2 8 − 1 2 ( x − α + β 2 )2) f ′′(x)dx | | | ≤ M ∫ β α ( h2 8 − 1 2 ( x − α + β 2 )2) dx = M h3 12 , M = sup|f ′′(x)| okle ∫ β α f(x)dx = h 2 (f(α) + f(β)) + I , |I| ≤ Mh3 12 milawne mirhwd lk lr mekq miyer ∫ b a f(x)dx = h 2 f(a) + 2 n−1∑ i=1 f(a + ih) + f(b) + I ,

|I| ≤ n Mh3 12 = Mh2(b − a) 12

.(miinrt dxifb f-y i‘pza df) 1n_2 enk zcxei xnelk ,h2-k zbdpzn ok‘ zerhd

.(jxra) 4 ici lr zerhd z‘ micixen ,2 ici lr mirhw-zzd xtqn z‘ militkn m‘

:(1 weicn jxr) ∫ π/2 0 sinx dx-l miaexiw :dnbec n aexiw zerh 4 0.987116 0.012884 8 0.996785 0.003215 16 0.999197 0.000803 32 0.999799 0.000201

Simpson’s Rule oeqtnq llk .ibef n xy‘k ,h = b−an jxe‘ ilra mirhw-zz n-l rhwd z‘ miwlgn

:dleaxt i”r f-l aexiw miyer miphw mirhw ly bef lka

f(x) ≈ f(α) (x − β)(x − γ) (α − β)(α − γ) + f(β) (x − α)(x − γ) (β − α)(β − γ) + f(γ) (x − α)(x − β) (γ − α)(γ − β)

:lxbhp‘l aexiw aygl ozip dfn ∫ γ α f(x)dx ≈ h 3 (f(α) + 4f(β) + f(γ))

:oeqtnq llk milawne ,mirhw ly zebefd lk lr mekq miyer ∫ b a f(x)dx ≈ h 3 ( f(a) + 4f(a + h) + 2f(a + 2h) + 4f(a + 3h) + . . .

+4f(b − 3h) + 2f(b − 2h) + 4f(b − h) + f(b) )

:(1 weicn jxr) ∫ π/2 0 sinx dx-l miaexiw :dnbec n aexiw zerh 4 1.00013458 0.00013458 8 1.00000830 0.00000830 16 1.00000052 0.00000052 Mh4(b−a) 180 zerhd lr mqg .minrt 4 dxifb f-y i‘pza , 1n_4-k zcxei ,h4-k zbdpzn zerhd .M = sup|f ′′′′(x)| xy‘k

Romberg Extrapolation bxanex ueig onqp I = ∫ b a f(x)dx ”micrv” n mr ftxhd llk ici lr I-l aexiwd z‘ I(1)n ici lr onqp xnelk ,ϵ ‘ed I(1)n axeiwa zerhd m‘y xak epxn‘ xak I(1)n = I + ϵ xnelk ,ϵ/4 jxra ‘ed I(1)2n axeiwa zerhd if‘ I(1)2n ≈ I + ϵ 4 okle I ≈ 4I(1)2n − I(1)n 3 aezkp

I(2)2n = 4I(1)2n − I(1)n 3 zerhdn dphw didz I-l aexiwk I(2)2n -a zerhdy mitvn epgp‘ ,dlrnl epxaqdy dn itl m‘ okle . 1n_4-k zbdpzn I(2)2n -a zerhdy gikedl ozip .I(1)2n aexiwa

I(2)2n = I + ϵ if‘ I(2)4n ≈ I + ϵ 16 ici lr axeiw ly ”iyily beq” zepal wcven okle

I(3)4n =

16I(2)4n − I(2)2n 15 . 1n_6-k zbdpzn dl‘ miaexiwa zerhd mipea .micrv n, 2n, 4n, 8n, . . . mr ftxhd llk ly ze‘vezd z‘ miaygn :bxanex zhiy ueigd zlah z‘ I(1)n I(1)2n I(2)2n = 4I(1)2n −I(1)n 3 I(1)4n I(2)4n = 4I(1)4n −I(1)2n 3 I(3)4n =

16I(2)4n −I(2)2n 15 I(1)8n I(2)8n = 4I(1)8n −I(1)4n 3 I(3)8n =

16I(2)8n −I(2)4n

15 I(4)8n =

64I(3)8n −I(3)4n 63

I = ∫ π/2 0 sinx dx :dnbecd

I(1) :ftxh ze‘vez I(2) I(3) I(4) n = 4 0.9871158009727756 2n = 8 0.9967851718861697 1.000008295523968 4n = 16 0.9991966804850723 1.000000516684706 0.9999999980954221 8n = 32 0.9997991943200188 1.000000032265001 0.9999999999703543 1.000000000000116

I(4)

1.00000000000016 :zexrd .I(4)8n -l I(1)8n -n xearl ztqep dcear oi‘e hrnk ,zkaeqn f xy‘k (1 .micrv n mr oeqtnq llk ‘ed I(2)n (2 .deab witqn xcql f ly zexifbd lr ielz df lk (3

Gaussian Quadrature qe‘b reaxz dxevdn od epi‘xy zehiyd lk o‘k cr ∫ b a f(x)dx ≈ n∑ i=0 wif(a + ih) ,h2, h, h, . . . , h, h, h2 md wi zelwynd ftxhl xy‘k .’eke h3, 4h3 , 2h3 , 4h3 , . . . , 4h3 , 2h3 , 4h3 , h3 md oeqtnql ”reaxzd zgqep”y jk xi ∈ [a, b] ”micewcew”e wi ”zelwyn” z‘ ytgp :dheyt dllkd ∫ b a f(x)dx ≈ n∑ i=1 wif(xi) -nepiletl aeh caer dfy :miixyt‘d mipeixhixwd cg‘ ?aeh aexiw edn .aeh aexiw zpzep didi aexiwdy yexcl (ile‘) ozip ,xi, wi yteg zebxc 2n yie zeid .dkenp dbxcn f(x) mi .2n − 1 cr dbxcn mepilet f(x) xy‘k weicn

.iaeig mly n .rhwd lr lwyn ziivwpet w(x) ≥ 0 ,oezp rhw [a, b] :qe‘b reaxz reaxzd zgqepy jk wi zelwynd z‘e xi micewcewd z‘ xegal ozip ∫ b a w(x)f(x)dx ≈ n∑ i=1 wif(xi) .2n − 1 cr dbxcn f(x) mepilet lkl wiiecn ‘ed :mixgea -ezxe‘ minepilet md p0(x), p1(x), p2(x), . . . xy‘k ,pn(x) ly miyxeyd zeidl xi (1 .w(x) lwynl qgia [a, b] rhwd lr miilpeb xnelk ,’bpxbl ly ziy‘x divwpet ‘id Li(x) xy‘k wi = ∫ b a w(x)Li(x)dx (2 Li(x) = (x − x1)(x − x2) . . . (x − xi−1)(x − xi+1) . . . (x − xn) (xi − x1)(xi − x2) . . . (xi − xi−1)(xi − xi+1) . . . (xi − xn)

:xnelk) [a, b] ly zeihxcphqd zexigal xi, wi ly zepken ze‘laha miynzyn ,lreta .w(x) ly zeihxcphqd zexigale ,((−∞, ∞) ,[0, ∞) ,[−1, 1]

md miilpebezxe‘d minepiletd) w(x) = 1-e [a, b] = [−1, 1] dxwnl qxewd xz‘a oiir .(xcp’fl inepilet

-cewcewde ,a’via’v inepilet md minepiletd ,w(x) = 1√ 1−x2 ,[a, b] = [−1, 1] dxwna ”a’via’v zecewp” md mi

xi = cos (i + 12)π n , i = 0, 1, . . . , n − 1

.xzeia zekenp zeierh ozep qe‘b reaxz

Matlab/Scilab quad8 deab weic ,quad jenp weic :Matlab 5 .5 dqxiban dpey quad-a yeniyd .quadl deab weic ,quad jenp weic :Matlab 6 integrate e‘ intg :Scilab qxewd xz‘a help -d ivaewa oiir