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A Recent Monthly Paper

Almost All Integer Matrices Have No Integer
Eigenvalues, G. Martin and E. B. Wong,
Amer. Math. Monthly 116 (2009), 588-597.

We want to deal with (specific) exceptions.
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Highlights

m Certain matrices with integer entries have,
conjecturally, integer eigenvalues only.

m Partial results are known.

m The multiplicity of the zero eigenvalue has
an algebraic interpretation.
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A Signed Graph: Vertices

m [O0,r]={01,...,r}
mFork>0 and O0<a,b<k+1 let

Q, (a,b) = set of all pairs (U,V) s.t.

U,V c[0k], U|=a, [|V|=h
= Weight: wt(U,V):=> u+> v
ueU veV

m Q (a,b,w) = setofall (U,V)eQ, (a,b)

with weight w.
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A Signed Graph: Vertices (cont.)

m Example: a=b=2, w=4.

m k=01 Q(2,24)=9

m k=2: Q (224)={(12,01),(02,02),(01,12)}

m k=3: Q(224) ={(0301),(12,01),(02,02),
(01,12),(01,03)}

u Note: w,, [aj(bj W, = k(am)_[aj_[bj
2 2 2) \2
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A Signhed Graph: Edges

m For (U,V),(U,V)eQ, (ab,w)
and ueU,veV, zeZ, write
(U V)(u;Z)(U V) if

(U \{u})u{u+ 7

vV \{vp)uiv-27

+v<k

1.U
2\7
3.



" J
A Signhed Graph: Edges

m For (U,V),(U,V)eQ, (ab,w)
and ueU,veV, zeZ, write
U,vV) ~ U,)V) If

(u,v,z)

U u
1. U = (U \{u}) Ufu+ 2 A\
2. \7 vV \{V}){v-2 § /
3 u+v<k U u+z



" A
A Signed Graph

m G, (a,b,w) = graph with vertex set Q, (a,b,w)

and edges corresponding to the various
U,V) ~ (U,V).

(u,v,2)

m Loops and multiple edges may occuir.
m Aftach signs to edges:



" A
Signs

m For u=(U,...,u,), U=(0,...,0,) define:
g(u,0)=0 If U or U hasrepeated elements;
g(u,b) =sign(o)sign(z) if

Uy <---<U,y, Uy <...<U

m For U={u,...,u}, U={u,..,u+z..,u}
where U, <...<U,, define
e(U,U)=¢((u,...,u),(u,...,u +z,...,u)).

m s((U,V),(UV)=¢U,U)-gV,V) -

z(a)”
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Signed Adjacency Matrix

m T (a,bw)= the (signed) adjacency matrix
of the graph G, (a,b,w).

Note:

m Diagonal elements are nonnegative
Integers.

Off-diagonal elements are 0, 1 or —1.
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Signed Adjacency Matrix

m Example: k=3, a=2

(4 1

1 4

T.(a,bw)=| 1 O
0 1

b=3 w=8

o O wWw O BB
© w O +—» O
o
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Conjectures

m Conjecture: [Hanlon, '92]

All the eigenvalues of T (a,b,w) are
nonnegative integers.
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Conjectures (cont.)

mLet M, (X y,4)=> m(abr)xy’A

a,b,r

where m(a,b,r)= multiplicity of r as an e.v.

of T .(a,b) =T, (a,b,w).

m Conjecture: [Hanlon, ’92]
M, (X, Y,A) = H(l+ X + y+/1'+1xy)

Still open (in general)'
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" J
Background

m Macdonald’s root system conjecture
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" J
Background

m Macdonald’s root system conjecture

m Hanlon’s property M conjecture:
H. (L ® C[t]/(t*™") = H, (L)®*Y

where the Lie algebra L is either
* semisimple, or

* upper triangular (nilpotent), or

* Heisenberg (nilpotent)
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" J
Background

m Macdonald’s root system conjecture

W

m Hanlon’s property M conjecture:
H. (L ® C[t]/(t“") = H, (L)®**

where the Lie algebra L is either
* semisimple, or

* upper triangular (nilpotent), or

* Heisenberg (nilpotent)
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" J
Background

m Macdonald’s root system conjecture
w TRUE [Cherednik, '95]

m Hanlon’s property M conjecture:
H. (L ® C[t]/(t“") = H, (L)®**

where the Lie algebra L is either
* semisimple, or

* upper triangular (nilpotent), or

* Heisenberg (nilpotent)
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" J
Background

m Macdonald’s root system conjecture
w TRUE [Cherednik, '95]

m Hanlon’s property M conjecture:
H. (L ® C[t]/(t“") = H, (L)®**

where the Lie algebra L is either

* semisimple, or TRUE [FGT, '08]
* upper triangular (nilpotent), or

* Heisenberg (nilpotent)
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" J
Background

m Macdonald’s root system conjecture

w TRUE [Cherednik, '95]

m Hanlon’s property M conjecture:

H. (L ® C[t]/(t“") = H, (L)®**

where the Lie algebra L is either
* semisimple, or

* upper triangular (nilpotent), or

* Heisenberg (nilpotent)

TRUE [FGT, '08]
FALSE [Kumar, '99]
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" J
Background

m Macdonald’s root system conjecture

w TRUE [Cherednik, '95]

m Hanlon’s property M conjecture:

H. (L ® C[t]/(t“") = H, (L)®**

where the Lie algebra L is either
* semisimple, or

* upper triangular (nilpotent), or

* Heisenberg (nilpotent)

TRUE [FGT, '08]

FALSE [Kumar, '99]
?
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Background (cont.)
(0 * *\ )

m For the 3-dim Heisenberg L,=4|/0 0 * |},
with basis{e, f, X}, 0 0 0O
the Laplacian 60 +0 0 A\ /5
for L, ® C[t]/(t“™)

IS Gbr) T (a,b,w) (in a suitable basis).

m The property M conjecture is then equivalent to
(an extension of)

M, (X, Y,0) = (L+ x+ y)*

21
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Partial Results

m [Hanlon, '92]
Explicit eigenvalues in the stable case:

+ a<b

(3G

a)y (b
« k=>(a-1+ (b—l)+w—(2j—(2j
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Partial Results (cont.)

m Theorem: [Hanlon, '92] .
In the stable case, Q, (a,b) <> pairs (4, u)
of partitions with |A]+|u|=w-w,,,..
The eigenvalues of T (a,b) are |1|—|u|+ ab.

The proof uses Schur functions in two sets
of variables.
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Partial Results (cont.)

m [A.-Athanasiadis, '96]
1. a=1b=2 Vk: The nonzero eigenvalues
of ®,T (ab,w) are A=1...,k+1,
each with multiplicity k (and explicit
distribution over w).
2. a=1 Vb,k: The multiplicity of the zero e.v.:

1b.0) = K+1 (Kot K
M ’)_(1 b k—b)_( +)(bj

24
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Partial Results (cont.)

m [Hanlon-Wachs, '02]

Extend result 2 above to Va,b,k:

k+1

b,0) =
m(@.0.0 (a b k+l-a-b

)

25



" J
Partial Results (cont.)

m [Kuflik, '06]
Distribution over w (Va,b,k):
m (a,b,w,0) = coefficient of " "™ in
| k +1 i

a b k+l-a-b

where
ml!, =1, -[2],--[m]

q )
m-1

m|,=1+qg+...+C
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