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ABSTRACT. We obtain two main results for the Cauchy problem

¥'(@) + %y —q@), Y@ ], —w (1)

where xg,y0 € R, r >0, ¢ > 0, % € L¥(R), ¢ € LY*(R) and

/;Flt)/tzq(@dgdt—/:o%t)/xtQ(f)dédt—OO, VzeR.

1) For given initial data xo,yo and functions r and ¢, we give a condition that can be
used to determine whether the solution of (1) can be continued to the whole of R.

2) When the solution of (1) is defined on an infinite interval, we study its asymptotic
properties as the argument tends to infinity.

1. INTRODUCTION

In the present paper, we consider the Cauchy problem for the Riccati equation

1
! ——y’ = 1.1
y($)+r(x>y q(x), (1.1)
y(@) |,_,, = ¥o (1.2)
where xg,yp € R and r and ¢ satisfy the conditions
1
r>0, ¢=0, —€L"R), qelLl(R), (1.3)
/ q(t)dt > 0, / q(t)dt >0 Vz eR. (1.4)

Our general goal is to develop further the investigation started in [1]. In [1] we studied
the problem of continuation of the solution of (1.1)—(1.2) to R in the case r = 1. It arises
because for every point (zo,yo) € R? the problem (1.1)-(1.2) has a unique solution in a
neighborhood of this point, but in general this cannot be continued to the whole real axis.
In [1], in the case r = 1, we found unbounded domains P and ) such that

e the solution of (1.1)—(1.2) can be continued to R if (zg,yo) € P;

e the solution of (1.1)—(1.2) cannot be continued to R if (zg,yo) € Q.
The main goal of the current paper is to find domains P, C R? with similar properties
in the case r # 1. The logic proceeds as follows (see §3 for precise statements): We show
that (1.1) has two well-defined solutions y; < 0 and ys > 0 defined over all of R, and that a
solution y of the problem (1.1)—(1.2) can be continued to R if and only if

Y1 (o) < Yo < ya(zo). (1.5)

J.S. wishes to thank the Departments of Mathematics and Chemical Physics at the Weizmann Institute
of Science, Rehovot, Israel, for hospitality during sabbatical leave.
1



2 N.A. CHERNYAVSKAYA, J. SCHIFF, AND L.A. SHUSTER

To make the implicit condition (1.5) more concrete, we introduce some requirements comple-
mentary to (1.3)—(1.4). Then certain sharp-by-order two-sided estimates are shown to hold
for the solutions y,ys. These estimates, together with (1.5), allow one to define domains
P, ) with the desired properties.

From (1.5) it follows that the solution (1.1)—(1.2) for all z satisfies the inequalities

n(2) < y(@) < yo(2). (1.6)

Inequalities (1.6) lead to the question on the relationship between y;(x), y2(z) and y(x) as
|x| — oo. We show that

e If for some 2y € R the solution y(z) of (1.1) is defined on [z, 00) and y # y;, then
y(x) is equivalent to yo(z) as x — oo.

e If for some zy € R the solution y(x) of (1.1) is defined on (—oo, x| and y # ya, then
y(x) is equivalent to y;(z) as x — —oo.

Thus asymptotic integration of (1.1) (as |x| — 00) reduces to asymptotic integration of y; (z)
and ys(x) (in the case r = 1 see [1],[2]).

Finally, we note that the proposed analysis of the Cauchy problem (1.1)—(1.2) is not
complete because it does not include points (zg,y0) € R?\ (P U Q). This problem arises
because in condition (1.5) we replace the exact values y1(xo), y2(xo), o € R., with a priori
estimates. According to Liouville’s Theorem, one cannot in general find the exact values
of y1(x0), y2(zo). This problem can, however be studied numerically. We make some initial
observations on this subject in the final section of this paper.

2. PRELIMINARIES

Theorem 2.1. [3] Under conditions (1.3)—(1.4), the equation

(r(@)?'(z)) = q(z)2(z), z€R (2.1)
has a fundamental system of solutions (FSS) {u,v} with the following properties:
v(z) >0, wu(z)>0, V(x)>0, u(x)<0, z€eR, (2.2)
r(z) (V'(2)u(x) —u'(x)v(z)) =1, x€R, (2.3)
TSI R IO (2.4)

Tr——00 u([)j') T—00 U(a’,’

Properties (2.2)%2.5) determine the FSS {u, v} up to constant positive factors inverse one
to another.

Remark 2.2. The inequalities for «/,v" in (2.2) can be strengthened, namely:
v'(z) >0, u'(z) <0  for z€eR (2.6)
Indeed f q(t)dt > 0 for some x; < x by (1.4). So from Theorem 2.1 it follows that

xT

r(z)v'(z) = r(x)v' (21) + /m q(t)v(t)dt > v(zl)/ q(t)dt > 0.

x1 xr1
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The second inequality in (2.6) can be checked in a similar way. From (2.2)—(2.5) it follows
that

v(z) = u(z) /_; % u(z) = v(x) /:O r(t)th?(t) z €R. (2.7)
By Theorem 2.1 and (2.7), we conclude that the function
) S utopta) =) [t — ) [ aer @8

does not depend on the choice of a FSS of (2.1) and is uniquely determined by (2.1), i.e., by
r and q.

Theorem 2.3. [6] For all z € R we have the relations
r(@)u'(z) _ 1-r(@)p(z) r(@)v'(z) 1+ 7r(@)p(2)
u(z) 2p(z) v(z) 2p(z)
Theorem 2.4. [5, Ch. III, §40] The general solution of (1.1) is of the form
y(z) = car(x)u(z) + cor(x)v'(x)

cu(x) + cov(x)
Here {u,v} is a FSS of (2.1) and ¢, ¢y are arbitrary constants with |ci| + |c2| # 0.

Remark 2.5. Theorem 2.4 is given in [5] for » = 1. It can be extended to the case (1.3)—(1.4)
without any difficulties using Theorem 2.1.

r(@)lp'(x)l <1. (29

(2.10)

3. STATEMENT OF RESULTS
The proofs of the assertions below are given in §4.

Theorem 3.1. Under condition (1.3)—(1.4), equation (1.1) has solutions y, and y, where

yi(z) = %, ya(x) = %, zeR, {u,v}is a FSS of (2.1). (3.1)
The solutions y,(z), y2(x) are defined for all x € R and
y1(x) <0, y2(z) >0, xR (3.2)

A solution y of problem (1.1)—=(1.2) can be continued to R if and only if (1.5) holds.

In the sequel (until Theorem 3.8), we assume that, together with (1.3), the following
condition also holds:

T 1 /m 0o 1 t
— qfdﬁdt:/ —/qugdt:oo, Vo € R. 3.3

/-oof(t) ' © . () ) N 43)
Clearly (1.4) follows from (1.3) and (3.3). Such a strengthening of the requirements on r

and ¢ will be used for a more detailed study of (3.1).
The following lemma is useful in that it often simplifies checking (3.3).

Lemma 3.2. Suppose (1.3)—(1.4) hold and, in addition,

O dt > dt
/_w@:/() @:oo. (3.4)
Then (3.3) holds.
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Lemma 3.3. Suppose (1.3) and (3.3) hold. Then for every x € R, each of the following

equations in d
T 1 T x+d 1 t
/_d@/t q(€)dedt = 1, / @/ q(§)dsdt =1 (3.5)

has a unique finite positive solution.

Denote the solutions of (3.5) by di(x), da(x), respectively. For = € R let us introduce the
functions

x x+da(x) T T
¢<x>=/d()i o= [T ha) = LDV g )

0 0 o) - o)
tu(a) = mla)o(o) = "D (o) 5.7)
02(2) = 1 (@)ib(x) = %wm (3.8)

Theorem 3.4. Suppose (1.3) and (3.3) hold. Then the functions 0y, 05 are solutions to the
following integral equations:

A- (w

At
Here A~ (z) = x — dy(x), AT (x) = dy (),
6

Ko £.0) = - [ ) (L o o) e
(s

Ka(z, €,63) = exp <_ / ‘ 9(2() )? )) exp (— / s f(f“s)@z (S)>. (3.12)

Corollary 3.5. Under conditions (1.3) and (3.3), we have the inequalities
1<6i(x), 02(x) <2, z€eR, (3.13)
L<uy(@)v(x),  ya(z)p(e ) z €R, (3.14)
27'h(x) < p(x) < h(z), xR (3.15)

Note that inequalities of the form (3.15) are called Otelbaev inequalities, see [2].

Corollary 3.6. Suppose (1.3) and (3.3) hold. If a solution y(x) of problem (1.1) is defined
for all x € R, then

—2 < y(x)h(x) <2, xr eR. (3.16)

We introduce domains P and @ on the plane R? as follows:
P ={(z,y) :yp(x) <1} 0 {(z,y) : yo(z) > -1}, (3.17)
Q=A{(z.y) - yp(x) = 2} U{(z,y) : y¥(x) < -2} (3.18)

Theorem 3.7. Under conditions (1.3) and (3.3), a solution y of problem (1.1)—(1.2) can be
continued to R if (xg,yo) € P, and cannot be continued to R if (xo,y0) € Q.
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In the next assertion we establish a precise standard for the behavior of solutions of
equation (1.1) at infinity.

Theorem 3.8. Suppose (1.3) holds and, in addition,

def [ dt o def O dt 0
0 0 —00 —00

Then the following assertions hold:

A) If for some xy a solution y of equation (1.1) is defined on [xy,00) and does not
coincide with yy, then
EICORY (3.20)
Tr—00 y2([1§')
B) If for some xy a solution y of equation (1.1) is defined on (—oo,xo] and does not
coincide with yo, then

T ICORY (3.21)

z—=o0 11 (7)

C) If (1.3) and (3.3) hold, then (3.19) holds, too.

4. PROOFS

Proof of Theorem 3.1. From Theorem 2.1 it follows that the functions y;(z), y2(z) are de-
fined for all x € R and satisfy (1.1), and that (3.2) is a consequence of (2.6). Furthermore,
suppose that y can be continued to R. Clearly, the cases yo = y1(z0) and yo = y2(xo) are in
one-to-one correspondence with the choice of ¢; = 0 and ¢; = 0 in (2.10). Therefore below
we assume c¢q - ¢3 # 0. Then only one of the following 3 possibilities holds:

1) yo > y2(w0);  2) y1(zo) < yo <y2(x0);  3) yo < ya(xo).
Let us show that ¢ = ¢;-¢,* < 0in cases 1) and 3). In case 1) Theorems 2.1 and 2.4 imply

r(z0)v' (x0) + cr(xo)u' (o)  7r(x0)'(20) c
0 <yo—y2(x0) = — = — . (41
o~ 2(0) v(zo) + culwo) o(wo) o@) Wz T ealm))” Y
The assumption ¢ > 0 contradicts (4.1) and Theorem 2.1. Similarly, in case 3) we get
r(zo)u'(zo)  7(mo)v'(x0) + cr(xo)u'(x0) 1

0 <yi(zo) — yo = u(xo) N v(zg) + cu(xo) - _U(JT())(U(I()) + cu(wo))

implying ¢ < —v(zo)/u(zg) < 0. Thus ¢ < 0 in cases 1) and 3). Then there exists a point
1 € R such that

v(xy) + cu(zy) = 0. (4.2)

Indeed, by Theorem 2.1 the function f(x) = —v(z)/u(x), x € R, is continuous, negative for
all x € R, and

1

! _ @@

T == e

Therefore, the equation f(x) = ¢ has a unique finite root x; which leads to (4.2). Then the

solution y has a vertical asymptote at the point z;, and it cannot be continued to R. Hence
we are in case 2), i.e., (1.5) holds. Conversely, suppose (1.5) holds. Then by Theorems 2.1

0 as T — —o0

<0, zekR, f(x>_>{—oo as r — 400
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and 2.4, in some neighborhood of x( there exists a unique solution of (1.1)—(1.2), and it is
of the form (2.10) with some ¢; # 0, ¢ # 0 (see above). By Theorem 2.1, this implies

0 < r(@o)v'(wo) + er(wo)u'(zo)  r(zo)u' (o) _ 1
v(xo) + cu(zo) u(xo) w(xo)(v(xo) + culxg))
0 - r(@o)v'(xo)  1(wo)v (o) + cr(wo)u' (wo) _ c ‘
v(xg) v(xo) + cu(zo) v(xo)(v(xg) + culxy))

Hence ¢ > 0. Then by Theorems 2.1 and 2.4, the solution y(z) is defined for all z € R as
required. 0

Proof of Lemma 3.2. By (1.4), for a given = € R there exists a < z and b > x such that

/ "t > 0, / bq(t)dt > 0. (4.3)

Then the statement of the lemma follows from (3.4) and (4.3):

/_;%/jq(&)dgdw/;T%)/tmq(g)dgdw/;Td_;./:q(g)dg .

;%-/;q<5>d£dt>/bm%/;q@)d&dw/boof(—i-/:q@)dg -

Proof of Lemma 3.3. Consider the second equation in (3.5) (the first one can be treated
similarly). For a given x € R, let us introduce the function ®(d) :

r+d 1 t
o)~ [ s [ a@acar, azo

By (1.3) and (3.3), the function ®(d) is continuous, non-negative, and does not decrease on
[0, 00). In addition, ®(0) = 0, &(d) — oo as d — oo,

1 x+d
(d) = —— d¢ >0 if ®(d) > 0.
@)= [ at©ae>0 it a(a)
These properties immediately imply the statement of the lemma. O

Proof of Theorem 3.4. Let us prove (3.9). As preparation note that since (r(£)v'(§)) =
q(§v(§) for all £ € R, we have

Fa)! () — r(t)o'(t) = / COu)de, >t (4.4)
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r(z)v' (x)p(z) :r(x)v’(:c)/ — (using (3.6))
A~ ()

=) @ @)+ [ oo e (g (40)

— o) + / L / 2O)0(€) — v(A(x)))dedt  (using (3.5))

A=) T(t)
x 3
:v(z)+/A Wlt)/t q(€) /A( )v'(u)dudfdt. (4.5)

rw)e(v) v(z)
¢ 01(v)

ex — ’ 91(8) S 14
s ) T)0(0) p( / o) )d et
Kl(l’ £, 6’1)d§dt rz e R.

o [
/ﬁ W) L ) e
/

The proof of (3.10) is sunllar O

Proof of Corollary 3.5. Inequalities (3.13) for 6; and 6, are checked in the same way. For
example, since

0< Kl(x>€>91) <1, 5 € [A_([L’),ZL'], 0y > 0,

we obtain from (3.9):

x 1 x

niw =1+ [ T [ st opaeae <1+ [ i | ateagae=1+1 -2

Furthermore, inequalities (3.13) and (3.14) are equivalent. To prove (3.15), we use the
definitions of h, p and (2.3):

W) (@) [r<x>v'<x> r<x>|u'<x>\] _ e e

GG R e T T Ards
to obtain
o) o [r@@) @l @)
p(x) = { v(x) (@), u(z) P( )} > 1,
LGOI € o g Ca IUCol B
) S { (@) (), (@) W( )} < 2.
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Proof of Corollary 3.6. Since the solution (2.10) is defined for all € R, we have ¢; - ¢o > 0
(see the proof of Theorem 3.1). Below we use (2.10), (2.9) and (3.15):

je1] r(2) [ ()] + |eof r(z) v'(2) _ maX{T(%)IU’(x)I T(fv)v’(x)}

)
ly(z)] < aa(@) + |ealo(@) ux) T ov(x)
)

_ / /
:max{l 7“($p(~”0)71+7“(x)p(x)}S < 2
2p(x) 2p(x) plx) = h(z)
U
Proof of Theorem 3.7. Let (xg,yo) € P. Below we use (3.1), (3.14) and (3.17):
(zo)u (x0) 1 1 r(x0)v (z0)
T0) = < — <y < < = yo(p).
T B ) R ) BT
The statement of the theorem follows now from Theorem 3.1. The case (zg,y0) € @ is
treated similarly. U
Proof of Theorem 3.8. Below we use the following assertion:
Lemma 4.1. Under conditions (1.3)—(1.4), the equality
liIP r(z)v' (z)v(xr) = 0 ( lim 7(2)[u'(z)u(r) = oo ) (4.6)

holds if and only if A- B =00 (A;-B; = 00).

Proof of Lemma 4.1. Necessity.

The two equalities in (4.6) are checked in a similar way. Let us check the first one. Suppose
(4.6) holds but A - B < co. Denote 7, = r(0)v'(0), 72 = v(0). For > 0 by Theorem 2.1, we
have

r(x)v'(z) =m + /Ox q(t)v(t)dt < 1 + v(z) /qu(t)dt <n+B-v(r) =

V' () T B T 1 .
Sr(ax)v(az)*r(az)S(fﬁB) @ 20

v(x) < mexp (A (E+B)) =13 <00, >0 =
T2

rx)v'(z) <m+Bv(r) <m+nB=n<oco, >0 =
r(x)v (z)v(z) <1314 <00, x> 0.

This provides a contradiction.

Proof of Lemma 4.1. Sufficiency. Denote 3(z) = r(z)v'(z)v(z), z € R, 7= min{7? 73}
(1 >0, see (2.2), (2.6)). Then by Theorem 2.1 we have for

B'(x) = (r(x)v'(x))v(z) + r(x)v?(z) = q(x)v*(z) + (T(xgvx/()x))
> q(z)v(0)? + (T(OQU;()W . {q(x) . Tz) } N
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Returning now to the proof of Theorem 3.8, let us check assertion A). (Assertion B) is
checked in a similar way.) Since y # y;, we have ¢ # 0 in (2.10). Below we use (2.10), (2.4),
(2.3) and Lemma 4.1:

lim y(z) = lim

ya () I

) 71
z) :ch—g)lo L+ Oy ()0 (x)v(2)

Ly me [T

Assertion C) follows from the following relations:

o = / / (€)dedt < /;%f;q(@cl&oo, rER,
o — / / (©)dedt < /xm%-/qu(ﬁ)dﬁgoo, reR.

5. NUMERICAL STUDIES

We briefly consider a numerical approach to approximating y;(xg), y2(zo), o € R. Stan-
dard methods for numerical integration of ODEs experience problems dealing with singular-
ities, but specifically for the case of the Riccati equation there exists a class of methods, the
Mobius schemes [7], that permit accurate integration near and through poles of the solution.
Introduce a grid with spacing A > 0 on R and grid points z,, = z¢ + nh, n € Z. We seek
approximations y, to the exact values y(z,) of the solution to the Cauchy problem (1) at
the grid points. In the simplest Mobius scheme these are determined via the recursion

Yn + hq (zn + %)
1+ hy,/r (:)sn + %) ’

Under suitable smoothness assumptions on the functions ¢(z), 7(x) it can be shown that this
method is second order, i.e., that errors in the method, defined in an appropriate sense, scale
(approximately) as h? as h decreases to 0.

Figure 1 shows results of the Mobius scheme above for ¢(z) = cos? x and r(x) = (1+2%)71.
Numerical solutions, obtained using h = 0.01, are shown for the Cauchy problem with o = 0
and yo taking a range of values between —1.25 and 1.25. The regions P and () are also
displayed on the plot. We see, as expected, that solutions that pass through P do not
develop singularities (at least on the range shown) and all solutions that pass through @ do.

Using the Md&bius scheme for fixed h we can find approximations to y»(0), the unique
positive number such that if yo > y2(0), then the solution develops a singularity and if
0 < yo < y2(0), the solution is defined on the whole axis. For the above choice of ¢(z),r(z),
the analytic bounds in this paper give 1/0(0) < 32(0) < 2/¢(0) where ¢(0) ~ 1.83. In
the table below we give the approximate values of y5(0) found using the Mobius scheme for
various values of h, and their errors (based on an “exact” value obtained with a very small
value of h). The h? scaling is evident.

h 0.04 0.02 0.01 0.005 0.0025 0.00125
y2(0) 0.6972904 | 0.6972039 | 0.6971823 | 0.6971769 | 0.6971756 | 0.6971752
abs. error [ 1153 x 1077 [288 x 1077 [ 72 x 1077 | 18 x 107" [ 5 x 10~" [1 x 1077

We hope in a future publication to return to the subject of using such numerical schemes
to obtain rigorous bounds for y; (o), y2(x0), o € R.

ne.

Yn+1 =
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FIGURE 1. Numerical solutions of the Cauchy problem (1) with g(x) = cos? z,
r(x) = (1+2?)7!, zop = 0 and values of yy between —1.25 and 1.25. The dashed
lines bound the region @ (initial conditions for which the solution does not
extend to the whole real axis). The dot-and-dashed lines bound the region P
(initial conditions for which the solution does extend to the whole real axis).
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