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ABSTRACT. We consider a difference equation
h 2 APy, + gu(h)yn = fa(h), n€ Z ={0,£1,42,...}, (1)
where h € (0, ho], ho is a fixed positive number,
APy, = ypi1 = 20+ Yn-1, € Z; f = {falh)}nez € Ly(h),p € [1,00),
Ly(h) = {f < 1f o, < oo}, If15 oy = D [fal)IPh, and

nez

k=—o0

We obtain necessary and sufficient conditions under which assertions I) - II) hold together:
I) for a given p € [1,00), for any f € L,(h), (1) has a unique solution

y = {yn(W)}nez € Ly(h) (regardless of h), and y = (Gf)(h) ' {(Gf)n(h)}Inez
(GHalh) = 5 Grm(B) (W), 1 € Z.

1) Nlyllz,m < clp )HfHL () for any f € Lp(h).
Here ¢(p) is an absolute positive constant, {G m(h)}n,mez is the difference Green
function corresponding to (1).

1. INTRODUCTION

In this paper, we consider a difference Sturm-Liouville equation (three-point difference

scheme)
—h2APy 4 g (W)yn = fu(R), ne Z={0,+1,+2,...}, (1.1)

where here and throughout the paper h € (0, hg], ho is a fixed positive number,
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APy =y =2+ g1, n€Z fE{fulh) ez € Ly(h), p € [1,00),

Ly(h) S {F N Fllpm < 00}, FIG, 0y = D | falR)IPh,

nez

0 <gn(h) <00, neZ he(0,h. (1.2)
Our goal is to study conditions under which certain properties of the inversion of (1.1) do

not depend on h. To be more precise, our main result (Theorem 1.1 below) is a criterion for

I) — III) to hold together:

I) for a given p € [1, 00), for any sequence f € L,(h), (1.1) has a unique solution y € L,(h)
(regardless of h),
IT) for any h, for any sequence f € L,(h), the solution y € L,(h) of (1.1) satisfies the

inequality

1yl L,y < c@)If]L,m) (1.3)

where ¢, is an absolute positive constant;
III) for any h, for any sequence f € L,(h), the solution y € L,(h) of (1.1) admits the
following representation:

v E(GHR) ELCHW) nezs  (GHalh) =D Cum(B) fu(R)h. (1.4)

meZzZ

Here {G,.;m(h)}n.mez is the difference Green function corresponding to (1.1):

Un(h)vp (h), n>m

un(h)va(h),  n<m (1.5)

Gnm(h) = {
and {u,(h),v,(h)}.ez is a special fundamental system of solutions of the equation (see §2)

h2A® 2, = g (h)z, n € Z. (1.6)

Definition 1.1. [6, 7] If I) — III) hold, we say that the inversion problem for (1.1) is regular
in L,(h).

It is known that the inversion problem for (1.1) is regular in L,(h), p € [1, 00) provided
qn(h) >e>0 for neZ he(0,h) (1.7)

(see [6, 7], the case p = oo is studied in [9]).
Thus the question whether I) — III) hold remains open for those equations (1.1) whose
potential ¢ = {g,(h)}nez is not separated from zero in the sense of (1.7) (for example, if ¢

is an oscillating sequence). We study this problem in the present paper.
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Let us now formulate our main result, Theorem 1.1. In Theorem 1.1 we assume that the

sequence q = {qn(h)}nez satisfies, in addition to (1.2), another condition (1.8)

n

Z qx(h) >0, qu(h) >0, forany neZ. (1.8)
k=n

k=—o0
Note that the combined requirement (1.2) and (1.8) is satisfied, for example, for all non-
negative oscillating sequences {q,(h)},cz which are not identically zero at too. In addition
to condition (1.8), we also need auxiliary sequences £, (h)ncz and {d,(h)}ncz which are
well-defined provided (1.2) and (1.8) hold:
0 it gu(h)R2 > 1

tnh) = II11I1 {] Jj Tg:] qs(h)h? > 1}, if g.(h)h* <1 (1.9)

s=n—j

4(h) = {h(1+qn(h)h2)‘1 it ¢,(h) (110

ln(h)h, it £,(h) 7&
The sequences £, (h)nez and {d,(h)}nez were first used in [1].

Theorem 1.1. Let p € [1,00). Under conditions (1.2) and (1.8), the inversion problem of
(1.1) in L,(h) is reqular if and only if

Alg) < oo,  AlQY sup supda(h). (1.11)
he(0,ho] nEZ

Corollary 1.1.1. Suppose that the inversion problem for (1.1) is reqular in L,(h). Then the
solution y = {yn(h)}nez of (1.1) (see (1.4)) satisfies the inequality

1/p
g7 yll ) = (qu )ym (h I”h> < e(p) A" £l Lpn)- (1.12)

meZ

Here c(p) is an absolute positive constant. In particular, for p = 1 the solution of (1.1)
satisfies the following estimate:

_ def
1R 2 APyl iy + gyl < 31 flawy, £ € Li(h), APy

{APy }ez. (1.13)
Remark. For ¢,(h) > ¢ >0,n € Z, h € (0, hy], estimate (1.13) was obtained in [12].

Condition (1.11) does not contain ¢ = {g,(n)}nez explicitly and therefore some expla-
nation is necessary. It is convenient to begin with possible applications of Theorem 1.1.
It is known that a difference scheme (1.1) satisfying only I) — II) (and not I) — III) as in
Definition 1.1) is said to be stable in L,(h). To study conditions for stability is one of the

main problems of a priori analysis of concrete difference schemes (see, for example, [11]).
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Note that if the inversion problem of (1.1) in L,(h) p € [1,00) is regular, then the difference
scheme (1.1) is automatically stable. Hence Theorem 1.1 can be used as a sufficient con-
dition ensuring stability of a given difference scheme (see [7] for such examples). However,
the main application of Theorem 1.1 is that it can be used for obtaining various forms of
stability criteria of the difference scheme (1.1). In particular, this method is used for proving
equivalent theorems, Theorems 1.2 and 1.3 (the proof will be given in our forthcoming paper
2], see [9] for the case p = 00). In these theorems, condition (1.2) is assumed to hold without

special mention.

Theorem 1.2. For any p € [1,00], the difference scheme (1.1) is stable in L,(h) if and only
if condition (1.8) and inequality A(q) < oo hold (see (1.11)). In particular, one of the two

following assertions holds:

«) the difference scheme (1.1) is stable in L,(h) for all p € [1, 00];
B) for all p € [1,00] the difference scheme (1.1) is non-stable in L,(h).

Moreover, in the case «) for any sequence f € L,(h), p € [1,00] the solution y € L,(h) of

equation (1.1) admits representation (1.4).

Thus, we see that Theorem 1.1 is an assertion close to the unconditional criterion of Theo-
rem 1.2. In particular, the “sufficiency part” of Theorem 1.2 is an immediate consequence of
Theorem 1.1. In addition, Theorem 1.1 allows one to overcome all the technical difficulties
arising in the proof of the “necessary” part of Theorem 1.2 (see [2]). Note that the con-
ditions of Theorem 1.2 are more suited for studying conditions of schemes (1.1) of general
form rather than for checking stability of concrete difference schemes ([7]). For applications,

it is more convenient to use Theorem 1.3 where the meaning of condition (1.11) is finally
clarified.

Theorem 1.3. For any p € [1,00], the difference scheme (1.1) is stable in L,(h) if and only

if there is an absolute positive constant cy such that cohy® > 1 and B > 0. Here

n-i—k‘o(h)

e def [Co

pe g S o [
=n—~ko

Thus, under condition (1.8), the complicated requirement (1.11) is equivalent to condition

(1.14) which is simple and convenient for applications. For more details on (1.11), see [2].
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Additional remarks. This work is based on statements from [6, 7]. It can be viewed as a
natural continuation of [1, 3, 4, 5, 8, 12]. Here we strengthen and repeatedly use methods

and tools from these works.

2. PRELIMINARIES

Throughout the sequel we denote by ¢ absolute positive constants whose values are not
essential for exposition and which may differ even within a single chain of calculations. We

also always assume that conditions (1.2) and (1.8) are satisfied.

Theorem 2.1. [6] There is a FSS {u,(h),v,(h)}nez of equation (1.6) such that for n € Z,
h e (0, ho] N

0 < upt1(h) < un(h), Upt1(h) > vu(h) >0,

Moreover, ) ) )
. vp(h) iy Un h)
() ) T

Theorem 2.2. [6] For p € [1,00), the inversion problem for (1.1) is regular in L,(h) if

H<oo, H f sup sup Z Gnm(h)h. (2.2)
he(0,ho] nEZ med

Theorem 2.3. [6] Let p,(h) = un(h)v,(h), n € Z. Forn,m € Z and n # m, the Green
function G m(h) (see (1.5)) admits a representation of Davies-Harrell type (see [10]):

—-1/2
uk(h h
V(1) pm(h H [ Ui O pk(m] ) BT

Gnm(h) = _ (2.3)
VPa(h)pu () H w17 n>m
pm “k+1(h pi(h) ’ ’
Theorem 2.4. [7] Forn € Z, one has the following inequalities (see (1.9) — (1.10):
87'd,(h) < pn(h) < 16d,(h), h € (0, he). (2.4)

Note that technical assertions from [7] which are required for the proofs are given where

needed.

3. NECESSARY CONDITIONS FOR REGULARITY OF THE INVERSION PROBLEM

In this section, we prove the “necessary” part of Theorem 1.1. We need some auxiliary

assertions.
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Lemma 3.1. [1] For everyn € Z, h € (0, ho|, the following inequalities hold (see (1.9)):

0a(h) =1 < Lyar () < 6u(R) + 1, Lo(h) —1 < £y (h) < bo(h) + 1. (3.1)

Remark. Lemma 3.1 (as well as some other auxiliary assertions of this paper) was obtained
n [1] under the assumption ¢,(h) > ¢ > 0 for alln € Z, h € (0, ho]. The paper [1] was never
published in its detailed form, and Lemma 3.1 was not included in the text. In the sequel,

references to [1] indicate that the corresponding assertions were used for the proof of results
of [1].

Proof. The inequalities for ¢,1(h) and ¢,_1(h) from (3.1) are verified in the same way;
therefore, we only prove the estimates for ¢,,,1(h). To prove the upper estimate from (3.1),
we consider two separate cases: 1) £,.1(h) =0; 2) £,.1(h) # 0.

DIl 1(h)=0=/{,11(h) =0<1<1+{,(h)since £,(h) >0 forn € Z.

2) Let £,41(h) # 0. Denote

n+j

n)=34 Y q(h)h? j>1, he(0,h. (3.2)

k=n—j
In (3.2), j := jo = ¥n(h) + 1. Consider two separate cases: 2a) ¢,(h) = 0; 2b) ¢, (h) # 0.
2a) If ¢,,(h) = 0, then by (3.2) and (1.9) for j = jo = 1, we obtain

n+1+4+7jo n+2
Py(n+1)= > ¢ qu )h? > gn(R)h* > 1.
k=n+1—jo

Therefore, £,,1(h) < jo = {,(h) + 1.
2b) If ¢, (h) # 0, then

n+Ln (h)+2 n+Ln(h)
Pyn+1)=(ta(h)+1) Y au(h)h? > 6(h) > qu(h)h? > 1,
k=n—~Ln(h) k=n—~Ln(h)

and then ¢, 1(h) < jo = £,(h) + 1 in view of (1.9), as required.

Let us now check the lower estimate from (3.1). If ¢,(h) € {0, 1}, then £,(h) — 1 <0 <
lpy1(h) since £,1(h) >0 forn € Z, h € (0, hy]. For ¢,,(h) > 2, consider two separate cases:
a) lo(h) > 2; B) Ln(h) = 2.

a) If £,,(h) > 2, then for j = jo = 2, by (1.9) we obtain

n+2

Py(n) =2 Y qu(h)h* <1= qua(h)h® < 1.

k=n—2
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Hence ¢,,1(h) is defined by the lower row of (1.9). Let j = jo = ¢,,(h) — 2. Here jo > 1 and

n+€n(h)—1 n+€n(h)—1
Py(n+1)=(la(h) =2) DY qh’ < (l(h)—1) > q(h)h* <1,
k=n—~£n(h)+3 k=n—~£,(h)+1

Hence (,,11(h) > ¢,,(h) — 2 in view of (1.9), i.e., £, 1(h) > £, (h) — 1.
B) If £, (h) = 2, from (1.9) it follows that

n+1
Pi(n) = Y q(W)h® < 1= gu(h)h® < 1.
k=n—1
Hence, as above, {,1(h) > 1,ie., l,11(h) >1=2—-1=1/{,(h) — 1. O

Lemma 3.2. [1] For every n € Z, the following inequalities hold:
97V, (h) < dp(h) < 3-27du(h) if |m—n|h < 27'd,(h), m € Z. (3.3)
Proof. Consider two separate cases: 1) £,(h) > 2; 2) £,(h) < 2.
1) If ¢,(h) > 2 = d,(h) = {,(h)h, and the requirement on m in (3.3) is of the form
Im —n|h <27, (h)h = n —27",(h) <m <n+27",(h), m € Z (3.4)

Let, for example, m =n+k, 0 < k < [2714,(h)]. We use (3.1). Let us add inequalities (3.5)
and (3.6) for s = 1,k :

£n+s(h) S £n+s_1(h> -+ 1, S = 1, 2, couy k (35)

logs(h) > logps—1(h) —1, s=1,2,... k. (3.6)
We obtain (3.7) and (3.8):
Ui (B) < Lu(h) +k < €o(h) + 270 (R)], k=1,2,...,[27 4, (h)], (3.7)

losr(h) > Lo(h) — k> Ly(h) — 2710, (R)], k=1,2,...,[27%,(h)], (3.8)
and, finally, (3.9) and (3.10):
Co(h) = 270 (R)] < ln(h) < Lo(h) + [27 100 (R)], (3.9)

1
for |m—n|< §£"(h)’ me Z,

1
27, (h) < lm(h) <3-27%,(h), for |m —n|< §€n(h), m € Z. (3.10)

Since £, (h) > 2, one has ¢,,(h) > 1, in view of (3.10) and d,,(h) = £,,(h)h (see (1.9)).
Therefore, (3.10) implies (3.3):

271, (h)h = 27V, (B) < L (R)h = dy(h) < 3.- 27, (R)h = 3- 27" d,,(h).
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The case m =n — k, k = 0,271, (h)] can be considered in a similar way.

2) Let £, (h) < 2. Consider two separate cases: 2a) {,(h) = 1; 2b) £,(h) = 0.

2a) If £,(h) = 1, then d,,(h) = £,(h)h = h (see (1.9)) = |n — m|h < 27 d,(h) =27 h =

m = n and the assertion is obvious.

2b) If £,(h) = 0 = d,,(h) = h[1 + g,(h)h?]™* < & (see (1.9)). Hence, as in 2a), m = n;

and the assertion is obvious.

0

Lemma 3.3. [7] Forn € Z, j > 1, a FSS {u,(h),v,(h)}nez of equation (1.6) satisfies the

following equalities:

s () — ) = 101) — 1) 53 e W,

s=0 k=0

j(un—l(h> - un(h)) = un( un—i—j + Z Z qn+k Un+k )h2.

s=0 k=0

Lemma 3.4. A FSS {u,(h),v,(h)}nez of (1.6) satisfies the following inequalities:

n+j—1

J(Ona(h) = va(h)) S va(WL+5 Y @B, j =1,

k=n—j+1

n+j—1

Jlun—1(h) = un(h)) Sun(M)[1+5 > q(h)p?, j>1.

k=n—j+1

Proof. From (2.1) and (3.11), it follows that

s ) — 1)) 1) 4 000 3 )

s=0 k=0

(3.11)

(3.12)

(3.13)

(3.14)

= v, (W)L + jgu(h)h* + (5 — 1)gn_1(R)R* + -+ + gu_jr1(R)1?]

< (b1 ) (e

k=n—j+1

The case (3.14) can be considered in a similar way.

Lemma 3.5. Letn € Z and £,(h) > 1. Then

Va1 (h) < (1446, (h) ™" )va(h),

Uy 1(h) < (1 +46,(h) " Hu,(h),

(3.15)

(3.16)
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Proof. Both estimates are proved in the same way. Let us verify, say, (3.15). Consider two
separate cases: 1) £,(h) > 2; 2) £,(h) = 1.
1) In (3.13), j := £,,(h) — 1. Then by (1.9) we get

(a(h) = D[ons1(h) = va(B)] < va(h) |14+ (Ga(h) = 1) > a(h)h?

Son(h) [T+ (La(h) =1) DY qu(h)h®| < 20,(h).

Since £, (h) — 1 > 27, (h), this implies
27 (M) [vng1(R) = vn(h)] < 20n(h) = vny1(h) < (14 46a(h) ™ )va(h).
2) Since £, (h) = 1, one has ¢,(h)h? < 1 (see (1.9)). Then from (2.1)) it follows that
Vns1(h) = n(h) = vn(h) = Vi1 (h) + gu(R)h*va(h) < (14 gu(R)h*)va(h) < 2va(h).
Therefore,

Uns1(h) < 3vn(Rh) = (14 26, () Mva(h) < (1 + 4, (h) VYo (h).

]
Lemma 3.6. Letn € Z. If {,,(h) > 2, then
U210, ()1 (1) < exp(8)vn(h), (3.17)
Un—[2=10,()]—1(h) < exp(8)un(h), (3.18)
Un(h) < exp(8)v,-pz-14,n) (h), (3.19)
un(h) < exp(8)unt2-16, ) (h)- (3.20)

Proof. Inequalities (3.17) — (3.20) are checked in the same way. Let us prove, say, (3.17).
Note that ¢(h) > 1 if

E=nn+1,....,n+[27.(Rh)], £u(h) > 2. (3.21)
Indeed, Lemma 3.1 gives for such k

(p(h) > min{l,(R) :p € n,n+1,...,n+ 27, (h)]} > £, (h) — [27,(h)]
> 90271, ()] — 2 (B)] = 27 (1)] > 1.
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In addition, d,,(h) = £,(h)h because ¢, (h) > 2, and therefore from (3.3) it follows that

271, (h) < lp(h) <3-27%,(h), k=n—[2"Y,(h)],n+[27,(h)]. (3.22)
For the same k as in (3.22), we obtain using (3.21), (3.15) and (3.22) that
vps1(h) < (1 + 40,1 (h))vg(h) < (1486, (h))vk(h). (3.23)
Let us multiply inequalities (3.22) over k =n,n+1,...,n+ [27%,(h)] :

Unio-team1(R) < (148, (h)~HE W1y, (p)
< (14 86,(h) )2 0y (B) < (1 + 86, (h) )Pl (B)

= (1480, ()1 ™ 0 () < exp(8)um(h).

Corollary 3.6.1. Letn € Z. If {,(h) > 2, then

a v, (h) < vp(h) < avy(h), k=n—[271,(h)],n + [271,(h)], a = exp(8), (3.24)

a tun(h) < ug(h) < au,(h), k=n— 27, (h)],n + [2714,(h)]. (3.25)
Proof. Estimates (3.24) — (3.25) follow from Lemma 3.6 and (2.1). O

Proof of Theorem 1.1. Necessity. We have to show that if I) — IIT) hold, then A(q) < oo (see
§1). Let
Ao(h) = sup{d,(h) : £,(h) =0}, h € (0,h

nez

Ay (h) = sup{dn(h) : Lu(h) = 1}, h € (0, ho]

nez

As(h) = sup{dy(R) : (k) > 2}, D€ (0, hy).

nez
Since for ¢,(h) = 0 and £, (h) = 1 we have, respectively,

dp(h) = h[1 + gu(hW)R*] ™ < h < hg;  dn(h) = h < hg,

it follows that max{Ag(h), Ay(h)} < ho for h € (0,hg] and A(q) < oo if A(q) < oo,
A(q) = sup Ay(h).

he(0,ho]
Let us show that A(q) < co, provided I) — IIT) hold. Fix h € (0, h], and let Zy(h) = {n €

Z :ly(h) > 2}. For n € Zy(h) set f = {fi(")}iez

w )L if |i—n|<[271,(h)]
fiv = {0, if i —n|>[27%,(h)]. (3:26)
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Since I) — IIT) hold, equation (1.1) with (3.26) on the right-hand side has a unique solution
y = {yi(")(h)}iez in L,(h), and it is determined by formula (1.4), i.e

7 00

w0 = wi(h) Y o)DM+ vilh) S wn () [ ()R, i€ Z. (3.27)

m=—oo i=m+1
Let i € n — [27%,,(h)],n 4+ [27%,,(h)]. In the following estimate we use (3.27), (3.26), (3.24)-
(3.25), (2.4) and (1.10):

i n+27 e (h)]
() Zuwh) YT e Wb )Y wa() D ()
m=n—[2"1£4y,(h)] m=i+1
i n+[27 1 (n)]
=u(h) > vpWhtuh) > un(h)h 499
m=n—[2"14,(h)] m=i+1 ( : )
n+2- 1, ()]
>clug(h)oa(h) Y h=cpu(h)(2[27 0 (R)] + DA
m=n—[2"14,(h)]
> ¢ 'd, (h) (€, (R)h) = ¢ d,(h)%
Below we use (1.3), (3.28) and (3.26):
IGFIE, o
00 > sup ]|G||Lp W—Ly(hy = SUP  SUD e
he(0,ho] he(0,ho] 0#fELp(h) ||fHLp(h)
eI DR OIRY
> sup  sup = sup SUp ——
he (0ol nezotm) IFONE oy ||L he(0,h0] neza(h) (2[27 1, (R)] 4+ 1)h
1 n+[2’1€n(n)]
(n)
> sup  sup — ly; " (R)[?
e ol neza(r) 227 n(R)] +1 i:n_[zzmn
n+[27" 4 (h)]
. do(h) " .
>c ! osup  sup l=c! sup sup d*(h).
he(0,ho] n€Za(h [ 1£ (h'>] _'_1 [221[ ()] he(0,ho] n€Z2(h)
O

4. SUFFICIENT CONDITIONS FOR REGULARITY OF THE INVERSION PROBLEM

In this section, we prove the “sufficient” part of Theorem 1.1. We need some auxiliary

assertions.

Lemma 4.1. Consider the function

Yu(h) =n—[27%,(R)], ne€ Z, he(0,h (4.1)
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Forne Z, h € (0,ho] one has

wn(h) < ¢n+1(h) < %(h) + 2> (4'2)

Proof. From (3.1) for n € Z, h € (0, ho), it follows that

271 (Ca(h) = 1)] < 27 g (R)] < 277 (Ga(R) + 1)), (4.4)

271 (Ca(h) = 1)] < 27 (B)] < [271(€a(R) + 1)) (4.5)

For k=0,1,2,..., we consider two separate cases: 1) ¢,(h) = 2k; 2) {,(h) =

1) If £,(h) = 2k then ¢, (h) = n —k, 27 (l,(h) —1)] = k — 1, 27, (h
Together with (4.4) — (4.5), this implies (4.6), and (4.6) implies (4.7):

2k + 1.
)+ 1)] = k.

27 (W] = 1=k —1=[27"(ta(h) = D] < 27 uma ()] < [27'(Ca(R) + D] =k, (4.6)

27 (h)] = 1 < 27 asa (R)] < [27 M n(R)]. (4.7)
2) In this case ¥, (h) = n—k, [271(l,(h) —1)] = k, [271(L,(h) +1)] = k + 1. Together with
(4.4) — (4.5), this implies (4.8):
27 ()] — 1 =k~ 1< k= 27 (6u(h) — 1)] < 27 s ()

(4.8)
<[27Ml(R)+ 1)) =k+1=[2"",(h)] + 1.
We thus have obtained the common conclusion of 1) — 2):
27, (h)] — 1 <27 a1 (R)] <27 (R)] +1, n€ Z, h € (0, he). (4.9)

From (4.9), for n € Z, h € (0, ho|, we derive (4.2) and (4.3):
Yo(R)+2=n—12",(h)]+2=n+1)— (27, (R)] —1) >n+1—[2" " 1(h)]
= a(h) > 01— (27 ()] + 1) = n— 271 ()] = o (B),

Un(h) =n = [270(R)] = (n — 1) = (27 6(R)] = 1) = n — 1 = [274,1(R)]
=Yn-1(h) 2n—1— (27 (W] +1) =n— 27 (h)] — 2 = thu(h) — 2.

Lemma 4.2. For every j € Z there isn € Z such that

J—=1<tn(h) <. (4.10)
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Proof. Consider the function m;(h) :
mj(h) = 1I;f{n n€Z, Po(h) >4}, he(0,hg. (4.11)
nzj

Let us verify that m;(h) is well defined, i.e., for every j € Z there exists n € Z such that
n > j and ¢, (h) > j. Assume the contrary. Then there is jo € Z such that ¢, (h) < jo for
any n > jo. If for n > jo the value ¢, (h) is bounded, this is impossible because in this case

n(h) — 00 as n — oo. Let now £, (h) — oo as n — oo. Then for n > 1, (1.9) implies
n+Ln(h)—1

(a(h) =1) Y q(h)h* <1, (4.12)

k=n—tn (h)+1
But n — £,(h) +1 < n—[271,(h)] < jo and therefore from (4.12), it follows that

n+Ln(h)—1

(La(h) =1) > qu(h)h® < 1. (4.13)

k=jo
Then the condition ¢, (h) — 0o asn — oo, and requirement (1.2) and (1.8) contradicts (4.13),
as required. Let us now return to (4.10). Consider three separate cases: 1) ¥ ) (h) = J;
2) Yy (h) = J + 1, 3) tm;my(h) > j + 2. Clearly, in the case 1) we have (4.10), and the
lemma is proved. Let us verify that case 3) cannot occur. Indeed, if ¥, (n)(h) > j + 2 then
by Lemma 4.1 we get

Um;(m-1(h) = Y,y (h) =22 j+2-2=.

On the other hand, by definition (4.11) we have ¥, n)-1(h)

< j — 1, contradiction. We now
turn to case 2): Y, ny(h) = j+1. By Lemma 4.1, ¥ ny-1(h) > ¥mymy(h) —2=7+1-2 =

j — 1. Using definition (4.11) once again, we get ¢, (n)-1(h) < j—1. Hence ¢y, (-1 = j — 1,
and the lemma is proved. O
Throughout the sequel we denote 2/ = Z \ 0 = {£1,£2,...}, [m,p] =

{m,m + 1,...,p} for m < p; [m,p] = {m} for m = p, and m,p € Z. The sets [m,p),

m < p will be called segments.

Definition 4.1. [1] Let n € Z be given. A system of segments A, = [A,Af],
A7 < AT A7 and AY € Z, s € Z' is called a Z(n)-covering of Z if the following con-
ditions hold:

1) A;NAy =0 for s # ¢,

) U Av=( . n—2.n-1], ['leS:[nH,nm,...).

S§=—00

Remark. The segments of a Z(n)-covering do not contain the point n.
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Lemma 4.3. For every n € Z there ezists a sequence {ks}scz such that one can form a
Z(n)-covering of Z from the segments {Ay, A} ez where
D A=Al = [k k] = {k} i G (h) € {01},
2) A, = [k — 27, (W] + 1, ko + 27, (W] if e (h) > 2
A = [ks = 270 (W), Ko + 270 (W) if O, (R) > 2.

Proof. Let us contruct the segments Ay, Ay, ... of a Z(n)-covering of Z. (The segments

A_1,A 5, ... can be constructed in a similar way). Let n € Z be given. Consider three
separate cases: 1) l,11(h) = 0; 2) lyy1(h) = 15 3) L (h) > 2.
) If€n+1< = 0 then ]{31 ::n+1, Al = ]{51.

)
2) If ,41(h) =1 then ky :=n+ 1, Ay := k.
3) If £,11(h) > 2 then by Lemma 4.2, there is a point k; € Z such that k; > n and
n < g (h) =k — 27, (h)] <n+ 1.
Then, if ¢y, (h) = n, we set Ay, :=ky — 27, (R)] + 1, ki + [274, (R)]]. If ¢y, (R) = n + 1,
(k1 — [27 M (R)], ey + [27 1, (R)]).

Thus we have constructed the first term of the sequence {ks}32; (the number k1) and the

we set Ay, 1=

first segment A; of a Z(n)-covering of Z. Suppose that k,, and A,,, m > 1 are constructed.
In order to construct k,,,; and A,,,1, one then has to make the same operations with the

number AT as we made with the number n when constructing k; and Aq, etc. O
Remark. Assertions similar to Lemmas 4.1 — 4.3 were used in [1].

Lemma 4.4. Let the segments {As}sez form a Z(n)-covering of Z. Then for every s € Z'

one has

def h 1 190
R Rl 4.14
W T] (2 )2 1)

kEA,
Proof. According to Lemma 4.3, we consider three separate cases: 1)l (h) = 0;2) lx (h) = 1;
3) L, (h) > 2.
1) If ¢, (h) = 0, then by definition (4.14), (2.1), (1.10) and (2.4), we get

ug, (h) h h h 1+ g (h)R* _ 9 _ 50
Ti(h) =1+ — > 1+ >lt =1l —2> - > —.
W= ) o) = o = o () 16 “87 1
2) If 4y, (h) = 1, then we proceed as in 1) and obtain
up,(h)  h h 17 50

T,(h) =1+ >4 =

— > —.
ukSH(h) pks(h,) - 16€ks(h)h 16 49
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3) If ¢y, (h) > 2, then we proceed as in 1) and use, in addition, Lemma 3.2. We get

Tu(h) = I (1+% %) > 11 (H )) kg (H 16d}:(h))

keAg keAg
ho 9 1 h 227, ()]
> 12 N ET
> ]] < 163 4, (h)) = < +24dks(h)>
keEA;
> 1
—< 24@ ) < +24£ks<h>)

A8 ) Y 50
=49 24€ks(h) 19’

O

Corollary 4.4.1. Let A(q) < oo (see (1.11), v = 23, and suppose that for some n € Z the
segments {As}sez form a Z(n)-covering of Z. Then (see (1.5) and (2.3))

1

G,ar(h) <16A(gy"2, s=1,2,... (4.15)

s|—1

Gn,Aj (h) S 16A(Q)7‘ z o, s = _17 _27 s (416)

Proof. Both inequalities are proved in the same way. Let us establish, say, (4.15). Consider
two cases: 1) s =1; 2) s > 2.

1) For s =1 we get
Gaz () = va(h)uni1(h) < va(h)un(h) = pu(h) < 16A(q).

=1

2) If s > 2, then Ay > n+ 1, and by (2.3) and (4.14) we get

e et ]

h —1/2 s—1
< 16A(q { ] = 16A(q) | [ T:(h) /2
Hkg up1(h) pr(h) ( )g (R)
< 16A(g)yT

O

Proof of Theorem 1.1. Sufficiency. It suffices to show that (1.11)) implies (2.2). For fixed
n € Z and h € (0, ho|, we consider the sum

00 n—1
> Gum(h= Y Gum(h)h+ Gpu(h)h + Z Grm(h (4.17)

m=—oo m=—o00 m=n+1
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By (2.4) and (1.11), we get
Gnn(h) = pn(h)h < 16d,(h)h < 16A(q)ho,

and therefore it remains to estimate the sums in (4.17). The estimates for both sums are

proved in the same way, so we only consider the second sum. Below we use a Z(n)-covering
of Z, (4.15), (2.3), (2.1) and (1.10):

i Gn,m(h)h:iZGm h<ZG (Z )h

m=n+1 s=1 keAg keA

< cA(g) D (L(h) +1)hy'T < cA(g)[Alq) + hol.

]
5. CONSEQUENCES OF THE MAIN RESULT
In this section, we prove Corollary 1.1.1.
Proof of Corollary 1.1.1. We need the following lemma.
Lemma 5.1. [6] One has
qu Gom(h)h <1, neZ (5.1)

meZ
Suppose that assertions I) — III) from §1 hold. Let f € L,(h), p € [1,00), and let y be
the solution of (1.1) (see (1.4)). In the proof of (1.10) presented below, we use Hélder’s
inequality, (5.1), symmetry of Gy, ,,(h) and a well-known theorem on changing the order of

summation for multiple series [13, Ch.I, §6.2]:

1/p
gyl = (an My (h |ph>

p 71/p
= [an(h) > Gu(h) fn(R)R h]
. " p/p’ 1/p
<Y au(h) (Z Gn,m(h)h> (Z G (D) frn (R |ph>

1/p
< cA()” [Z IOl (Z qn<h>Gn,m<h>h) h]

meZ nez

< A" £l

Estimate (1.13) then follows from the triangle inequality. O
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