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ABSTRACT. Consider a three-point difference scheme
hizA@)yn +qn(M)yn = fu(h), ne€Z={0,+1,£2,...} (1)

where h € (0, ho], ho is a given positive number,
def
A(z)yn =Ynt1 = 2Un +Yn—1, f(h) = {fa(h)}nez € Ly(h), p € [1,00),

Ly(h) = {f () : 1 F (W) oy < oo}, IFMIE, oy = D [fn(R)PR.

nez
Assume that the sequence ¢(h) Lef {qn(h)}nez satisfies the a priori condition
0<qn(h) <oo VmneZ Vhe(0,hg.
We obtain criteria for the stability of scheme (1) in L,(h), p € [1, 00).

1. INTRODUCTION

In this paper we continue the study started in [4],[5],[3],[2]. We consider a difference

scheme
—h2AP gy 4+ (B yn = fulh), neZ=1{0,4+1,%£2,...,} (1.1)

where h € (0, hol, ho is a given positive number, f(h) = o {fu(h)}nez € Ly(h), p € [1,00)

(for p = oo see [2]),
Lp(h) = {f(h) = 1F (Mllymy < 00}, IS (R =D fal)h.

Throughout the sequel, it is assumed that the sequence q(h) &f {qn(h)}nez satisfies the

a priori condition

OSQn(h) < 0 \V/TLEZ, Vhe(o,ho] (12)
1
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Our main goal is to describe the class of sequences ¢(h) such that the difference scheme
(1.1) is stable in the space L,(h), p € [1,00) (see [10, Ch.5, §12], or, equivalently, such that
the equation (1.1) is correctly solvable in L,(h) regardless of h € (0, ho| (see [12, Ch.II, §3,
n°3; Ch.II, §4, n°2]). The latter statement requires that we study conditions necessary and

sufficient for the validity of the following assertions:

I) for every h € (0, ho] and for any sequence f(h) € L,(h), p € [1,00), there is a unique
solution to (1.1) y(h) &f {yn(h) }nez € Ly(h).
IT) for every h € (0,hg] and for any sequence f(h) € L,(h), p € [1,00) the solution

y(h) € L,(h) of (1.1) satisfies the inequality

Iy ymy < @SRz n) (1.3)

with an absolute constant ¢(p) € (0, c0).

Here by a solution to (1.1) we mean any sequence y(h) = {y.(h)}.cz satisfying equality
(1.1) for all n € Z. We impose no additional requirement to ¢(h) (see, for example, Definition
2.2 in Section 2). Thus validity or non-validity of I) — IT) only depends on the properties of
the sequence ¢(h). Note that under condition (1.4):

0<e<qu(h)<oo YneZ Yhe/0,h) (1.4)

which is stronger than (1.2), the difference scheme (1.1) becomes stable in L,(h) for all
p € [1,00] (see [4], [2]). Therefore the problem on validity of I) — II) only arises when the
sequence ¢(h) is not separated from zero for n € Z, h € (0, ho]. In the latter case the study
of the properties of the solution y(h) € L,(h) of (1.1) is much more difficult (see [3], [2]).
Perhaps this is the main reason why the problem of stablity of (1.1) in L,(h), p € [1,00)
was studied under some additional assumptions, as, for example, in [3].

In this paper, we show, among other things, that additional assumptions in [3] are irrele-
vant and the problem of stability of (1.1) in L,(h), p € [1,00) can be reduced to a problem
which has already been studied in [3] (see Section 3). We now briefly describe our main re-
sults. Our main statement (Theorem 3.1) contains a criterion for the validity of I) — II) and
is expressed in terms of a certain auxiliary sequence {d,(h)}ncz. The sequence {d,(h)},cz
is an average characteristic of the sequence {¢,(h)},cz, and for given n € Z and h € (0, ho,
it may not be directly expressed in terms of the values of g,(h). Such a form of a criterion
of stability of (1.1) may be inconvenient for applications, and therefore we complete Theo-

rem 3.1 by equivalent Theorems 3.2 and 3.3. These assertions can be formulated in terms
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of {¢,(n)}nez which is more reasonable for the investigation of concrete difference schemes.
Note that Theorems 3.2 and 3.3 are easy consequences of our main Theorem 3.1. (Recall
that Theorem 3.1, in turn, easily follows from the main result of [3]) (see Theorem 2.3 in
Section 2). Nevertheless, we state them as theorems because they contain possible new ap-
proaches to the study of the difference scheme (1.1) which differ from those suggested in
Theorem 3.1. For example, in Section 7 we consider a basic variant of uses of the application
of Theorem 3.2 (see [5], [2] for applications of Theorem 3.1 to concrete difference schemes).

Namely, we consider the problem of numerical inversion of the equation
—y"(z) +q(@)y(z) = f(x), z€R (1.5)
where f(z) € L,(R), p € [1,00] and
0 < q(z) € LY(R), =€ R. (1.6)

(Equation (1.5), together with condition (1.6), is denoted below (1.5) — (1.6).) In connection
with (1.5) — (1.6), in Section 7 we study a standard difference scheme (1.1) with
1 fEath
qn(h) = o /xn_h q(t)dt, x,=nh, neZ, he(0,1]. (1.7)
(Such a scheme is denoted (1.1) — (1.7).)

Using Theorem 3.2, we show (see Theorem 3.4) that the difference scheme (1.1) — (1.7)
is stable in L,(h), p € [1,00] if and only if the initial equation (1.5) — (1.6) is correctly
solvable in L,(R). Usually, it is not so hard to check the latter condition (see [6] and
Theorem 2.4 in Section 2), and we thus get a definite answer to the question of stability of
(1.1) — (1.7) by studying the properties of the coefficient ¢(x) of the initial differential problem
(1.5) = (1.6). Thus, from the point of “stability”, the standard difference scheme (1.1) — (1.7)
turned out to be an ideal model for (1.5) — (1.6) and certainly deserves special attention.
Therefore, the study of (1.1) — (1.7) will be continued in our forthcoming paper. In partic-
ular, our primary goal is to study the problem on covergence of the solution of (1.1) — (1.7)
in the nodes x,, n € Z to the solution of (1.5) — (1.6) as h — 0. We believe that the results

of this paper will be used to solve the latter problem.

2. PRELIMINARIES

Throughout the sequel the letter ¢ stands for absolute positive constants which are not

essential for exposition and may differ even within a single chain of calculations. We denote
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by h an arbitrary number from the segment (0, ko). We assume that condition (1.2) holds

without special mentioning.

Lemma 2.1. [4] Suppose that for every n € Z, we have

n

> () >0, > qi(h) >0, (2.1)

k=—00

Then there ezists a fundametnal system of solutions (FSS) {u(h),v(h)} f {un(h), v (h) bnez

of equation (2.2):
h2A® 2, = ¢ (h)z, neZ (2.2)
such that the solutions u(h),v(h) satisfy the relation
0 < upt1(h) <up(h), vop1(h) >v,(h) >0, neZ

Unt1(h)un(h) = vp(R)unsa1(h) = h,
= h

un(h) = Un(h) ; ma nez (2.3)
lim un(h) = lim n(h) =0

n——oo un(h') n—oo ’Un(h,)
lim w,(h) = lim v,(h) = cc.

n——oo

Throughout this section we assume that (2.1) holds. Denote by G, ,,(h) the difference
Green function corresponding to equation (1.1):
un(h) v, (h) if n>m
Gnm(h) = : n,me Z
U (h)v,(h) if n<m

(2.4)

p(h) = Gpm(h) } = u,(h)vn,(h), ne€Z.

n=m

Theorem 2.1. [4] Let n,m € Z and n # m. Then the Green function G, .,(h) admits a
representation of the Davies-Harrell type (see [7]):

m—1

G (h) B (h) (h) N k+1(h) pr(h)
n,m - Pn Pm n—1 b -1/2

I1 [1 + ) _h ] ,  n>m

(2.5)

ugt1(h)  pr(h)
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Consider auxiliary sequences {¢,,(h)}nez and {d,(h)}nez;

. if gn(h)h? > 1
= ’fl+j
o Q%{jﬂf 2 %%ﬂﬂzl}, if g (h)h? <1 (2:6)
J= k=n—j
h . o
d,(h) = { TFan Rz ?f ln(h) =0 .
L (R)h, if ¢,(h)#0

These sequences were introduced in [1] and used in [5], [4], [3], [2]. Below we state various
properties of the FSS {u(h),v(h)} of equation (2.2) and of the Green function G, ,,(h) in
terms of £, (h) and d,(h).

Lemma 2.2. [3] For every n € Z, we have
ve(h)  uk(h)
Un ()" wn(h)

Theorem 2.2. [5] For every n € Z we have

ct< <c for |k—n|< V”ém] : (2.8)

87'd,(h) < pp(h) = up(h)v,(h) < 16d,(h). (2.9)

Denote Z' = Z\ 0 = {£1,£2,...}, [m,p] = {m,m + 1,...,p} for m < p, [m,p|] = p for
m = p and m,p € Z. We call the sets [m, p|], m < p segments.

Definition 2.1. [3] Let n € Z be given. A system of segments A, = [A7, Af], Ay < Af
and A, AT € Z, s € Z' is called a Z(n)-covering of Z if the following conditions hold:

1) A;NAL =10 for s # ¢

) U Av=(. n—2n—1] ['jl: M+ Lnt2,..)

S=—00

Remark 1. The segments of a Z(n)-covering of Z do not contain the point n.

Lemma 2.3. [3] For every n € Z there is a sequence {ks}sez such that one can form a

Z(n)-covering of Z from the segments {A,, A’S}Sezz. Here
1) A, = AL = [k k] = ks if e, (h) € {0,1},

2) Ay =[ks — 270 (W] + L ks + 2700, (R))]if Lk (R) 2 2,
A= ks = 27 0 (W] ks + 27 0, (W] if G, 2 2.

Lemma 2.4. [3] Suppose that segments {As}sez form a Z(n)-covering from Lemma 2.3.
Then for any s € Z' we have
def ug(h) h ) . ., 50
T (h) % 14 > AL - 2.10
0@ [T (1420 ) 2 = (2.10)

REA, Uk+1 (h)
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Lemma 2.5. [4] Let f(h) = {f.(h)}nez be a sequence such that the series

yn(h) Z(Ga(h) Z D Gumh) (W), n€ Z (2.11)

absolutely converges for every n € Z. Then the sequence y(h) = {yn(h)}nez is a solution to

equation (1.1).

Lemma 2.6. [3] Denote

H = sup sup Z Gnm(h)h (2.12)
he(0,ho] n€Z "7
A= sup supd,(h). (2.13)
he(0,ho] nEZ
Then
H < cA(A+ hy). (2.14)

Lemma 2.7. [2] Suppose that inequalities (2.1) hold and A < oo (see (2.13)). Then for
every n € Z we have the following estimates (see (2.7)):

¢ d(h) <Y Gum(h)h < ey/dy(h). (2.15)

mezZ

Definition 2.2. We say that the inverse problem for equation (1.1) is regular in the space
L,(h), p € [1,00) if together with statements I) — II) (see §2), the following statement also
holds:

IIT) for every h € (0, ho] and for any f(h) € L,(h), p € [1,00), the solution y(h) € L,(h) of

equation (1.1) admits representation (2.11).

Theorem 2.3. [3] Suppose that condition (2.1) holds. Forp € [1,00), the inversion problem
for equation (1.1) is reqular in the space L,(h) if and only if A < oo (see (2.13)).

We also need one result from [6]. Consider equation (1.5) assuming that (1.6) holds.
Below by a solution of (1.5) we mean any function y(z) such that y(z), y'(x) € AC™(R)
and equality (1.5) holds almost everywhere in R. We say that equation (1.5) is correctly
solvable in a given space L,(R), p € [1, 00| if for any function f(z) € L,(x), there is a unique

solution y(z) € L,(R) to (1.5) and the following inequality holds:

ly(@)llp < cf (@)l ¥V () € Ly(R)

where ¢(p) € (0,00) is an absolute constant.
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Theorem 2.4. [6] Let p € [1,00] be given. Equation (1.5) is correctly solvable in L,(R) if
and only there is a € (0,00) such that qo(a) > 0. Here

go(a) = inf /Haq(t)dt. (2.16)

z€R [,._,

3. STATEMENT OF RESULTS

Below we present three equivalent statements: Theorems 3.1, 3.2 and 3.3. Each of these
assertions contains a criterion for stability of the difference scheme (1.1) in L,(h), p € [1, 00).
Theorem 3.1 is intended for investigation of general properties of the solution of equation
(1.1) (see, for example, the proof of Corollary 3.1.1 in Section 4), and Theorems 3.2 and
3.3 are more convenient as practical criteria for checking stability of concrete difference
schemes (see, for example, the proof of Theorem 3.4 in Section 7). Note that for the sake of

completeness, we also include the case p = oo. The proofs for p = 0o can be found in [2].

Theorem 3.1. For every p € [1,00] the difference scheme (1.1) is stable in L,(h) if and
only if condition (2.1) holds and A < oo (see (2.13)). In particular, one of the following

assertions holds:

A) The difference scheme (1.1) is stable in L,(h) for all p € [1, 0]
B) For all p € [1, 00| the difference scheme (1.1) is non-stable in L,(h).

In addition, in case A), for any sequence f(h) € Ly(h), p € [1,00], the solution y(h) €
L,(h) of (1.1) admits representation (2.11).

Corollary 3.1.1. Suppose that the difference scheme (1.1) is stable in L,(h), p € [1,00].
Then for every right-hand side f(h) € L,(h), the solution y(h) € L,(h) of (1.1) satisfies the

following inequalities:

la(r) Py (M), < ellf (W), (3.1)

lr(R)y (W)l Lymy < el F(R)| Ly m)- (3.2)
Here r(h) = {d,(h) "2} ez (see (2.7)). In addition, for p =1 we have
1Ay ()| Luwy + laB)y (W)l oy < 3I1F ()| zar)- (3.3)

Here A®y(h) = {A®y,(h)} ez
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Remarks. In case (1.4) estimate (3.3) was obtained in [11]. Inequality (3.3) means that for
f(h) € Li(h) a stable difference scheme (1.1) can be decomposed into summands which are
uniformly bounded in L;(h). A problem on decomposability of difference equations appeared
as an analogue of the corresponding problem for a differential operator which was first studied

in [8], [9].

Theorem 3.2. For any p € [1, 00| the difference scheme (1.1) is stable in L,(h) if and only

if there is an absolute positive constant co such that cohal > 1 and B > 0. Here

n+k0(h)
. : -1
B = hel(%,fho] %ggk Ek " qe(h)h, ko(h) = [coh™"] (3.4)
=n—ko

Theorem 3.3. For any p € [1,00], the difference scheme (1.1) is stable in L,(h) if and only
if there is an absolute positive constant co such that cohal >1and S > 0. Here

n+k0(h)

L 1 o
= BT, O, 00 BO=or 69

Corollary 3.3.1. If for at least one h € (0, ho] any of the following equalities

lim g,(h) =0, lim g,(h)=0, (3.6)

n——oo n—oo

holds, then the difference scheme (1.1) is non-stable in L,(h) for any p € [1, c0].

In particular, the difference scheme (1.1) is non-stable in L,(h) for any p € [1, oo] if for at
least one h € (0, hy], any of the following inequalities holds:

0

D gulh) <00, > gulh) < o (3.7)

From Theorem 3.3 it follows that if (1.4) holds, then for every ¢, (such that cohy® > 1) the
following inequalities hold:
n+ko(h) n+ko(h)

1
P B> inf oinf - =e>0,
nelonol nez 2ko(h) + 1 k:;@:o(h) W) 2 | ol Do)+ 1 k:n%:o(h) o

and therefore in this case the difference scheme (1.1) is stable in L,(h), p € [1, 00]. The proof
of this assertion and short and transparent because using Theorem 3.3 shows its efficiency
(compare with the proof of the same result in [4] independent of Theorem 3.3. The next the-
orem establishes a relationship between the difference scheme (1.1) — (1.7) and the equations

(1.5) - (1.6).



REGULARITY OF THE INVERSION PROBLEM 9

Theorem 3.4. For any p € [1,00] the difference scheme (1.1) — (1.7) is stable in Ly(h) if
and only if equation (1.5) with condition (1.6) is correctly solvable in L,(R).

4. PROOF THE FIRST STABILITY CRITERION

In this section we prove Theorem 3.1.

Proof of Theorem 3.1. Necessity.
Suppose that for some p € [1,00) the difference scheme (1.1) is stable in L,(h). Let us
show that inequalities (2.1) hold. Assume the contrary. For example, assume that there

exist n € Z and h; € (0, ho] such that

o0

> () =0. (4.1)
n=ng
Then, in view of (1.2), we obtain
qn(h1) =0 for n > ny. (4.2)

Let us show that equalities (4.2) contradict assertions I) — II) from Section 1. Without loss
of generality, we may (and shall) assume that ng = —3. Let my be a sufficiently large natural

number. For any arbitrary natural number m > my, consider the sequence y™ = {yﬁlm)}ne 7

where
h2, if n=0
gy =Sy (n—1R:, i n=1,2,...,m (4.3)
0, if né¢{0,1,2,....,m}

From (4.2) and (4.3) it immediately follows that equalities (1.1) hold for A = h; and f,(h) =

£™ where

1, if n=—-1

1, it n=0
fom) —h3, if n=1 (4.4)
" 1+ mh?, if n=m

—1—(m-1h%, if n=m+1

0, it n¢{-1,0,1,mm+1}, neZ

\

Let f0m) = {f,gm)}nez. Since m > mg > 1, from (4.4) it follows that
1PN, gy = £24 B + (L4 mhdP + [1+ (m = )R] hy < c(ho)mPhPT. (4.5)

By (4.5), we have f(™ € L,(h;) and therefore, according to I) (see Section 1), for h = h; in
the space L,(h1), there exists a unique solution to (1.1) with f(h;) = f(™. Since by (4.3)
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we have y(™ ¢ L,(hy), the sequence y™ coincides with this solution. Note that for any

m > mg > 1, we have an obvious estimate

|/ HLP(h1 {th + Z [T+ (n — 1)h{]? } hy > c(p)hPHimPrL. (4.6)

Now, using (1.3), (4.6) and (4.5), we get

4p+1 m
c(p)hy Pt < ||y( ||Lp h1) < CHf

< ||L ) S C(ho)h%pﬂm”

= WP <em™, Ym>me>1 = h =0,

a contradiction.

Hence inequalities (2.1) hold, as required. Let us now show that condition (2.1) and
assertions 1) — II) (see Section 1) imply assertion III) from Definition 2.2. Let f(h) =
{fn(h)}nez € Ly(h) and y(h) = {y,(h) }nez be the unique solution of (1.1) in L,(h), and let
{u(h),v(h)} be a FSS of (2.2) with properties (2.3). Let us multiply the equalities

~A®y(h) + a(Wye(W)® = fi(W)h®, k€ Z

by vi(h) and add up for k € [m,n], m < n.

> frlhyor(h)h? = =Y (AP y)uy(h) + Z qi(h k(h)h*
k=m k=m
== uA®u(h) + Z i, (h (M)h? + Y1 ()

- yn+lvn(h) + ymvm—l(h'> - Umym—l(h)

_ Z ) ()RR + st (h) — gos1vm(B) (4.7)

+ ymvm—l(h) — UmYm—1

= ynvn—l—l(h) - yn+lvn(h) + ymvm—l(h) — UmYm—1
=Y fulh)oe(h)h?, m <n.
k=m

Since y(h) € L,(h), we conclude that y,, — 0 as m — —oo. Then from (2.3) it follows that
the left-hand side of (4.7) tends to y,v,1+1(h) — Ynr1vn(h) as m — —oo. Hence the sum in
the right-hand side of (4.7) has a limit as m — —oo, and we obtain

n

ynvn—i-l(h) - yn-i—lvn(h) = Z Uk(h)fk(h)h2> nez. (48)

k=—00
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Similarly, we verify equality (4.9):

[e.9]

Yortin(h) = i (R)yn = Y un(W) fi(h)h?, ne Z. (4.9)

Let us now multiply (4.8) and (4.9) by u,(h) and v,(h), respectively, and add up the
resulting equalities. Then (2.3) implies

tn (h) [YnVnr1(h) = Yni1vn(h)] 4 0n(h) (Y41 (h)un(h) = tnia (h)y]
= Yn[ons1 (Wun(h) = vp(R)unsa ()] = yuh =Y Grp(h) fr(R)1*.

keZ
After cancelling h € (0, by in the last equality, we obtain the needed representation:
Un = Yn(h) = > Gum(B) fm(B)h, n € Z. (4.10)
meZ
Thus we conclude that conditions (2.1) hold, and the inversion problem for (1.1) is regular

in L,(h) for some p € [1,00) (see Definition 2.2). Then by Theorem 2.3 we have A < oo, as

required.

Proof of Theorem 3.1. Sufficiency.

The main assertion of the theorem immediately follows from Theorem 2.3. Moreover,
since the conditions obtained for the stability of the scheme (1.1) in L,(h) do not depend on
p € [1,00) and are exact, we obtain the alternative given in A) and B) (see Theorem 3.1).
Finally, in case A) we have the representation (4.10) (see above) which concludes the proof

of all the assertions of Theorem 3.1. O

Proof of Corollary 3.1.1. If a difference scheme is stable, then the inequalities (2.1) and
A < oo hold (see (2.13)). Then inequalities (3.1) and (3.3) follows from Theorem 2.3 (see
[3]). Let us check inequality (3.2). We need the following lemma.

Lemma 4.1. Suppose that inequalities (2.1) hold. Then

_1_ di(h) Cn(h)
I < < —n| < : :
c _dn(h)_c for |k n\_[ 5 , nEZ (4.11)
If, in addition, A < oo (see (2.13)), then
1
sup sup g —————Gpm(h)h < 0. (4.12)

he(O.hol neZ S A/ (h)
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Proof. Estimates (4.11) were obtained in [3]. To prove the second inequality, we divide the

sum in (4.12) into three summands:

1 1
2 Gl m_z_oo\/ Gnm(B)h

Gn,n(h) - 1 o) (n) (n)
+ dn(h)+ > 7dm<h>Gn7m(h)h.— S (R) + S5 (h) + S (h).

m=n-+1

Let us estimate S]i")(h), k =1, 3 separately. First, from (2.9), it follows that

)y = GunlWh _ pu(Wh )
Sy (h) = .00 —\/mé Vo (R)h < e/ Ahy.

The sums an) and Sé")(h) can be estimated in the same way, so we only consider, say,
Sg(,n)(h). In the following, we use Lemmas 2.1, 2.3, 2.4, inequalities (2.9), (4.11), and formula
(2.4):

"+1(h) s=2 i=1
< ev/dpi1(R)h + c\/d, Z . (h
s=2
=c<

[
In the following, to prove inequalities (3.2), we use Holder’s inequality, estimates (4.12)

and (2.15), the symmetry of the Green function G, ,,(h), and the theorem on the change of
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summation order for multiple series with non-negative terms ([13, Ch.1,§6.2]):

1 P 1 »
—Zrn wm(R) frn(R)R| T

/

p/p
—Zrn [ZGnm ] ZG”m I fm(R)I"R| B

Z [Z Grm(P)| fim(h)|Ph| R

nez meZz -
meZ "EZ

<CZ|fm )WPh = c||f(h )HL(h
meZ

5. PROOF OF THE SECOND STABILITY CRITERION

In this section we prove Theorem 3.2.

Proof of Theorem 3.2. Necessity.

Suppose that the difference scheme (1.1) is stable in L,(h), p € [1,00]. Then, by Theo-
rem 3.1, condition (2.1) holds, and therefore the sequences {¢,,(h)}ncz and {d,(h)},cz (see
(2.6) — (2.7)) are well defined. For arbitrary n € Z and h € (0, ho|, we have two possibilities:

1) 4,(h)#0

2)  l,(h)=0.

First consider case 1). Since by Theorem 3.1 we have A < oo (see (2.13)), from (2.7) it
follows that

do(h) =ly(h)h < A<oo = L(h) <coh™. (5.1)

We choose the constant in (5.1) so that cohy ' > 1, and set ko(h) = [coh™!]. Clearly, ko(h) > 1
because coh™! > cohy' > 1. Therefore (5.1) implies

ln(h) < ko(h) < coh™,  ko(h)h < co. (5.2)
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Now, using (5.1) and (2.6), we get

n+ko(h) n-+ko(h)
co > ahh=ch™ > q(h)h’
k=n—ko(h) k=n—ko(h)
b () netho(h) (5-3)
>0(h) Y a®PP=1 = > qh)h>ql
k=n—~0n(h) k=n—ko(h)

In the case 2), with the same choice of ky(h), we obtain (see (2.6)):

n-i-k() (h)

> am)’ > gu(h)h* > 1
k=n—ko(h)
n+ko(h) c 1 c 1
RMh> 2. = >0 2 5t
= Z qk()_hco_ho Co_co
k=n—ko(h)

This immediately implies that B > 0 (see (3.4)).

Proof of Theorem 3.2. Sufficiency.

Let ¢ be a constant such that cphy' > 1 and B > 0 (see (3.4)). If necessary, let us take
a larger ¢q in order to obtain the inequality ¢gB > 1. Then, clearly, inequalities (2.1) hold,
and for all n € Z and h € (0, ho| the functions £, (h) and d,(h) (see (2.6) — (2.7)) are defined.

Furthermore, for ky(h) = [coh™!] we have

n+k0(h) 1
> aWh>=B>—, neZ he(0h (5.4)
Co
k=n—ko(h)

Clearly, ko(h) > 1 because coh™' > cohy* > 1. Therefore, 2ko(h) > coh™", and we get

n+2k0(h) n+2k0(h)
2ko(h) Y qk(h)fﬂ:?[—] Y. ah)n?

k=n—2ko(h) k=n—2ko(h)
n—+ko(h) n+ko(h)

Z a(h)h? = co Z q(h) > coB > 1.

k=n—ko(h) k=n—ko(h)

(5.5)

(=)

>

>|

From (5.5), it follows that if q(h)h? < 1, then ¢,(h) < 2ko(h) (see (2.6)), and therefore
dn(h) = £, (h)h < 2[coh™|h < 2¢y. Moreover, if g, (h)h* > 1 then (see (2.7)):

h h

= - < —
dn(h) = 1 + gn(h)h? ~ 2 <

hy.

Hence A < oo (see (2.13)), and it remains to refer to Theorem 3.1. O
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6. PROOF OF THE THIRD STABILITY CRITERION

In this section we prove Theorem 3.3.

Proof of Theorem 3.1. Necessity.

Suppose that the difference scheme (1.1) is stable in L,(h), p € [1,00]. By Theorem 3.2,
there is a constant ¢ such that cohy' > 1, and for all n € Z and h € (0, ho] we have (see
(3.4)):

ntko(h)
B,(h)= > q(h)h=B>0 for ko(h)=[coh™"]. (6.1)
k=n—ko(h)
Since coh™! > cohyt > 1, we get ko(h) > 1 and also cokg(h)™! > h. Then from (6.1), for all
n € Z and h € (0, ho), it follows that

c n-i—k‘o(h) 1 n—i—k:()(h)
0
O f—n—ko(h) 0 k=n—ko(h)

Hence S > (3¢g) ™' B > 0, as required (see (3.5)).

Proof of Theorem 3.1. Sufficiency.
Suppose that there is a constant ¢y such that cohy' > 1 and for all n € Z and h € (0, hy],
the following inequality holds:

» 1 n+ko(h)
So(h) & ———— h) > S >0, ko(h)=[coh™']. 6.2
(h) 2k0(h)+1k:r§o(h)qk( ) > o(h) = [coh™] (6.2)

Since 2ko(h) > coh™!, from (6.2) it follows (see (6.1)) that

1 TL—I—ko(h) 1 TL—I—ko(h)
0< 8 <S,(h) < 5 (h Z qe(h) < — Z ar(h)h
o(h) k=n—ko(h) 0 j—n—ko(h)
1
= C—Bn(h) = By(h)>cS = B>0 (see (3.4)).
0
It remains to refer to Theorem 3.2. O

Proof of Corollary 3.3.1. Suppose that for some hy € (0, ho|, say, the second equality of (3.6)
holds. Then for a given € > 0, there exists ng(g) such that g,(h1) < € for any n > hy(e). Fix
some ¢y such that cohy' > 1, and set ko(hy) = [cohy']. With such a choice of ¢y and ko(hy),
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for any n > ng(e) + ko(hy), we have (see (6.2)):

1 n+k‘o(h1) n+k‘o(h1)

Sul) = 55 3 (hl)_W Y oi-=- (6.3)

k=n—ko(h1)

From (6.3), it follows that

iggSn(hl) =0 = S= inf infS,(h)=0

he(0,ho] nEZ

It remains to refer to Theorem 3.3. O

7. MAIN EXAMPLE

In this section we prove Theorem 3.4.

Proof of Theorem 3.1. Necessity.

Suppose that equations (1.5) — (1.6) is correctly solvable in L,(R), p € [1,00]. Then by
Theorem 2.4, there exist a > 0 and € > 0 such that

r+a
/ q(t)dt >e >0, VzeR. (7.1)

Without loss of generality, we may (and shall) assume a > 1. Consider the difference scheme
(1.1) - (1.7) with hy = 1. Let ¢y = 2a, ko(h) = [2ah™']. Then, clearly, ko(h) > ah™!, and
therefore for any n € Z, we get (see (6.1)):

n+ko(h) n+ko(h) zy+h
B=2 Y = S [
k=n—ko(h) k=n—ko(h) Y Tk
Zntko(h)h Tn+a
2/ q(t)dtzf g(t)dt > = > 0.
xn—ko(h)h Tpn—a

Hence B > 0 (see (3.4)), and by Theorem 3.2 we conclude that the difference scheme (1.1) —
(1.7) is stable in L,(h), p € [1, c0].

Proof of Theorem 3.4. Sufficiency.
Let ho = 1, and let the difference scheme (1.1) — (1.7) be stable in L, (h), p € [1, c0]. Then
there exist ¢y = cohg > 1 and € > 0 such that

n—i—k:()(h)
Y ahh > for ko(h)=I[coh™'], h € (0,1]. (7.2)
k=n—ko(h)
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From (7.2), taking into account (1.7), it follows that

TL—I—ko(h) 1 n+k0(h) zi+h
< Y ab—y > [ awa
k=n—ko(h) k=n—ko(h) Y T&—h
xn+ko(h)h Tn+co
< / g(t)dt < / ()dt, nez.
Zn—ko(h)h Tn—co
Thus for x,, = nh, h € (0,1] and for any n € Z, we have
Tn+Co
/ q(t)dt > e > 0. (7.3)
Tn—Co
Then for any = € (z,, — h,z, + h) and any n € Z, h € (0, 1], we get
z+2cq Tn+cCo
/ g(t)dt > / g(t)dt > = > 0. (7.4)
r—2co Tp—Co
From (7.4) it follows that go(2co) > 0 (see (2.16)), and by Theorem 2.4, we conclude that
equations (1.5) — (1.6) is correctly solvable in L,(R), p € [1, o0]. O
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