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ABSTRACT. The paper is devoted to model-theoretic properties of Kac-Moody
groups with the focus on elementary equivalence of Kac-Moody groups. We
show that elementary equivalence of (untwisted) affine Kac-Moody groups
implies coincidence of their generalized Cartan matrices and the elementary
equivalence of their ground fields. We study also the Diophantine problem in
affine Kac-Moody groups. We show that for the loop group the Diophantine
problem is polynomial time equivalent (more precisely, Karp equivalent) to the
problem in the ground ring. Finally, we show that in affine Kac-Moody groups
over finite fields the Diophantine problem is undecidable.
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1. INTRODUCTION. ELEMENTARY EQUIVALENCE

Importance of logical classifications of algebraic structures goes back to the fa-
mous works of A.Tarski and A.Malcev. Here the term “algebraic structure”or just
“algebra”means a set with operations, see [25]. The main problem is to figure out
what are the algebras logically equivalent to a given one. We discuss this problem
from the perspectives of Kac-Moody groups.

Given an algebra H, its elementary theory Th(H) is the set of all sentences
(closed formulas) valid on H.

Definition 1. Two groups H; and H, are said to be elementarily equivalent if
their elementary theories coincide.

Very often we fix a class of algebras C and ask what are the algebras elementarily
equivalent to a given algebra inside the class C.

Last years a lot of attention was concentrated around the elementary equiva-
lence questions for linear groups. It is a kind of folklore that a group elementarily
equivalent to a linear group is linear. However, the question what is the group
elementarily equivalent to a given linear group, is far from being trivial

Throughout the paper we will denote the elementary equivalent objects A; and
As by A1 = As and isomorphic objects are denoted by A; ~ As.

Recall that the classical Keisler-Shelah’s isomorphism theorem states, in partic-
ular, that two algebras A and B are elementary equivalent if and only if there is
an ultrafilter such that the corresponding ultrapowers of A and B are isomorphic
[11], [5].

Let G be a group from a class of groups C. In many cases one can fix the
cardinality of groups from C. We call G elementarily rigid, if for any group H in C
the equivalence G = H implies isomorphism G ~ H.

So, the rigidity question with respect to elementary equivalence looks as follows.
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Problem 2. Let a class of algebras C and an algebra H € C be given. Suppose that
the elementary theories of algebras H and A € C coincide. Are they elementarily
rigid, that is, are H and A isomorphic?

In general, elementary rigidity of groups is a rather rare phenomenon. However,
studying the elementary properties of linear groups resulted in various examples of
such kind. Historically, the first results were obtained in [26], [43]. Recently, a series
of papers on elementary equivalence of linear groups with the emphasis on Chevalley
groups and arithmetic lattices has been published, see [8], [2], [3], [41], [39]. Most
of the results state a kind of elementary rigidity of these groups with respect to
this or that class of groups C. The major example is the class of finitely generated
groups, cf. [39], [2].

In the paper we focus our attention on the similar problems of elementary equiv-
alence for Kac-Moody groups and obtain a sort of rigidity results.

2. AFrFINE KAC-MOODY GROUPS

Kac-Moody groups can be viewed as infinite dimensional analogs of Chevalley
groups (see [40]). Ome can say that they are in the same relation with respect to
infinite-dimensional Kac-Moody Lie algebras (see [17],[9], [30]) as Chevalley groups
are related to semi-simple finite-dimensional Lie algebras. It is useful to emphasize
that from the geometric point of view the passage from Chevalley groups to Kac-
Moody groups means the passage from linear algebraic groups to ind-algebraic
groups (see [38]). We refer to monographs [23], [27] for the detailed exposition of
the above said.

Let G(K) be an (untwisted) affine Kac-Moody group over the field K. We want
to prove that if two affine Kac-Moody groups G1 (K1) and Go (K3) are elementary
equivalent then their generalized Cartan matrices coincide and the fields K; and
K5 are elementary equivalent.

Let A be an nxn indecomposable generalized Cartan matrix of (untwisted) affine
type. By an (untwisted) affine Kac-Moody group we mean the value of the simply
connected Tits functor [42], cf.[36], [18],[19], corresponding to A. So, one can write
G(K) = Gse(A, K). Let R be the ring of Laurent polynomials R = K[t, ¢ 1], where
K be a field. Denote by Gs.(R) ~ G¢(R) the simply connected Chevalley group
over R, where ® is a finite root system, associated with A. The adjoint Chevalley
group is denoted by GZ,(R). As usual, the elementary subgroups of Chevalley
groups are denoted by E2 (R) and E®,(R).

Denote by Gaa(A, K) the adjoint Kac-Moody group ([31],[13],[42]). Its elemen-
tary subgroup is Eqq(A, K). Denote by Z(Gse(K)) and Z(E,.(K)) the centers of
Goo(K) = Goo(A, K) and By (K) = Eyo(A, K), respectively.

We have the following global picture:
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Here, by definition H(R) is Gaq(A, K) and:

Gue(K)/Z(Goe(K)) =~ H(R) := (Ggy(R), C(u) | u€ K*) C Autx(g(A) ® R),
where G2,(R) = G2.(R)/Z(G2.(R)) is the corresponding adjoint Chevalley group,
and ¢(u) € Aut(R) is defined by t=! — w1l Also here, g(A) ® R is the
corresponding loop algebra, and A is a Cartan matrix associated with A.

Then, there is a surjective homomorphism 7 : Gy.(A4, K) — Gg(R). Its kernel
Kerm is isomorphic to K*. We have, Z(Gs.(A4,K)) = Z(Es.(A, K)) and

1 — Z(Ew(A,K)) = By (A K) — GE(R) — 1.
Then,

ESC(A, K)/Z(ESC(A» K)) = G3y(R) =~ Eg)(R).
The group G2,(R) = E2,(R) = E2,(K][t,t71]) is used to be called loop group [13].
The following commutator formulas are useful. Assume |K| > 4. Then
[ésc(Aa K)7 ésc(Av K)] = ESC(A7 K)7 [Esc(A7 K)7 ESC(A) K)} = Esc(Ay K)
In the similar manner
(Gaa(A, K), Gaa(A, K)] = Eaa(A, K),  [Eaa(A, K), Eaa(A, K)] = Eaa(A, K),

and Ead(A, K) is isomorphic to the loop group.
Given a group G a subgroup H is called definable if there is a first order formula
¢ such that a € H, where a € GG if and only if a satisfies a formula ¢.

Theorem 3. Let By (A1, K1) and Eo_ (As, K2) be two elementary (simply con-
nected) affine Kac-Moody groups whose ranks are bigger than 2. Suppose that
E1 (Avil) = EQSC(AQ,KQ). Then A1 = AQ and K1 = KQ.

sc

Proof. Suppose that E;__(Ay, K1) = Es__(As, K5). Since center is a definable sub-
group the group F,.(A4,K)/Z(Es.(A, K)) is interpretable in Es.(A, K) (see, for
example, [22], page 131). Hence we have

E1, (A1, K1)/ Z(Ese(A1, K1) = B, (A2, K2)/Z(Esc(Az, K2))

since both groups are interpretable in the elementary equivalent groups by the
same first order formulas. That is Ey_ (A, K1) = Es, (A2, K>) and according
to the isomorphism with Chevalley groups Ef (Ri) = EY (Rz). Recall that R;,
i = 1,2 are the rings of Laurent polynomials K;[t,t7!], respectively, while ® and
U are the root systems associated with A; and As, respectively.
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Hence,
Eg (Ki[t,t™1)) = Egy(Kalt, t71]).
So, by Bunina (see [8], Theorem 11) we have ® = ¥ and
Kl [lf, t_l] = KQ[LL, t_l].

The Laurent polynomial ring K[t,t!] is isomorphic to the group ring of the
group 7Z over the field K. Then by Theorem 2 of [20],

K1 = KQ.
Hence, ® = ¥, K; = K5 as required.

The converse statement to Theorem 3 is not true.

Proposition 4. There exist fields Ky and Ky such that K1 = Ko, but the affine
Kac-Moody groups E1_ (A, K1) and Es_ (A, K3) are not elementary equivalent.

Proof. Let K1 = Q be the field of rational numbers and let K5 be some its ul-
trapower. So these fields are elementary equivalent, i.e., K1 = K. However, the
polynomial rings K;[t] and K5[t] are not elementary equivalent (see Corollary 3.8
in [16]). Then the rings of Laurent polynomials K;[t,t~1] and K[t,t71] are not
elementary equivalent as well, (see Lemma 2, [20]). Then, Eq(K[t,t™}]) is not el-
ementarily equivalent to Eg(Ks[t,t™1]) by [8]. Since Eqq(A, K;) ~ EX (K;[t,t71)
the Kac-Moody groups E1__ (A4, K;) and E5__ (A, K3) are not elementarily equiva-

lent.
O

Proposition 5. Let K and Ky be algebraically closed fields of characteristic zero.
Then the loop groups E1,,(A1, K1) and Es,,(As, K2) of rank bigger than one are
elementarily equivalent if and only if Ay = A, tr.dego(K1) and tr.dego(K2) either
both infinite or both finite and equal. Here tr.degg(K) stands for the transcendence
degree of the field K over Q.

Since algebraically closed fields are elementarily equivalent if and only if they
have the same characteristic this means that for elementarily equivalent zero char-
acteristic fields Ey (A1, K1) = Ea(Ag, K») if and only if A; = As, tr.degg(K1) and
tr.degg(K2) either both infinite or both finite and tr.degg (K1) = tr.dego(K2).

The proof of Proposition 5 follows from the proof of Theorem 3 and the following

Lemma 6. Let K| and Ky be algebraically closed fields of characteristic zero.
Then Ki[t,t7'] = K[t t7 1] if and only if tr.dego(K1) and tr.degg(Ks) either both
infinite or both finite and tr.degg(K1) = tr.degg(Ks).

Proof. Let Ki[t,t7'] = Ks[t,t™1]. Then K;[t] = Ks[t] (see Lemma 2, [20]). Then
tr.degg(K1) and tr.degg(K2) either both infinite or both finite and tr.degg(K7) =
tr.degg(Ka2), (see Corollary 3.11, [16]). Note, that this direction is valid for arbitrary
infinite fields.

Let tr.dego(K1) and tr.dego(K2) either both infinite or both finite and

tr.degg(K1) = tr.degg(Ka).

Then Proposition 3.19 of [16] remains true for the rings of Laurent polynomials and
implies K1[t,t7!] = Ka[t,t7 1.
O
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Question 7. Does Proposition 5 still valid if we replace Eiad (4;, K;) by Eisc (4;, K;),
init, 1 <i<2?

3. DIOFANTINE PROBLEM FOR AFFINE KACc-MOODY GROUPS

In this section we mostly follow the philosophy described in the paper [29]. The
Diophantine problem (also called the Hilbert’s tenth problem or the generalized
Hilbert’s tenth problem) in a countable algebraic structure A, denoted D(A), asks
whether there exists an algorithm that, given a finite system S of equations in
finitely many variables and coefficients in A, determines if S has a solution in A or
not. In particular, if R is a countable ring then D(R) asks whether the question if
a finite system of polynomial equations with coefficients in R has a solution in R
is decidable or not.

By definition the Diophantine problem in a structure A reduces to the Diophan-
tine problem in a structure B, symbolically D(A) < D(B), if there is an algorithm
that for a given finite system of equations S with coefficients in A constructs a
system of equations S* with coefficients in B such that S has a solution in A if
and only if S* has a solution in B. If the reducing algorithm is polynomial-time
then the reduction is termed polynomial-time (or Karp reduction). If our struc-
tures in question are uncountable one needs to restrict the Diophantine problems
to equations with coefficients from a fixed countable subsets of A and B, see [29]
for details.

Definition 8. A subset (in particular a subgroup) H of a group G is Diophantine
in G if it is definable in G by a formula of the type

k
O(z) =Fyr ... Tyn (/\wi(x,yl,...,yn) = 1) ,
i=1

where w;(x,y1, .. .,Yn) is a group word on ; y1;...;Yn-

Such formulas are called Diophantine (in number theory) or positive-primitive
(in model theory). Following [14], we say that

Definition 9. A structure A is e-interpretable (or interpretable by equations, or
Diophantine interpretable) in a structure B if A is interpretable in B by Diophantine
formulas.

The main point of this definition is that if A is e-interpretable in B then the
Diophantine problem in A reduces in polynomial time (Karp reduces) to the Dio-
phantine problem in B. Hence, if the Diophantine problem in B is decidable, then
the Diophantine problem in A should be decidable as well. This is a traditional
way to prove that some Diophantine problem is undecidable.

Originally, Hilbert formulated the Diophantine problem for the ring of integers
Z. It was solved in the negative by Matiyasevich [28] building on the work of
Davis, Putnam, and Robinson [12]. Subsequently, the Diophantine problem has
been studied in a wide variety of commutative rings R, where it was shown to be
undecidable by reducing D(Z) to D(R). For further information on the Diophantine
problem in different rings and fields of number-theoretic flavour see [35], [34].

Let, as usual, Gc(A4, K) be an affine Kac-Moody group, and G®/(R) ~ E2/(R) =
E2 (K[t,t71]) be the corresponding loop group. This is a Chevalley group over the
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ring of Laurent polynomials and our first goal is to study the Diophantine problem
for this group.

We shall show that the ring R = K[t,t7!] is e-interpretable in the loop group
Gfd(K [t,t71]). Let X, be a one-parametric subgroup generated by elementary
unipotents z,(t), where a € ®,¢t € R. Then

Theorem 10. Ring R = K[t,t71] is e-interpretable in the group GZ,(K[t,t71]),
rank ® > 2, on every one-parametric subgroup X, a € .

Proof. The proof follows from Proposition 3, Proposition 4 and Theorem 4 from
[7]. O

Corollary 11. Field K s e-interpretable in the group Gg’d(K[t,fl}), rank ® > 2,
on every one-parametric subgroup X,, o € ®.

Proof. By Lemma 5 in [20] (see also [21], Lemma 8) the field K is Diophantine in
K]Jt,t71]. Then the result follows from Theorem 10 and the transitivity property
of e-interpretability, see Proposition 2.4 of [15]. O

Corollary 12. Let G = ESC(A, K) be an elementary affine Kac-Moody group. Let
K be either a finite field Fy and rank of irreducible affine root system is > 2 or K
be a Dedekind ring of the arithmetic type and rank > 3. Then K is e-interpretable
in G = Ey(A K).

Proof. 1t is known that for K specified in the conditions of the theorem the group
G = FE,.(A,K) is finitely generated, see [4] and [37] for finite fields and [1] for
Dedekind rings of arithmetic type. Let aq,...,ar be generators of G. Then the
center Z(G) of G is e-defined in G by the system of equations [z,a;] = 1, where
i =1,...k. So Z(G) is a Diophantine normal subgroup in G. Then G/Z(G) ~
E2/(R) = E2/(K]t,t7!]) is e-interpretable in G by Lemma 2.7 from [15]. In view
of Corollaryll K is e-interpretable in E®,(K[t,t71]). Once again by transitivity
property K is e-interpretable in G = ESC(A K).

(Il

Corollary 13. Let G = éSC(A,K) be an affine Kac-Moody group. Let K = Ty,
|K| >4, be a finite field and rank of irreducible affine root system is > 2. Then K
is e-interpretable in G = Gg.(A, K).

Proof. Since |K| > 4, then
[Ese(A, K), Ese(A, K)] = Eqo(A, K).

Moreover, ESC(A, K) has finite commutator width, see Theorem D, [24]. Hence,
E..(A, K) is Diophantine in éSC(A,K)7 see Section 2.3, [15]. So, ESC(A, K) is
e-interpretable in ésc(A,K). By Corollary 12 the field K is e-interpretable in
ESC(A,K). Hence K is e-interpretable in éSC(A,K). O

Note that in a similar way K[t,¢"!] is also e-interpretable in G.(A, K).

In fact, the proof of Theorem 10 consists of two parts. Modification of the Double
Centralizer Theorem from [39] ( Theorem 1.6) and its more general variant Theorem
3 from [7] imply that all one-parametric subgroups are defined by Diophantine
formulas, and hence are Diophantine sets. It remains to interpret ring operations
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on R inside the one-parametric subgroups X,. We show how to do that for some
generic case in the way most appropriate for generalizations in Kac-Moody groups.

Assume that ® contains a subsystem As. This case can be considered as a testing
one for further generalizations. Let o and 8 be simple roots of As.

We e-interpret R on X, turning it into a ring (X413, ®, ®) as follows.

For z,y € X435 we define

rDy=x-vy.

Note that if y = zq+5(a), ¥y = zays(b), then zy = z445(a + b), which corresponds
to the addition in R. To define z ® y for given x,y € X4 we need some notation.
Let x1,y1 € G be such that

x1 € Xo and [z1,23(1)] = x; 1 € X and [z(1),y1] = v.

Note that such x1, y1 always exist and unique, namely if x = z445(a), y = 2445(b),
then z1 = z(a), y1 = z5(b). Define

r®y = [r1,y1]

Observe, that in this case

[z1,31] = [za(a), 25(b)] = zartp(ad),

so it corresponds to the multiplication in R.

The map a — zq4p(a) gives rise to a ring isomorphism R — (Xqa48,®, ®). The
ring (Xq14,®, ®) is e-interpretable in G. Indeed, X+ is a Diophantine set, as it
was proved above. The defined addition is clearly Diophantine in G. Since we are
in As case the subgroups X, and Xg are Diophantine as well and the multiplication
® is also Diophantine.

All remaining cases are more technical, but the proof of Definability for them is
of the same flavor, see [7].

Conjecture 14. Suppose that CNY'(K) = ésc(A,K) is an arbitrary (not necessarily
affine) Kac-Moody group over a ring K. Then, the ring K is e-interpretable in the
group G(K).

To prove Conjecture 14 one needs to establish a version of Double Centralizer
Theorem (or some other way of description of real root subgroups) and to use more
complicated than in Chevalley case commutator relations described in, for example,
110], [6].

On the other hand, since the group GZ,(K[t,t71]) is defined by a system of
polynomial equations with integer coefficients it is easy to see that this group is
e-interpreted in the ring K[t,t~!], cf., Proposition 6 in [7]. Hence, for loop groups
G = G*,(K[t,t7']), rk® > 2 the Diophantine problem in any group G is Karp
equivalent to the Diophantine problem in the ring R, cf., Theorem 6 in [7].

Proposition 15. The Diophantine problem in the affine Kac-Moody group G =

Gsc(A,Fy), rk > 2 is undecidable.

Proof. Let D(G) be decidable. The ring F,[t,¢!] is e-interpretable in G = Gl A, F,).
So, if the Diophantine problem in G = CNY'SC(A, F,) would be decidable then the Dio-
phantine problem in F,[t, #~!] should be decidable as well. But this is not the case,
see [32], [33].

([l
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