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Abstract

We present a family of square matrices which are asymmetric
variants of Walsh-Hadamard matrices. They originate in the study
of character formulas, and provide a handy tool for translation of
statements about permutation statistics to results in representation

theory, and vice versa. They turn out to have many fascinating
properties.
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pu-unimodal permutations

e A sequence (ai,...,an) of distinct positive integers is
unimodal if there exists 1 < m < n such that

ag>a>...>ap<amy1 <...<ap.
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unimodal if there exists 1 < m < n such that

ag>a>...>ap<amy1 <...<ap.

e Let = (p1,...,pt) be a composition of n. A sequence of n
positive integers is p-unimodal if the first uy integers form a
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pu-unimodal permutations

e A sequence (ai,...,an) of distinct positive integers is
unimodal if there exists 1 < m < n such that

ag>a>...>ap<amy1 <...<ap.

e Let = (p1,...,pt) be a composition of n. A sequence of n
positive integers is p-unimodal if the first uy integers form a
unimodal sequence, the next uo integers form a unimodal
sequence, and so on.

e A permutation m € S, is p-unimodal if the sequence
(w(1),...,7(n)) is u-unimodal.
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pu-unimodal permutations, descent set

e Let U, be the set of all y-unimodal permutations in S,,.
e Example: n =10, u=(3,3,4).
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e The descent set of a permutation w € S, is
Des(m) :={i: w(i) > w(i +1)}.



1. Character formulas 2. Matrices 3. Back to characters

pu-unimodal permutations, descent set
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pu-unimodal permutations, descent set

Let U, be the set of all y-unimodal permutations in S,,.
Example: n =10, p = (3,3,4).

| o | o2 | opz |

The descent set of a permutation ™ € §,, is
Des(m) :={i: w(i) > w(i +1)}.
Example: Des(m) ={1,3,4.5,6,7,8}
Denote /() :={1,...,n} \ {p1, 1 + po, pa + p2 + g3, .. .}
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pu-unimodal permutations, descent set

Let U, be the set of all y-unimodal permutations in S,,.
Example: n =10, p = (3,3,4).

| o | o2 | opz |

The descent set of a permutation ™ € §,, is
Des(m) :={i: w(i) > w(i +1)}.
Example: Des(m) ={1,3,4.5,6,7,8}

Denote /(p) :={1,...,n} \ {p1, p1 + p2, 1 + p2 + pi3, .. .}
Example: I(n) ={1,...,10}\ {3,6,10} = {1,2,4,5,7,8,9}

Des(m) N I(p) = {1,4,5,7,8}
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Formula 1: irreducible characters

Let A and u be partitions of n, let x* be the character of the
irreducible S,-representation corresponding to A, and let Xf} be its
value on a conjugacy class of cycle type p.

Theorem (Roichman '97)

Xﬁz Z (_1)\De5(7r)ﬂ/(u)|’

TeCnUy,

where C is any Knuth class of shape \.
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Formula 2: coinvariant algebra, homogeneous component

Let x(K) be the S,-character corresponding to the symmetric group
action on the k-th homogeneous component of its coinvariant

algebra, and let Xftk) be its value on a conjugacy class of cycle type
.
Theorem (A-Postnikov-Roichman, '00)

ng) = Z (_1)|Des(ﬂ)ﬂ/(u)\,
wel(k)NU,

where L(k) is the set of all permutations of length k in Sp,.



1. Character formulas

Formula 3: Gelfand model

A complex representation of a group or an algebra A is called a
Gelfand model for A if it is equivalent to the multiplicity free direct
sum of all irreducible A-representations. Let x© be the
corresponding character, and let XE be its value on a conjugacy
class of cycle type p.

Theorem (A-Postnikov-Roichman, '08)

The character of the Gelfand model of S, at a conjugacy class of
cycle type u is equal to

x= 3 (cp)losmnil

welnv,NU,

where Inv, = {o € S, : 0® = id} is the set of all involutions in S,.
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Inverse formulas?

Question

Are these formulas invertible?

In other words: to what extent do the character values x7, (V)
determine the distribution of descent sets?
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Subsets as indices

Definition

Let P, be the power set (set of all subsets) of {1,..., n}, with the
anti-lexicographic linear order: for I, J € P,, | # J, let m be the
largest element in the symmetric difference

INT:=(1UJ)\ (INJ), and define: | < J <= me J.

Example
The linear order on Pj3 is

0 < {1} <{2} <{1,2} < {3} <{1,3} < {2,3} < {1,2,3}.

P, will index the rows and columns of our matrices.
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hiy = (=) (vl g€ Py).
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Walsh-Hadamard matrices

The Walsh-Hadamard matrix H, of order 2" has entries

iy = (=) (v1,J € Py).

)

Example

11 1 1

I T T R R [

He=141 1 1 1 |=H
1 -1 1 1

3. Back to characters



1. Character formulas 2. Matrices

Walsh-Hadamard matrices

The Walsh-Hadamard matrix H, of order 2" has entries

iy = (=) (v1,J € Py).

)

Example

11 1 1

S T | 22

fle=11 1 1 1 Hy
1 -1 1 1

Ht = H,  HyH:=2"ln

3. Back to characters
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Definition
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For I € P, let h,..., I be the sequence of runs (maximal
consecutive intervals) in /.
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Prefixes and runs

Definition
The prefix of length p of an interval {m+1,..., m+ (} is the
interval {m+1,....m+p} (0<p </).

Definition
For I € P, let h,..., I be the sequence of runs (maximal
consecutive intervals) in /.

Example
For I ={1,2,4.5.6,8,10} € Pyo:
h={1,2}, b= {4,506}, 5= {8}, I = {10}.



The matrices A and B



1. Character formulas 2. Matrices 3. Back to characters

The matrices A and B

Definition
For I € P, let l,...,I; be the runs in [. Define, for any J € Pp:

{(—1)’””, if I N Jis a prefix of I, for each k;
arJ =
’ 0

, otherwise.

An = (a1,4)1ep,, With P, ordered as above.
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The matrices A and B

Definition
For I € P, let l,...,I; be the runs in [. Define, for any J € Pp:

{(—1)"”', if I N Jis a prefix of I, for each k;
arJ =
’ 0

otherwise.

)

An = (a1,4)1ep,, With P, ordered as above.

An auxiliary matrix:

(=D i 1N Jis a prefix of I for each k,
by = and n¢ [\ J;
0, otherwise.

B = (b1.4)1,sep,.
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A and B (examples)

A= (1) By =(1)
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A and B (examples)

1 1 1 1 1 1 1 1 0
1 -1 1 1 1 -1 1 1 {1}
A=l 1 o1 B2 = -1 -1 {2}
1 -1 0 1 0 1 {1,2}



1. Character formulas

Ay =

==

I ={1,2},

2. Matrices 3. Back to characters

A and B (examples)

1 1 1 1 1 1 1 0

-1 1 -1 g |1 -1 1 -1 {1}
1 -1 -1 27 -1 -1 {2}

-1 0 1 0 1 {1,2}
J={2}, InJ={2}is not a prefix of /
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A and B (examples)

1 1 1 1 1 1 1 1 0
1 -1 1 1 1 -1 1 1 {1}
A=y B=10 o 21 4 {2}
1 -1 0 1 0o 0 0 1 {1,2}
/l\

I={1,2}, J={2}, InJ={2}isnot a prefix of /

At £ Ay AAL £27he (0> 2)
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Lemma



2. Matrices

Recursion

Lemma

with By = (1).

For comparison:

An—l

>
_anl ) (n o 1)
Anfl

>
B, ) (n>1)
Hn—l

>
_anl ) (n o 1)



1. Character formulas 2. Matrices 3. Back to characters

Determinant

Theorem
A, and B, are invertible for all n > 0.



1. Character formulas 2. Matrices

Determinant

Theorem
A, and By, are invertible for all n > 0. In fact,

det(A,) = (n+1)- [ k240 (n>2)
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while det(Ag) = 1 and det(A;) = -2,
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Determinant

Theorem
A, and By, are invertible for all n > 0. In fact,

n

det(A,) = (n+1)- [ k240 (n>2)
k=1

while det(Ag) = 1 and det(A;) = —2, and

n
det(B,,) —_ H k2n717/<(n+2—k) (n > 2)
k=1

while det(By) = 1 and det(B;) = —1.



2. Matrices

Determinant

Theorem
A, and By, are invertible for all n > 0. In fact,

det(A, ]jk”1*H4k> (n>2)
while det(Ag) = 1 and det(A;) = —2, and
n 1—k
det(B,) = [[ " "9 (n>2)
k=1

while det(By) = 1 and det(B;1) = —

For comparison,
det(H,) =22"""  (n>2)

with det(Hp) = 1 and det(H;) = —



2. Matrices

Mobius inversion
Let Z, be the zeta matrix of the poset P, with respect to set

inclusion:
1, ifl CJ;
z)y = )
0, otherwise.

Then
Zn—1 Zn—l
= >
Z, < 0 Z., ) (n>1)
with Zy = (1). lts inverse is the Mdbius matrix M, = Z'%, with
entries m; ; defined by

()P i1 C g,
my g = .
0, otherwise.

It satisfies



2. Matrices

AM and BM

Denote now AM,, .= A,M,,, BM,, .= B,M,, and HM,, := H,M,,. It
follows that

AM, 1 0
pu— >
AM: < AM, 1 —(AM,_1 + BM,_1) ) (n=1)

with AMp = (1) and

with BMp = (1), as well as

HM, 0
pumy >
HMn ( HM,_ 1 —2HM, 1 > (n=21)

with HMg = (1).



2. Matrices

Determinant computation (1)

By the BM recursion,
det(BM,) = det(AM,_1) det(—BM,_1) (n>1).

Now M, is an upper triangular matrix with 1-s on its diagonal, so
that
det(M,) = 1.

We conclude that

det(Bp) = 0p—1 det(A,—1) det(Bn-1) (n>1),

n -1, ifn=0;
op = (—1)*" = {

1, otherwise.

where



2. Matrices

Determinant computation (2)
Similarly, for any scalar t and n > 1,

t+1)AM,_y

_((
AM, + tBM,, = < AM,_1 —AM,_1 — (t+1)BM,_1

and a similar argument yields
det(A,, + tB,,) =0p_1 det((t + 1)A,,_1) det(A,,_l + (t + 1)3,,_1)

It follows that

k=1

det(A,,) = (ﬁ On—k det(kA,,_k)> . det(Ao + nBo) =

=—(n+1)- H KN H det(A,—k)  (n>1).
k=1 k=1

Since Ap = (1) it follows that det(A,) # 0 for any nonnegative
integer n.



2. Matrices

Determinant computation (3)
The solution to this recursion, with initial value det(A;) = -2, is

n

det(A,) = (n+1) - J[[ &2 0H0 (n>2).
k=1

The BM recursion, with initial value det(B;) = —1, now yields

n
det(B,) = [ k270 (n>2).
k=1

For comparison,
det(H,) = 22" det(H,_1)?  (n>2)
with initial value det(H;) = —2, so that

det(H,) =22"""  (n>2).

O



2. Matrices

HM entries

0
0
0
0

0
-2 0 0
-2 4 0
-2 0 4
-2 4 4

4
0
0

-2 =2
0
0

1
1

-2

-2 0

0
-2

-8

2 4

1

HM3 =
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HM entries

0
0
0
0

0
-2 0 0
-2 4 0
-2 0 4
-2 4 4

4
0
0

-2 =2
0
0

1
1

-2

-2 0

0
-2

-8

2 4

1

HM; =

Lemma

e Zero pattern: (HM,); ; #0 <= J C |
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HM entries

1 0 0 0 0 00 O
1 -2 0 0 0 00 O
1 0 20 0 00 O
1 2 24 0 00 0
AMs=11 0 0 0 200 o0
1 2 0 0 -2 40 0
1 0 -20 204 0
1 2 -2 4 -2 4 4 -8

Lemma

e Zero pattern: (HM,); ; #0 <= J C |
o Signs: (HM,); ; # 0 = sign((HM,); ) = (—1)/!
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HM entries

1 0 0 0 0 00 O
1 -2 0 0 0 00 O
1 0 20 0 00 O
1 2 24 0 00 0
AMs=11 0 0 0 200 o0
1 2 0 0 -2 40 0
1 0 -20 204 0
1 2 -2 4 -2 4 4 -8

Lemma
e Zero pattern: (HM,); ; #0 <= J C |
o Signs: (HM,); ; # 0 = sign((HM,); ) = (—1)/!
o Absolute values: (HM,); ; #0 = |(HM,); | = 2/
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AM entries (1)

0
-2 00
-2 4 0
-1 0 3
-1 2 1

3
0
0

-2 -1
0
0

1
1

0
0

-2

-2 0

0
-2

—4

-1 3

1

AM3 =
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AM entries (1)

OOOOA__.
O o o m -
OO T O
—
022
Lo
N O O O m
— AN
| @S | |
(q\} (q\} (q\]
I @ <@
D TR o TR o R TR |
I
s
<

Theorem

e Zero pattern: (AM,); ; #0 <= JC/



2. Matrices

AM entries (1)

1 0 0 0 0 00 O
1 -2 0 0 0 00 O
1 0 20 0 00 0
1 -2 =13 0 00 0
AMs=119 0 0 0 200 0
1 =2 0 0 -2 4 0 0
1 0 20 —-103 0
1 -2 -1 3 -1 2 1 —4
Theorem

e Zero pattern: (AM,); ; #0 <= JC/
o Signs: (AM,); ; # 0 = sign((AM,), ;) = (—1)V




2. Matrices

AM entries (1)

1 0 0 0 0 00 O
1 -2 0 0 0 00 O
1 0 20 0 00 0
1 -2 =13 0 00 0
AMs=119 0 0 0 200 0
1 2 0 0 -2 40 0
1 0 20 —-103 0
1 -2 -1 3 -1 2 1 —4
Theorem

e Zero pattern: (AM,); ; #0 <= JC/
o Signs: (AM,); ; # 0 = sign((AM,), ;) = (—1)V
e Absolute values: 777




Dispersion
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AM entries (2)

Theorem
e Zero pattern: (AM,); ;#0 < JC|I
o Signs: (AM,); ; # 0 = sign((AM,), ;) = (—1)V!
e Absolute values:

t

(AM,)1.g # 0 == [(AM,); 4| = [ ] (|J] + 1))
k=1

where Jy1, ..., J; are the runs in J and, for

Je={me+1,... o me+ 4} (1< k<t):

0, if I;
o(l):==4" "Mk E.
1, otherwise.



1. Character formulas 2. Matrices 3. Back to characters

Diagonal and last row

Corollary

e All entries in the diagonal and last row of AM,, are non-zero.

e Diagonal:
t
(AMp) sl = [T (9l + 1)
k=1
e [ast row:
||+ 1, ifled;
AMn n =
( o) | {17 otherwise.

e Each nonzero entry (AM,); ; divides the corresponding
diagonal entry (AM,), ; and is divisible by the corresponding
last row entry (AMp)(q),J-
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Diagonal and last row (example)

1 0 0 0 0 00 O

1 -2 0 0 0 00 0

1 0 2 0 0 00 0
12 -1 3 0 00 o0 I ={1,2}

AMs=11 9 0 0 200 o0

1 =2 0 0 -2 40 0

1 0 -2 0 —-10 3 0
1 -2 -1 3 -1 21 -4/ 1={1,23}

T
J={1,2}
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Diagonal and last row (example)

1 0 0 0 0 0 0 O
1 -2 0 0 0 0 0 0
1 0 20 0 0 0 0
1 -2 -13 0 0 0 0
AMs=11 9 0 0 20 0 o0
1 -2 0 0 -2 4 0 0
1 0 20 -10 3 0 I =1{2,3}
1 -2 -1 3 -1 2 1 -4 /) I={1,23}
/]\
J=1{2,3}
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Row sums

Lemma

e The sum of all entries in row | of AM,, (or HM,,) is (—1)!'l.

e The sum of absolute values of all entries in row | of AM,, is

t

H(QI/kHl —1).

k=1

In HM,, the sum is 3!'!.
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Column sums and square diagonal entries

Theorem

e The sum of absolute values of all the entries in column J of
AM,, is equal to the (J, J) diagonal entry of A2, which in turn
is equal to

t*
on—t*—|J*| H(UZ‘ +2),
k=1
where J* .= J\ {1} and J5, ..., J} are its runs.

e for comparison, the sum of absolute values of all the entries
in column J of HM,, is equal to the (J,J) diagonal entry of
H,%, namely to the constant 2".
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Column sums and square diagonal entries

Example
1 0 0 0 0 00 O
1 -2 0 0 0 00 O
1 0 =20 0 00 O
1 -2 -13 0 00 O
AMs=11"0 0 0 200 0
1 -2 0 0 -2 40 O
1 0 -2 0 -1 03 0O
1 -2 -1 3 -1 2 1 -4
column sums: 3 8 6 6 6 6 4 4
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Column sums and square diagonal entries

Example
8 0 2 0 2 0 0 0
0 8 -2 0 0 2 0 0
0 0 6 0 -2 0 0 O
| 22 06 1 -1 0 0
51 o 0 0 0 6 0 2 0
0 0 0 0 0 6 -2 0
2 0 2 0 0 0 4 o0
0 2 0 2 1 1 0 4
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Inverse of AM

Theorem
[ )
(AM 1), #0 <= JC I
e For JC I,
dp (i)
AMYY, 5 = (=) ,
( DINES H e (7)

where, for i € Iy (k-th run of |):

i (i) max(ly) —i+1, ifieJ;
i) :=
H 1, otherwise

and
e,y_/(ll) = max(lk) — i+ 2.
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Inverse of AM

Equivalently, for J C I,

(AM, 1 MH |/k‘+ ol H (max(lx) — i +1).

iel,nJ

Note that the denominator [} _,(|/k| + 1)! is the cardinality of the
parabolic subgroup (/) of S,+1 generated by the simple reflections

{S,’ : iG/}.
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Inverse of AM
Corollary

e Each nonzero entry of AM 1 is the inverse of an integer.

o In each row of AM 1, the sum of absolute values of all the
entries is 1.

e In each row | of AM;1, the first entry

H (Ilk\+

divides all the other nonzero entries and the diagonal entry

(AM;1

is divisible by all the other nonzero entries.



Example

2. Matrices

Inverse of AM

1 0
12 —1/2
1/2 0
1/6 —1/3
1/2 0
1/4 —1/4
1/6 0

1/24 —1/8

0
0
~1/2
~1/6 1
0
0
~1/3 0
~1/12 1/4

3

O O~ O O O

o O O

0
~1/2
—1/4
~1/6

—1/24 1/8 1/12

0
0
0
0
0

1/4

0

O O O O o

0
1/3

0
0
0
0
0
0
0

~1/4
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Eigenvalues

1 1 1
-1 1 -1
1 -1 -1
-1 0 1

Ax =

=
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Eigenvalues

1 1 1 1

1 -1 1 -1
A=l 1 o1

1 -1 0 1

A+ Ay AAL A4l
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Eigenvalues

1 1 1 1

1 -1 1 -1
A=l 1 o1

1 -1 0 1

A+ Ay AAL A4l

Question: What can be said about its eigenvalues?
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Eigenvalues

1 1 1 1

1 -1 1 -1
A=l 1 o1

1 -1 0 1

A+ Ay AAL A4l
Question: What can be said about its eigenvalues?

Answer: char. poly.(Ay) = (x* — 4)(x*> — 3)
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1. Character formulas 2. Matrices

Eigenvalues

1 1 1 1

1 -1 1 -1
A=l 1 o1

1 -1 0 1

A+ Ay AAL A4l
Question: What can be said about its eigenvalues?

Answer: char. poly.(Ay) = (x* — 4)(x*> — 3)

= O O &
= O > O
|
—_
w o O O

3. Back to characters



2. Matrices

Eigenvalues

0

-2

0 8

2
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Eigenvalues

80 2 0 2 0 0 O

08 20 0 2 0 O

00 6 0 -2 0 0 O
pe_|22006 1 -1 00

5] o0 0 0 6 0 2 0

00 0 0 0 6 =20

20 2 0 0 0 4 0

02 0 2 1 1 0 4

char. poly.(A3) = (x — 8)%(x — 6)*(x — 4)?
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Eigenvalues
8 0 2 0 2 0 0 O
08 =20 0 2 0 O
00 6 0 -2 0 0 O
2_|22 06 1 -1 .00
oo o0 0 6 0 2 0
00 0 0 0 6 -20
20 2 0 0 0 4 O
02 0 2 1 1 0 4
char. poly.(A3) = (x — 8)?(x — 6)"(x — 4)*

Alas... A% is not diagonalizable !
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Eigenvalues (conjecture)

Conjecture
The eigenvalues of A2 (counted by algebraic multiplicity) are in
1: 1 correspondence with the diagonal entries of A2.
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Eigenvalues (conjecture)

Conjecture
The eigenvalues of A2 (counted by algebraic multiplicity) are in
1: 1 correspondence with the diagonal entries of A2.

The latter are explicitly known:

Theorem

The (J,J) diagonal entry of A2 is equal to the sum of absolute
values of all the entries in column J of AM,, which in turn is equal
to

t*
20T (151 4+2) = [ [ + 1),
k=1

k

where i is the composition of n corresponding to J* := J\ {1}.



Back to characters

3. Back to characters



3. Back to characters

Fine sets

Definition

Let B be a set of combinatorial objects, and let Des: B — P,_1
be a map which associates a “descent set” Des(b) C [n — 1] to
each element b € B. Denote by B* the set of elements in B whose
descent set Des(b) is p-unimodal. Let p be a complex
Sp-representation. Then B is called a fine set for p if, for each
composition u of n, the character value of p on a conjugacy class
of cycle type p satisfies
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Character values and descent sets

Theorem (Fine Set Theorem)

If B is a fine set for an S,-representation p, then the character

values of p uniquely determine the overall distribution of descent
sets over B.
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Character values and descent sets

Theorem (Fine Set Theorem)

If B is a fine set for an Sp-representation p, then the character
values of p uniquely determine the overall distribution of descent
sets over B.

Idea of proof
For a subset J = {j1,...,jx} C [n—1] let s; :=s}5), - -5, € Sp.
Let x” be the vector with entries x”(s;), for J € P,_1, and let v
be the vector with entries
vB .= |{be B : Des(b)=J}  (VJe P, 1)
Then, by definition, B is a fine set for p if and only if
= A,_1vE.

The result follows since A,_1 is an invertible matrix.
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Explicit inversion formula

Theorem
Let B be a fine set for an S,-representation p. For every
D C [n — 1], the number of elements in B with descent set D

satisfies
[{b € B: Des(b) = D}| = ZX ) > ()N AM )
I:DUJCI
where
L IJ\
(AM, 1)1 = H I (max(i) —i+ 1),
k=1iel,NJ
li,..., Iy are the runs in | and c; := HjeJ sj is a Coxeter element

in the parabolic subgroup (J).
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Equivalence of classical theorems

For 0 < k < ('2’) let Ry be the k-th homogeneous component of
the coinvariant algebra of the symmetric group S,. For a partition
A, let my \ be the number of standard Young tableaux of shape A
with major index k.

Theorem (Lusztig-Stanley)

~ A
Ri = €D mi S,
AFn

where the sum runs over all partitions of n and S* denotes the
irreducible S,-module indexed by .
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Equivalence of classical theorems

The major index of a permutation 7 is maj(7) := > 1|,
i€Des()
and its length /(7) is the number of inversions in .

For a subset / C [n — 1] denote x' := [] x;.
iel

Theorem (Foata-Schiitzenberger; Garsia-Gessel)

Z xDes(Tr)qZ(w) _ Z xDes(W)qmaj(w—l)‘

TESy TEeSy

The Fine Set Theorem implies

Corollary

The Foata-Schiitzenberger Theorem is equivalent to the
Lusztig-Stanley Theorem.



!ummary
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Summary

e Asymmetric variants of Walsh-Hadamard matrices
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Summary
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1 1 1 1
1 -1 1 -1
A= 1 1
1 -1 0 1
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Summary

Asymmetric variants of Walsh-Hadamard matrices

Have fascinating properties, with strong combinatorial flavor

Serve as a bridge between characters and combinatorial
permutation statistics

Eigenvalues are still conjectural

1 1 1 1
1 -1 1 -1
A= 1 1
1 -1 0 1

THANK YOU !
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