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Abstract

In this paper we study the Diophantine problem in Chevalley groups G,(®, R), where ® is
an indecomposable root system of rank > 1, R is an arbitrary commutative ring with 1.

We establish a variant of double centralizer theorem for elementary unipotents z,(1). This
theorem is valid for arbitrary commutative rings with 1. The result is principle to show that any
one-parametric subgroup X,, a € ®, is Diophantine in G. Then we prove that the Diophantine
problem in G.(®, R) is polynomial time equivalent (more precisely, Karp equivalent) to the
Diophantine problem in R. This fact gives rise to a number of model-theoretic corollaries for
specific types of rings.

Key words: Diophantine problem, Diophantine set, Chevalley groups, double centralizer
theorem.

1. INTRODUCTION AND STATE OF ART

Recall that the Diophantine problem (also called the Hilbert’s tenth problem or the generalized
Hilbert’s tenth problem) in a countable algebraic structure A, denoted D(.A), asks whether there
exists an algorithm that, given a finite system S of equations in finitely many variables and
coefficients in A, determines if S has a solution in A or not. In particular, if R is a countable
ring then D(R) asks whether the question if a finite system of polynomial equations with
coefficients in R has a solution in R is decidable or not. It is tacitly assumed that the ring R
comes with a fixed enumeration, i, e., a function v : N — R, which enables one to enumerate all
polynomials in the ring of all non-commutative polynomials R(z1;xs;...) (in countably many
variables z1;xq;...), as well as all finite systems of polynomial equations p(x1;...;2,) = 0,
where p(z1;...;2,) € R{x1;2;...), so one can provide them as inputs to a decision algorithm.
If the ring R is commutative (it is our case) then by tradition only commutative polynomials
from R[xq;x9;...] are considered. The original version of this problem was posed by Hilbert
for the ring of integers Z. This was solved in the negative in 1970 by Matiyasevich [75] building
on the work of Davis, Putnam, and Robinson [30]. Subsequently, the Diophantine problem has
been studied in a wide variety of commutative rings R, where it was shown to be undecidable by
reducing D(Z) to D(R). By definition the Diophantine problem in a structure A reduces to the
Diophantine problem in a structure B, symbolically D(A) < D(B), if there is an algorithm that
for a given finite system of equations S with coefficients in A constructs a system of equations
S* with coefficients in B such that S has a solution in A if and only if S* has a solution in B.
So if D(Z) < D(R) then D(R) is undecidable. If the reducing algorithm is polynomial-time
then the reduction is termed polynomial-time (or Karp reduction). In this paper we show that
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the Diophantine problems in G.(®, R) and R are polynomial time equivalent which means,
precisely, that D(G,(®, R)) and D(R) reduce to each other in polynomial time. In particular
they are either both decidable or both undecidable. If R and hence G.(®, R) are uncountable
one needs to restrict the Diophantine problems in R and G, (®, R) to equations with coefficients
from a fixed countable subset of R or G.(®, R). After a proper adjustment in definitions the
Diophantine problems in R and G, (®, R) are still polynomial time equivalent (we will say more
about this later).

A lot of research has been done on equations in commutative rings. Nevertheless, the Dio-
phantine problem is still open in Q and fields F' which are finite algebraic extensions of Q.
Much more is known on the Diophantine problem in the rings of algebraic integers O of the
fields F'. Namely, it was shown that D(Z) reduces to D(O) for some algebraic number fields O,
hence in such O the Diophantine problem D(Q) is undecidable. We refer to [86], [83], [95] for
further information on the Diophantine problem in different rings and fields of number-theoretic
flavour. There are long-standing conjectures (see, for example, [32], [83]) which state that the
Diophantine problems in Q; F', and O, as above, are all undecidable. The following result is
important for our paper. If a commutative unitary ring R is infinite and finitely generated then,
in the case of a positive characteristic, D(R) is undecidable, and in the case of characteristic
zero, D(O) polynomial-time reduces to D(R) for some ring of algebraic integers O (Kirsten
Eisentraeger’s PhD thesis (Theorem 7.1), which is available on her website, see also [47]).

In the class of non-commutative associative unitary rings it was shown recently by Kharlam-
povich and Myasnikov in [60] that the Diophantine problem is undecidable in free associative
algebras over fields and in the group algebras of a wide variety of torsion-free groups, including
toral relatively hyperbolic groups, right angled Artin groups, commutative transitive groups,
and the fundamental groups of various graphs of groups. For non-associative rings it was proved
that the Diophantine problem is undecidable in free Lie algebras of rank at least three with co-
efficients in an arbitrary integral domain [59]. A general approach to the Diophantine problem
in non-commutative rings (via reductions to the commutative ones) was developed in [46].

In another direction, coming from model theory, it was shown that the first-order theory of
some classical fields is decidable: Tarski proved it for for complex numbers C and reals R [104],
and Ershov, Ax and Kochen for p-adic numbers Q, and Z, ([40], [5], [6]). The statement that
a given finite system of equations has a solution in R can be represented by a very particular
existential formula (a positive-primitive formula) with coefficients in R, so the Diophantine
problem seems to be a part of the first-order theory of R, but the coefficients are getting
involved, and this complicates the whole picture. In fact, involvement of constants (coefficients)
makes Diophantine problems rather different from the classical model-theoretic problems of
elementary equivalence and decidability of first order theories in the standard languages of
groups or rings. We will say more on this later, specifically for the linear groups and Chevalley
groups.

Similar to the Diophantine problem in rings if a structure A is countable or finite then we
assume that it comes equipped with an enumeration v : N — A, which enables one to enumerate
all terms in the language of A with constants in A, hence all equations (which in this case are
represented by equalities of two terms), as well as all finite systems of equations over A. On
the other hand, if A is uncountable then, by definition, one has to consider only equations
with constants from a fixed arbitrary countable (or finite) subset C' of A. We denote this form
of the Diophantine problem by D¢ (.A). This modification allows one to consider Diophantine
problems over arbitrary structures in a more precise and also a more uniform way. As we
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will see below it may happen that the Diophantine problem D¢ (.A) is decidable for one subset
C C A and undecidable for another one, even in countable structures A. Moreover, it may
depend on a chosen enumeration of a countable set C. It is easy to see that for a countable
(or finite) subset C' of A the Diophantine problems D¢ (A) and D¢ (A) reduce to each other,
where (C) is the substructure generated by C' in A. Furthermore, if D¢ (A) is decidable then
(C) is computable (recursive, constructible) in the sense of Maltsev [72] and Rabin [87], so if
(C') is not computable, and this may depend on the enumeration of C', the Diophantine problem
Dc(A) is undecidable. Therefore, from the beginning one may consider only enumerations of
C with computable substructure (C).

Research on systems of equations and their decidability in groups has a very long history,
it goes back to 1912 to the pioneering works of Dehn on the word and conjugacy problems in
finitely presented groups. Recall that an equation in a group G is an expression of the type
w(Ty;. . ;Tn; 915+ -5 9m) = 1, where w is a group word in variables x1;...;x, and constants
gi;---;9m € G. Currently, there are two main approaches to the Diophantine problems in
groups. In the first approach one given a fixed group G tries to find a commutative unitary
ring A such that the Diophantine problem in A algorithmically reduces to the Diophantine
problem in G. In this case if D(A) is undecidable then D(G) is also undecidable. The first
principle result in this vein is due to Romankov, who showed that the Diophantine problem is
undecidable in any non-abelian free nilpotent group N of nilpotency class at least 9 (he proved
that D(Z) < D(N) even one considers only single equations in the group N) [91]. Recently,
Duchin, Liang and Shapiro showed in [39] that D(Z) < D(N) for any nonabelian free nilpotent
group N, hence D(N) is undecidable. A far-reaching generalizations of these were obtained by
Garreta, Myasnikov and Ovchinnikov in [45] where they proved that for any finitely generated
non-virtually abelian nilpotent group G there exists a ring of algebraic integers O (depending
on G) interpretable by equations in G, hence D(Q) is Karp reducible to D(G). Furthermore,
in [44] they gave a general sufficient condition for the ring O to be isomorphic to Z, so in this
case the Diophantine problem in G is undecidable. Based on this, they proved that a random
nilpotent group G (given by a random presentation in the variety A, of nilpotent groups of
class at most ¢, for any ¢ > 2) has O = Z, hence the undecidable Diophantine problem.
These results on nilpotent groups allow numerous applications to the Diophantine problems
in non-nilpotent groups H either via suitable Diophantine nilpotent subgroups of H or via
suitable Diophantine nilpotent quotients of H [45]. For example, this technique allows one to
show that the Diophantine problem in any finitely generated free solvable non-abelian group is
undecidable.

This line of results changes drastically in the second approach, where one tries to show that
the Diophantine problem in a given group G is decidable by reducing it to the Diophantine
problem in a non-abelian free group F or a free monoid M (see, for example, Rips and Sela [90],
Damani and Guirardel [29], Diekert and Muschol [38], Casals-Ruiz and Kazachkov [23], [22], and
Diekert and Lohrey [37]). We refer to [58] for further results in this area. The principal results
here are due to Makanin [68], [69] and Razborov [88], [89] who showed that the Diophantine
problems D(M) and D(F') are decidable and, in the case of the free group F, further provided
a description of the solution sets to arbitrary finite systems of equations in terms of Makanin—
Razborov’s diagrams. Another description of solutions sets in F' in terms of NTQ systems (also
termed w-residually free towers) was obtained in [57]. NTQ systems give an effective approach
to algebraic geometry and model theory of free groups. Recently, an entirely different method
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of solving equations in free groups, free monoids, and hyperbolic groups was developed in a
series of papers [36], [54], [55], [24], [25].

In his classical paper [70] A.I. Maltsev studied elementary equivalence of matrix groups G, (F)
where G, is one of the GL,, SL,, PGL,, PSL,,, n > 3, and F is a field. Namely, he showed
that G,(F) = G,,(L) if and only if n = m and F' = L. His proof was based on two principal
results. The first one states that for any integer £ > 3 and G, as above there is a group
sentence Py g such that for any n, and a field F, & ¢ holds in G,(F) if and only if k = n.
The second one is that F' and G, (F') are mutually interpretable in each other. More precisely,
G.(F) is absolutely interpretable in F' (i.e., no use of parameters), while F' is interpretable
in G,(F) uniformly with respect to some definable subset of tuples of parameters (so-called
regular interpretability). This implies that the theories Th(F') and Th(G,(F)) are reducible to
each other in polynomial time, hence Th(G, (F')) is decidable if and only if Th(F') is decidable.
Later Beidar and Mikhalev introduced another general approach to elementary equivalence of
classical matrix groups [9]. Their proof was based on Keisler-Shelah theorem (two structures
are elementarily equivalent if and only if their ultrapowers over some non-principal ultraflters
are isomorphic (see [56], [94]) and the description of the abstract isomorphisms of the groups
of the type G,(F). E.Bunina extended their results to unitary linear and Chevalley groups
(see [14], [16], [I7], [15]). Note that in all the results above the first-order theories include only
the standard constants from the languages of groups and rings. The model theory of the group
UT,(R), where n > 3, and R is an arbitrary unitary associative ring, was studied in details
by O.Belegradek [10]. He used heavily that the ring R is interpretable (with parameters) in
UT,(R). A.Myasnikov and M. Sohrabi studied model theory of groups SL,(O), GL,(O), and
T,(O) over fields and rings of algebraic integers in [79] and [78]. Their method exploits the
mutual interpretability (and also bi-interpretability) of the group and the ring. In a similar
manner N. Avni, A. Lubotsky, and C. Meiri in [7] studied the first order rigidity of non-uniform
higher rank arithmetic groups (see also [§]). Recently, D.Segal and K. Tent (see [92]) showed
that for Chevalley groups G, (®, R) of rank > 1 over an integral domain R if G.(®, R) has finite
elementary width or is adjoint, then G,(®, R) and R are bi-interpretable. In [20] E. Bunina
proved that over local rings Chevalley groups G, (®, R) of rank > 1 are regularly bi-interpretable
with the corresponding rings.

Though related, all the model-theoretic results above do not shed much light on the Dio-
phantine problem in the corresponding groups. Because to relate the Diophantine problems
in G,(R) or G.(®, R) and R one needs to have their mutual interpretability by equations, not
by arbitrary first-order formulas. This is precisely what Myasnikov and Sohrabi did in their
paper [77] for classical linear groups GL ,(R), SL,(R), T,.(R), UT,(R) and what we do in this
paper for Chevalley groups G, (®, R).

Recall that a subset (in particular a subgroup) H of a group G is Diophantine in G if it is
definable in GG by a formula of the type

k
O(z) =Jyr ... Jyn (/\wi(x,yl,...,yn) = 1) ’
i=1

where w;(z,y1,...,Yyn) is a group word on x,yi, ..., y,. Such formulas are called Diophantine
(in number theory) or positive-primitive (in model theory). Following [47], we say that a
structure A is e-interpretable (or interpretable by equations, or Diophantine interpretable) in a
structure B if A is interpretable (see below) in B by Diophantine formulas. The main point of
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this definition is that if A is e-interpretable in B then the Diophantine problem in A reduces
in polynomial time (Karp reduces) to the Diophantine problem in B. On the one hand, it
is harder to get e-interpretability than just interpretability, since in the latter you can use
arbitrary formulas (not only the Diophantine ones), but on the other hand, to study first-order
equivalence of structures one does not usually use the constants in the language, while in the
Diophantine problems the constants are required.

A subgroup G C GL,(R) is termed large if it contains the subgroup E,(R) generated in
GL,(R) by all transvections t;;(«), ¢ # j, and o € R. In particular, the subgroups SL,(R)
(when R is commutative) and E,(R) itself are large. Similarly a subgroup G C G.(®, R)
of a Chevalley group is called large if it contains the elementary Chevalley group (subgroup)
E.(®, R) generated by all elementary unipotents x,(t), a € ®, t € R. Introduction of large
subgroups of GL,(R) (G.(®, R)) allows one to unify similar arguments, otherwise used sepa-
rately for each of the groups GL,(R), SL,(R) and E,(R). This also emphasize the fact that
the methods of the paper [77] as well as this paper, unlike the one used in Maltsev’s papers [70],
is based solely on transvections and nilpotent subgroups (elementary unipotents). Below by
Xa, @ € &, we denote the one-parametric subgroup {z,(t) | ¢t € R}. In Section 5 we study
Diophantine subgroups of large subgroups G.(R). In particular, we prove the following key
technical result (compare with [77]):

Result 1 (PropositionsBlandH). Let G be a large subgroup of G-(®, R), rank ® > 1. Then for
any o € O the one-parametric subgroup X, is Diophantine in G (defined with constants from
the set {xy(1) | v € P}).

This result is similar to the corresponding one from [77], but it mostly based on the description
of centralizers of certain sets in all Chevalley groups G.(®, R) of rank® > 1 over arbitrary
commutative rings. This description is proved in Sections 2—4: in Section 2 it is done for
Chevalley groups over all fields, using Bruhat decomposition and direct calculations; in Section
3 it is done for Chevalley groups over all local rings, using Gauss decomposition, results of the
previous section and also direct calculations; in Section 4 it is generalized for all commutative
rings, using localization method and results of the previous section. Finally we prove the
following result (that has an independent value):

Result 2 (Theorem B)). For any Chevalley group (or its large subgroup) G = G(®, R), where
® is an irreducible root system of a rank > 1, R is an arbitrary commutative ring with 1, if for
some o € ® an element g € Cq(Ty,), then g = cx,(t), where t € R, ¢ € Z(G), except the case
®=C;, [ >2, and « is short.

In the case ® = Cy ={%e; £e; |1 <i,j <Li#jU{£2¢ |1 <i<I} and a =e; + ey if
g € Cq(ly), then

g = CTeyyey (11)Tae, (T2)T2e, (83), ¢ € Z(G).
Result 1 helps to prove

Result 3 (Theorem Hl). Let G be a large subgroup of a Chevalley group G(®, R), where ®
is indecomposable root system of the rank ¢ > 1, R is an arbitrary commutative rings with 1.
Then the ring R is e-interpretable in G (using constants from the set Co = {x,(1) | a € ®}).

This last theorem gives us the result about Karp equivalence of (elementary) Chevalley groups
and the correslonding rings:
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Result 4 (Theorems [0 and [). If ® is an indecomposable root system of a rank > 1, R is
an arbitrary commutative ring with 1, then the Diophantine problem in any Chevalley group
G (P, R) is Karp equivalent to the Diophantine problem in R. More precisely:

1) If C is a countable subset of G(®, R) then Do (GR(®, R)) Karp reduces to Dg.(R).
2) If T is a countable subset of R then there is a countable subset Cr of Gr(®, R) such
that Dr(R) Karp reduces to D, (G (P, R)).

If the elementary Chevalley group E.(®, R) has bounded elementary generation, then the
Diophantine problem in E.(®, R) is Karp equivalent to the Diophantine problem in R.

Section 6 is devoted to applications of the main theorems. In [77] similar corollaries were
proved for classical linear groups, here we repeat them for Chevalley groups.

Result 5 (Theorem ). If ® is a indecomposable root system of a rank > 1, then the Diophantine
problem in all Chevalley groups Gr(®,Z) is Karp equivalent to the Diophantine problem in Z,
wm particular, it 1s undecidable.

The following is one of the major conjectures in number theory:

The Diophantine problem in Q, as well as in any number field F, or any ring of algebraic
integers O, is undecidable.

The following result moves the Diophantine problem in Chevalley groups over number fields
or rings of algebraic integers from group theory to number theory.

Result 6 (Theorem [@)). Let ® be an indecomposable root system of a rank > 1 and R either a
number field or a ring of algebraic integers. Then the above conjecture holds for R if and only
if the Diophantine problem in the Chevalley group G.(®, R) is undecidable.

The following result from [47] describes the current state of the Diophantine problem in
finitely generated commutative rings:

Let R be an infinite finitely generated associative commutative unitary ring. Then one of
the following holds:

(1) If R has positive characteristicn > 0, then the ring of polynomials F,[t] is e-interpretable
in R for some transcendental element t and some prime integer p; and D(R) is unde-
cidable.

(2) If R has zero characteristic and it has infinite rank then the same conclusions as above
hold: the ring of polynomials IF,[t] is e-interpretable in R for some t and p; and D(R)
15 undecidable.

(3) If R has zero characteristic and it has finite rank then a ring of algebraic integers O is
e-interpretable in R.

This fact, together with Result 4, implies the following theorem which completely clarifies
the situation with the Diophantine problem in Chevalley groups over infinite finitely generated
commutative unitary rings:

Result 7 (Theorem [0). Let ® be an indecomposable root system of a rank > 1, R is an
arbitrary infinite finitely generated commutative ring with 1, and G.(®, R) the corresponding
Chevalley group. Then:

1) If R has positive characteristic then the Diophantine problem in G (®, R) is undecidable.
2) If R has zero characteristic and it has infinite rank then the Diophantine problem in
G (P, R) is undecidable.
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3) If R has zero characteristic and it has finite rank then the Diophantine problem in some
ring of algebraic integers O is Karp reducible to the Diophantine problem in G(P, R).
Hence if Congecture[dl holds then the Diophantine problem in G.(®, R) is undecidable.

If R is an algebraically closed field, then

1) If A is a computable subfield of R then the first-order theory Tha(R) of R with constants
from A in the language is decidable. In particular, the Diophantine problem D4(R) is
decidable.

2) If A is a computable subfield of R then the algebraic closure A of A in R is computable.

Combining the fact above with Theorems [6l and [7, we obtain

Result 8 (Theorem [I2)). Let ® be an indecomposable root system of a rank > 1, R an alge-
braically closed field, and G(®, R) the corresponding Chevalley group. If A is a computable
subfield of R, then the Diophantine problem in G.(®, R) with constants from G.(®,A) is de-
cidable (under a proper enumeration of G.(®, A)).

Let R = R be the field of real numbers and A a countable (or finite) subset of R. Our
treatment of the Diophantine problem in Chevalley groups over R is based on the following two
results on the Diophantine problem in R which are known in the folklore:

Let A be a finite or countable subset of R. Then the Diophantine problem in R with coefficients
in A is decidable if and only if the ordered subfield F(A) is computable. Furthermore, in this
case the whole first-order theory Tha(R) is decidable.

A real a € R is computable if one can effectively approximate it by rationals with any
precision. The set of all computable reals R¢ forms a real closed subfield of R, in particular R¢
is first-order equivalent to R. A matrix A € GL,(R) is called computable if all entries in A
are computable real numbers. Chevalley groups G.(®,R) are matrix algebraic groups over R,
hence one can view their elements as matrices.

Result 9 (Theorem [[3)). Let & be an indecomposable root system of a rank > 1 and G,(P,R)
the Chevalley group over the field of real numbers R. If A is a computable ordered subfield
of R then the first-order theory Th(G.(®,R)) with constants from G.(®,A) is decidable. In
particular, the Diophantine problem in G.(®,R) with constants from G.(®,A) is decidable
(under a proper enumeration of G.(®,A)).

Result 10 (Theorem [I4)). Let ® be an indecomposable root system of a rank > 1 and G (P, R€)
the Chevalley group over the field of computable real numbers RC. Then the following holds:
1) The Diophantine problem in the computable group G.(®,R¢) is undecidable.
2) For any finitely generated subgroup C' of G(®,R®) the Diophantine problem in G (®,R¢)
with coefficients in C' is decidable.

Result 11 (Theorem [IH). Let & be an indecomposable root system of a rank > 1 and G,(P,R)
the corresponding Chevalley group over the field of computable real numbers R°. If an element
g € E.(®,R) is not computable then the Diophantine problem for equations with coefficients in
{z,(1) | a € D} U {g} is undecidable in any large subgroup of G.(®,R).

Similar to the case of reals one can define computable p-adic numbers for every fixed prime
p.
Result 12 (Theorem [I6)). Let ® be an indecomposable root system of a rank > 1. Then the
following holds:



1) Letay, ... an € Q5 and A = Q(ay, ..., an) is the subfield of Q, generated by ay, . .., Gy, .
Then the first-order theory Th(Gr(®,Q,)) with constants from G.(®,A) is decidable.
In particular, the Diophantine problem in G(®,Q,) with constants from G,(®,A) is
decidable (under a proper enumeration of G(®, A)).

2) Letay,...,am € Z; and A = Z(ay, . .., an) is the subring of Z, generated by ay, ..., Qp,.
Then the first-order theory Th(G,(®,Q,)) with constants from G (P, A) is decidable.
In particular, the Diophantine problem in G(®,Q,) with constants from G(®,A) is
decidable (under a proper enumeration of G(®, A)).

Result 13 (Theorem[I7)). Let ® be an indecomposable root system of a rank > 1 and G(®,Q,)
(G(D,Z,),p # 2) the corresponding Chevalley group over Q, (Z,). If an element g € E.(®,Q,)
(9 € Ex(®,Z,),p # 2) is not computable then the Diophantine problem for equations with
coefficients in {zo(1) | @ € ®} U {g} is undecidable in any large subgroup of Gr(®,Q,)
(Ga(®,7,),p 7 2).

2. CHEVALLEY GROUPS

In this section we establish some notation and recall technical results that are used throughout
the paper.

For a group G and z,y € G we denote by z¥ the conjugate yxy~ of x by y, and by
[z,y] the commutator zyz~'y~!. For a subset A C G by Ce(A) we denote the centralizer
{r € G| [x,a] = 1Va € A}, in particular, Z(G) = {x € G | [x,y] = 1Vy € G} is the
center of G. For subsets X,Y C G by [X,Y] we denote the subgroup of G generated by all
commutators [x,y], where x € X, y € Y. Then [G; G| is the derived subgroup G’ of G (the
commutant of G).

In the rest of the paper by R we denote an arbitrary associative commutative ring with
identity 1. By R* we denote the multiplicative group of invertible (unit) elements of R and by
R* the additive group of R.

1

2.1. Root systems and semisimple Lie algebras.

We fix an indecomposable root system ® of the rank ¢ > 1, with the system of simple roots A,
the set of positive (negative) roots & (®7), and the Weil group W. Recall that any two roots
of the same length are conjugate under the action of the Weil group. Let |®*| = m. More
detailed texts about root systems and their properties can be found in the books [51], [13].

Recall also that for o, 5 € ®

(a, B)

<Oé,6> = 2W>

where (a, #) stands for the standard scalar product on the root space.
Suppose now that we have a semisimple complex Lie algebra £ with the Cartan subalgebra H
(more details about semisimple Lie algebras can be found, for instance, in the book [51]).
Lie algebra £ has a decomposition L =H & > L,,
a#0
Ly :={x € L] [hx] =a(h)x for every h € H},

and if £, # 0, then dim £, = 1, all nonzero a € ‘H such that £, # 0, form some root system .
The root system ® and the semisimple Lie algebra £ over C uniquely (up to automorphism)
define each other.
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On the Lie algebra £ one can introduce a bilinear Killing form s(z,y) = tr (ad x ad y), that
is non-degenerated on H. Therefore we can identify the spaces H and H*.

We can choose a basis {h,...,h} in H and for every o € ® elements z, € L, so that
{hi; x4} is a basis in £ and for every two elements of this basis their commutator is an integral
linear combination of the elements of the same basis. This basis is called a Chevalley basis.

2.2. Elementary Chevalley groups.

Introduce now elementary Chevalley groups (see [99]).

Let £ be a semisimple Lie algebra (over C) with a root system ®, 7 : £L — gl(V') be its
finitely dimensional faithful representation (of dimension n). If H is a Cartan subalgebra of L,
then a functional A € H* is called a weight of a given representation, if there exists a nonzero
vector v € V' (that is called a weight vector) such that for any h € H 7(h)v = A(h)v.

In the space V in the Chevalley basis all operators 7(z,)*/k! for k € N are written as integral
(nilpotent) matrices. An integral matrix also can be considered as a matrix over an arbitrary
commutative ring with 1. Let R be such a ring. Consider matrices n X n over R, matrices
7(z4)*/k! for a € @, k € N are included in M, (R).

Now consider automorphisms of the free module R™ of the form

exp(try) = 2o(t) = 1+ tr(xy) + 27(24)2 /2 + - 4+ tha(xy)F /R + . ..

Since all matrices m(z,) are nilpotent, we have that this series is finite. Automorphisms z,(t)
are called elementary root elements. The subgroup in Aut (R"), generated by all z,(t), a € ®,
t € R, is called an elementary Chevalley group (notation: E.(®, R)).
In elementary Chevalley group we can introduce the following important elements and sub-
groups:
o w,(t) = zo(t)T_o(—t7as(t), a € B, t € R*;
o Nho(t) = wa(t)wa(1)7Y
e N is generated by all w,(t), a € , t € R*;
e H is generated by all h,(t), a € ®,t € R*;
e The subgroup U = U(R) of the Chevalley group G (F) is generated by elements z,(t),
a € Tt € R, the subgroup V' = V(R) is generated by elements z_,(t), « € T ¢t € R.

The action of z,(t) on the Chevalley basis is described in [21], [106].

It is known that the group NN is a normalizer of H in elementary Chevalley group, the quotient
group N/H is isomorphic to the Weil group W (®).

All weights of a given representation (by addition) generate a lattice (free Abelian group,
where every Z-basis is also a C-basis in H*), that is called the weight lattice A,.

Elementary Chevalley groups are defined not even by a representation of the Chevalley
groups, but just by its weight lattice. Namely, up to an abstract isomorphism an elemen-
tary Chevalley group is completely defined by a root system ®, a commutative ring R with 1
and a weight lattice A,.

Among all lattices we can mark two: the lattice corresponding to the adjoint representation,
it is generated by all roots (the root lattice A,q) and the lattice generated by all weights of all
reperesentations (the lattice of weights Ag.). For every faithful reperesentation m we have the
inclusion A,g € A, C Ag.. Respectively, we have the adjoint and universal (simply connected)
elementary Chevalley groups.

Every elementary Chevalley group satisfies the following relations:

(RI) Va € @ Vt,u € R z4(t)za(u) = z4(t + u);
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(R2) Vo, 5 € ®PVt,ue R a+p#0=

[wa(t), 25(w)] = za()rs(w)za(—t)z5(—u) = | [ iasss(cyt'a),

where ¢, j are integers, product is taken by all roots icv + 53, taken in some fixed order; ¢;; are
integer numbers not depending on t and u, but depending on a and § and the order of roots
in the product.
(R3) YVa € ® w, = wy(1);
(R4) Vo, B € @ Vt € R* wahg(t)wy' = hy,s)(t);
(R5) Va, 8 € ® Vt € R* waag(t)wy = @y, 5 (ct), where ¢ = ¢(a, §) = £1;
(R6) Va, B € ® Vt € R* Yu € R ho(t)xs(u)he(t) ! = 25(tP%0).
For a given a € ® by X, we denote the subgroup {z,(t) | t € R}.

2.3. Chevalley groups over rings.

We briefly recall some basics related to the definition of Chevalley groups. For more details
on Chevalley groups over rings see [99], [27], [11], [21], [31], [105], [L06], and references therein.

Let ® be a reduced irreducible root system of rank > 2, and W = W (®) be its Weyl group.
Consider a lattice A, intermediate between the root lattice A 4 and the weight lattice Ag.. Let
R be a commutative ring with 1, with the multiplicative group R*.

These data determine the Chevalley group G = G _(®, R), of type (P, A;) over R. It is usu-
ally constructed as the group of R-points of the Chevalley-Demazure group scheme Gj_(®, —)
of type (®,A;). In the case A, = Ay the group G is called simply connected and is denoted
by Gs(®, R). In another extreme case A, = A,q the group G is called adjoint and is denoted
by G .q (P, R). Many results do not depend on the lattice A and hold for all groups of a given
type ®. In all such cases, or when A, is determined by the context, we omit any reference to
7 in the notation and denote by G(®, R) any Chevalley group of type ® over R.

In what follows, we also fix a split maximal torus 7" = T(®,R) in G = G(®,R). This
choice uniquely determines the unipotent root subgroups, X,, a € ®, in G, elementary with
respect to T'. As usual, we fix maps z,: R — X, so that X, = {z.(t) | ¢ € R}, and require
that these parametrizations are interrelated by the Chevalley commutator formula with integer
coefficients, see R1-R2. The above unipotent elements z,(t), where o € ®, t € R, elementary
with respect to T'(®, R), are also called elementary unipotent root elements or, for short, simply
root unipotents.

Further,

E(®,R) = (24(t), a € P, t € R)

denotes the elementary subgroup of G(®, R), spanned by all elementary root unipotents, or,
what is the same, by all root subgroups X,, a € ®.

This is precisely the elementary Chevalley group defined in the previous section. One can
look at Chevalley groups also from the positions of algebraic groups. This point of view is of
special importance for many application.

All these groups are defined in SL ,(R) as common set of zeros of polynomials of matrix en-
tries a;; with integer coefficients (for example, in the case of the root system C, and the universal
representation we have n = 2! and the polynomials from the condition (a;;)@(a;;) — @ = 0).
It is clear now that multiplication and taking inverse element are also defined by polynomials
with integer coefficients. Therefore, these polynomials can be considered as polynomials over
arbitrary commutative ring with a unit. Let some elementary Chevalley group E over C be
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defined in SL,(C) by polynomials p;(ai;), ..., Ppm(ai;). For a commutative ring R with a unit
let us consider the group

G(R) = {(ai;) € SL,(R) | p1(ay;) =0,...,pm(a;;) = 0},

where p1(...),...Dm(...) are polynomials having the same coefficients as p1(...),...,pm(...),
but considered over R.

Semisimple linear algebraic groups over algebraically closed fields K are precisely Chevalley
groups G(K) = E(®, K) (see. [99], §5).

The standard maximal torus of the Chevalley group G, (®, R) is denoted usually by 75, (®, R)
and is isomorphic to Hom (A, R*).

Let us denote by h(x) the elements of the torus T (®, R), corresponding to the homomor-
phism x € Hom(A(r), R¥).

In particular, hy(u) = h(xau) (v € R*, a € @), where

Xaw i A ud (N e Ay).

2.4. Connection between Chevalley groups and their elementary subgroups.
Connection between Chevalley groups and corresponding elementary subgroups is an impor-
tant problem in the theory of Chevalley groups over rings. For elementary Chevalley groups
there exists a convenient system of generators z,(§), « € ®, £ € R, and all relations between
these generators are well-known. For general Chevalley groups it is not always true.
If R is an algebraically closed field, then

GA(P,R) = E, (P, R)

for any representation 7. This equality is not true even for the case of fields, which are not
algebraically closed.

However if G is a simply connected group and the ring R is semilocal (i.e., contains only
finite number of maximal ideals), then we have the property

Gse(P, R) = Foo(P, R).

1741, 1, (98], 3.

Let us show the difference between Chevalley groups and their elementary subgroups in the
case when a ring R is semilocal and a corresponding Chevalley group is not simply connected. In
this case G (P, R) = E(®, R)T,(®, R)] (see [1], [3], [T4]), and the elements h(y) are connected
with elementary generators by the formula

(1) h(xX)zs(€)h(x) ™" = zs(x(B)E)-

Remark 1. Since x € Hom (A(r), R*), if we know the values of x on some set of roots which
generate all roots (for example, on some basis of ®), then we know x(5) for all B € ® and
respectively all x53(&)"X for all B € ® and £ € R*.

Therefore in particular if for all roots 5 from some generating set of ® we have [xg(1), h(x)] =
1, then h(x) € Z(E(®, R) and hence h(x) € Z(G(P, R).

We will use this observation in the next section many times.

If ® is an irreducible root system of a rank ¢ > 2, then E(®, R) is always normal and even
characteristic in G(®, R) (see [103], [49]). In the case of semilocal rings it is easy to show
that

[G(®, R),G(®, R)] = E(®, R).
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except the cases & = By, Go, R = .

However in the case ¢ = 1 the subgroup of elementary matrices Fy(R) = Fy.(A4, R) is not
necessarily normal in the special linear group SLo(R) = Gs.(Aq, R) (see [28], [101], [100]).

In the general case the difference between G, (®, R) and E,(®, R) is measured by K;-functor.

3. THE DIOPHANTINE PROBLEM

3.1. Equations, constants and computable structures.

Recall, that the Diophantine problem in an algebraic structure A (denoted D(A)) is the
task to determine whether or not a given finite system of equations with constants in A has
a solution in A. D(A) is decidable if there is an algorithm that given a finite system S
of equations with constants in A decides whether or not S has a solution in A. Here, the
structure A is assumed to be countable, moreover, supposedly it comes equipped with a fixed
enumeration A = {ay, as, ... }, which is given by a surjective function v : N — A (the function
is not necessary injective). One can use the function for enumeration of all finite systems
of equations with coefficients in A in countably many variables xi, x5, ..., and then provide
them as inputs to a decision algorithm in the Diophantine problem D(A). The first question
to address here is how much decidability of D(A) depends on the choice of the enumeration
v : N — A It turns out, that decidability of D(A) does depend on the enumeration v,
so for some v, D(A) can be decidable, and for others can be not. For example, every non-
trivial finite or countable group has an infinite countable presentation with undecidable word
problem, so the Diophantine problems in the group with respect to the enumerations related to
such infinite presentations are undecidable. However, researchers are usually interested only in
“natural” enumerations v, which come from finite descriptions of the elements of A that reflect
the nature of the structure A. For instance, if A is a finitely generated group then one may
describe elements of A by finite words in a fixed finite set of generators, and use known effective
enumerations of words, while if A is, say, a group GL,(R) over a ring R, then elements of
GL ,,(R) can be described by n?-tuples of elements from R, so one can use enumerations of R
to enumerate elements of GL,(R). Here, and in all other places, by an effective enumeration
of words (or polynomials, or any other formulas of finite signature) we understand such an
enumeration u : n +— w, of words in a given finite or countable alphabet that for any number
n € N one can compute the word w, and for any word w in the given alphabet one can
compute a number n such that w = w,. If A is a finitely generated associative unitary ring R
then elements of A can be presented as non-commutative polynomials with integer coefficients
in finitely many variables (which can be also viewed as elements of a free associative unitary
ring of finite rank) and then effectively enumerated. Similarly, for commutative rings R the
usual commutative polynomials can be used. There are two ways to make the formulation of the
Diophantine a bit more precise, either explicitly fix the enumeration v of A in the Diophantine
problem (denote it by D, (A)), or to term that D(.A) is decidable if there exists an enumeration
v of A such that D(A) is decidable. To study which enumerations are “reasonable” in the
discourse of Diophantine problems we need to digress to the theory of computable algebra, or
computable model theory, that stem from pioneering works of Rabin [87] and Maltsev [72] (for
details see a book [41] and a more recent survey [43]).

Recall that a structure A of finite signature is computable with respect to an enumeration v :
N — A if all the basic operations and predicates (including the equality) on 4 are computable



13

with respect to the enumeration v. In particular, a group G is computable with respect to v, if
there are two computable functions f(x,y) and h(x,y) such that for any i, j € N the following
holds: v(i) - v(h) = v(f(i,7)) and v(i) = v(j) <= h(i,j) = 1. Similarly, a countable ring R
is computable with respect to enumeration v : N — R if in addition to the conditions above
there is a computable function g(x,y) such that v(i) + v(j) = v(g(i,7)).

The following observation shows the connection between decidability of Diophantine problems
and computable structures.

Lemma 1. Let A be a countable structure givem with an enumeration v : N — A. If the
Diophantine problem D, (A) is decidable then the structure A is computable with respect to v.

Lemma [l shows that the only interesting enumerations of A with respect to the Diophantine
problem are those that make A computable, they are called constructivizations of A. The
question whether a given countable structure A has a constructivization is a fundamental one
in computable model theory, so there are a lot of results in this direction (see [41], [43], [42])
that can be used here.

Let p and v be two enumerations of A. By definition p reduces to v (symbolically <) if there
is a computable function f(x) such that u = vo f. Furthermore, p and v are termed equivalent
(symbolically ~) if 4 < v and v < p.

Lemma 2 ([41]). Let A be a finitely generated structure that have at least one constructiviza-
tion. Then all constructivizations of A are equivalent to each other.

It follows that a finitely generated structure A has a constructivization if and only if the
word problem in A with respect to some (any) finite generating set is decidable. In this case,
any other constructivization is equivalent to the one that comes as described above from any
fixed finite set of generators. This is why for finitely generated structures the enumerations
usually are not mentioned explicitly.

If A is uncountable then, as we mentioned in Introduction, one has to consider only equations
with constants from a fixed countable (or finite) subset C' of A which comes equipped with an
enumeration v : N — C. This form of the Diophantine problem is denoted by Do (A). It
will be convenient to consider instead of the set C' the substructure (C') generated by C' in A.
In this case one needs to consider enumerations of (C) that are “compatible” with the given
enumeration of C'. To this end we introduce the following notion from computable model theory
(see [41]). Let S be a set with an enumeration v : N — S and ¢ : § — S* an embedding of
sets. We say that an enumeration v* : N — S* extends the enumeration v if there exists a
computable function f : N — N such that pov = v*o f. It is easy to construct an enumeration
of (C) that extends a given enumeration of the generating set C' (see [41], Ch.6, Section1,
Theorem 1). In the case of the subset C' of A we will always, if not said otherwise, consider
enumerations v* : N — (C') that extend a given enumeration v : N — . Furthermore, we
will always assume that for a given n € N one can compute the term ¢ of the language of the
structure A with constants from C' which represents the element v*(n) in the structure (C).
And conversely, for every term ¢ in the language of A with constants from C one can compute
a number n € N such that v*(n) = t. We call such enumerations v* effective. To construct an
effective enumeration of (C') in the case when A is a group one needs only effectively enumerate
all words in the alphabet C*!, while in the case when A is a commutative unitary ring one
needs to enumerate all polynomials from Z[C].

The following lemma from [77] is useful.
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Lemma 3. Let A be a structure, C' a finite or countable subset of A equipped with an enu-
meration v, and (C) the substructure generated by C' in A with an effective enumeration that
extends v. Then the following hold:

1) The Diophantine problems Dc(A) and Dy (A) are equivalent (reduce to each other).

2) If De(A) is decidable then (C) is computable with respect to any enumeration of (C) that
extends the enumeration v of the generating set C.

From now on we will always assume, without loss of generality, that coefficients in the
Diophantine problem is taken from a countable substructure C' rather than from the set C.

3.2. Diophantine sets and e-interpretability.

To prove that D(A) reduces to D(M) for some structures A and M it suffices to show that
A is interpretable by equations (or e-interpretable) in M.

The notion of e-interpretability was introduced in [45], [44], [46]. Here we remind this notion
and state some basic facts we use in the sequel.

In what follows we often use non-cursive boldface letters to denote tuples of elements: e.g.
a=(ay,...,a,). Furthermore, we always assume that equations may contain constants from
the algebraic structure in which they are considered.

Definition 1. A subset D C M™ is called Diophantine, or definable by systems of equations
in M, or e-definable in M, if there exists a finite system of equations, say Xp (21, ..., Tm, Y1, - -, Yk),
in the language of M such that for any tuple a € M™, one has that a € D if and only if the
system Y p(a,y) on variables y has a solution in M. In this case ¥Xp is said to e-define D

m M.

Remark 2. Observe that, in the notation above, if D C M™ 1is e-definable then it is definable
in M by the formula 3y¥Xp(x,y). Such formulas are called positive primitive, or pp-formulas.
Hence, e-definable subsets are sometimes called pp-definable. On the other hand, in number
theory such sets are usually referred to as Diophantine ones. And yet, in algebraic geometry
they can be described as projections of algebraic sets.

Definition 2. An algebraic structure A = (A; f,...,r,...,¢c,...) is called e-interpretable in
another algebraic structure M if there exists n € N, a subset D C M™ and an onto map (called
the interpreting map) ¢ : D — A, such that:

1. D is e-definable in M.

2. For every function f = f(x1,...,2,) in the language of A, the preimage by ¢ of the graph
of f,i.e. the set

{(1’1, s 7$k7$k+1) ‘ 90(5616+1) = f(xlv cee 7$k>}7
is e-definable in M.

3. For every relation r in the language of A, and also for the equality relation = in A, the
preimage by ¢ of the graph of r is e-definable in M.

Let A be e-interpretable in M as in definition above. This interpretation is completely
determined by the map ¢ and a tuple I' of the Diophantine formulas that are defining the
set D from 1), the functions f from 2), and the relations r from 3). By Pr C M we denote
the finite set of constants (parameters) that occur in formulas from I'. E-interpretability is a
variation of the classical notion of the first-order interpretability, where instead of arbitrary
first-order formulas finite systems of equations are used as the interpreting formulas.

The following is a fundamental property of e-interpretability. Intuitively it states that if A
is e-interpretable in M by formulas I" and an interpreting map ¢ : D — A, then any system
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of equations in A can be effectively “encoded” by an equivalent system of equations in M. To
explain we need the following notation. Let C' be a finite or countable subset of A equipped
with an enumeration v : N — C. For every ¢; = v(i) € C fix an arbitrary tuple d; € ¢~ *(c;).
Denote by Dpg the set of all elements in M that occur as components in tuples d; from R.
Denote by Ct the set Dr U Pr. We say that enumeration v* : N — C' is compatible with the
enumeration v (with respect to the set of representatives R) if there is an algorithm that for
every ¢ € N computes the v*-numbers of the components of the tuple d;. For example, one can
enumerate first all elements in Pr and then for ¢ = 1,2, ... enumerate in the natural order all
the components of dy,ds, . ...

Lemma 4 ([45]). Let A be e-interpretable in M by a set of formulas I' with an interpreting
map ¢ : D — A. Let C' be a finite or countable subset of A equipped with an enumeration v.
Then there is a polynomial time algorithm that for every finite system of equations S(x) in A
with coefficients in C' constructs a finite system of equations S*(y,z) in M with coefficients
in Cr (given via a compatible enumeration v* : N — Cr), such that if (b,c) is a solution to
S*(y;z) in M, then b € D and ¢(b) is a solution to S(x) in A. Moreover, any solution a to
S(x) in A arises in this way, i. e. a = p(b) for some solution (b;c) to S*(y,z) in M.

Now we show two key consequences of Lemma [4]

Corollary 1. Let A be e-interpretable in M by a set of formulas I' with an interpreting map
¢:D — A. Let C be a finite or countable subset of A equipped with an enumeration v. Then
the Diophantine problem in A with coefficients in C' is reducible in polynomial time (Karp re-
ducible) to the Diophantine problem in M with coefficients in Cr with respect to any compatible
with v enumeration v*. Consequently, if Do(A) is undecidable, then De. (M) (relative to v*)
15 undecidable as well.

Corollary 2. e-interpetability is a transitive relation, i.e., if Ay is e-intepretable in Ay, and
Ay is e-interpretable in As, then A; is e-interpretable in As.

4. DOUBLE CENTRALIZERS OF UNIPONENT ELEMENTS IN CHEVALLEY GROUPS

For the purposes of our paper, we want to prove that in the Chevalley group or its large
subgroup G over arbitrary commutative ring R with unity, the subgroup C' - X, where C' =
Z(@G), is a centralizer of some finite set of elementary unipotents of the Chevalley group. This
result holds for all root systems, except for the short roots of C;, where the answer will be
slightly different.

Quite similar problems were considered in a number of papers (see [92], [20], [66]). We cannot
take these results for granted, since for our aims we need a version of double centralizer theorem
for arbitrary commutative rings. With this end we use a localization method, which requires
conjugations with the elements of the form z,(1) only.

4.1. Localization of rings and modules; injection of a ring into the product of its
localizations.

Definition 3. Let R be a commutative ring. A subset S C R is called multiplicatively closed
in R, if 1 € S and S is closed under multiplication.
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Introduce an equivalence relation ~ on the set of pairs R x S as follows:

b
%N¥<:>E|u65: (at — bs)u = 0.

By 2 we denote the whole equivalence class of the pair (a, s), by S 1R we denote the set of all
equivalence classes. On the set S~!R we can introduce the ring structure by

a b at+bs a Q_ab

st st 7 s t st
Definition 4. The ring S™'R is called the ring of fractions of R with respect to R.

Let p be a prime ideal of R. Then the set S = R\ p is multiplicatively closed (it is equivalent
to the definition of the prime ideal). We will denote the ring of fractions S™'R in this case
by R,. The elements %, a € p, form an ideal M in R,. If %’ ¢ M, then b € S, therefore %’ is
invertible in R,. Consequently the ideal 9t consists of all non-invertible elements of the ring Ry,
i.e., M is the greatest ideal of this ring, so R, is a local ring.

The process of passing from R to R, is called localization at p.

Proposition 1. Fvery commutative ring R with 1 can be naturally embedded in the cartesian
product of all its localizations by maximal ideals

S = 1T Ry

m is a mazximal ideal of R

by diagonal mapping, which assigns every a € R to the element

(7).

m

of S.

4.2. Double centralizers of unipotent elements in Chevalley groups over fields.

In the next sections we use relations between elements from Chevalley groups from [99]
without special notice.
Definition 5. For any Chevalley group G.(®, R) and for any « € ® let

Lo = {25(1) | B € ® and [5(1), 24(1)] = e}.

Recall also that by Cq(M) we denote the centralizer of the set M in the group G.
The goal of this section is to prove the following theorem, which can be viewed as a variant
of the double centralizers theorem:

Theorem 1 (compare with [92]). For any Chevalley group (or its large subgroup) G = G(®,F),
where F is an arbitrary field, ® is an irreducible root system of a rank > 1, if some element
g € Cg(T,), then g = cxy(t), wheret € F, ¢ € Z(G), except the case & = Cy, | > 2, and « is
short.

In the case ® = Cy ={%e; £e; |1 <i,j <Li#jU{£2¢ |1 <i<I} and a =e; + ey if
g € Ce(ly), then

g = CTeyyey (11)Tae, (B2)T2e, (83), ¢ € Z(G).

Remark 3. Note that if ® = C; and « is an arbitrary short root, then it is always conjugate

to e; + es by some element of W. Therefore we do not lose any generality, considering the root
a = e1 + es.
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We will use in this section the Bruhat decomposition

G=BWB= | BwB
weW
in the following form

Proposition 2 (see [99]). Any element g € G can be uniquely represented in the form

g=txy (a1)... 2o, (an)Wxe, (b1) ... Tq,, (by), wheret € T,w € W,

ai, ..., Qn are all positive roots of ® with an arbitrary fived order, by = 0 if w(q;) € ®T.

Since all roots of the same length are conjugate by the action of W, we can enumerate simple
roots of our root system ® so that o = «; (the first simple root) and all simple roots «ag, . .., o
are orthogonal to a;.

Also we suppose that a, ..., a,, have non-decreasing heights, i.e. we start from simple roots
i, Qo, ..., qp then their sums etc.

In this situation the roots as, ..., a; are orthogonal to oy, therefore

Vi=3,...,l [t40,(1),20,(1)] = 1 = 24,,(1) € T,.
Also we know that for the maximal root v of ®
y+oa ¢ &= 2,(1) el,.
Besides that,
Tay (1), 2_4,(1) € Ty
Suppose that we have some g in Bruhat decomposition
g =txe,(a1) ... Ta,, (@) WEa, (b1) ... Zq,, (bn) € Ca(Ty).

Our first and the most important goal is to prove that w = ey .
Lemma 5. Given the mazximal root v € &, w(vy) = 7.

Proof. First of all, it is useful to have formulas of conjugation for different elements by the
element z5(1).
For t € T' we have

250 = g (V)twg(—1) = tag(c))zg(—1) = tag(c) — 1), ¢ € F*.
For w € W we have
w W = go(wag(—1)w'w = 23(1)Tw () (—1)W.
In our case of the maximal root v we know that [z, (1), z,(1)] = 1 foralli =1,...,m, therefore

g“(l) =ta(¢] — D)xa,(a1) ... Ta,, (@) Ty (1) Zw(y) (1) W2a, (01) . . . Za,, (bm) =

= txa, (A1) . . Tay, () Ty (] )Ty (=)W, (b1) . . . Za,, (b)) =
=g=try(a1)... 2, (An)WEa, (1) ... Zqa,, (by).
Using uniqueness of Bruhat decomposition and comparing the parts of the equality we see that:
(1) w(v) = v, what was required;
(2) ¢/ =1, 1i.e. t commutes with z.,(1). B
Recall that the set of simple roots A consists of ay,...,q;. We suppose that the roots
as, ..., are orthogonal to a;.
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Lemma 6. For any root € {aq,as, ..., o} we have w(f3) € d+.

Proof. Suppose that § € {aq,as,..., x4}, B = q, it is clear that in this case z3(1) € I',.
Suppose that w(f) = 0 € ®~. Then, using (R3) relation,
tTo,(a1) ... Ta,, (Qm)Wxe, (01) ... 2q,, (b)) = g =
= ¢%W = tay(cf — 1D)ag, (a1) .. oy (@) Tay,, (Q1g1) - - - Tay, ()28 (1) W
(= 1)y (01) -+ Ty (0) Ty, (Bis1) - - - Ty, () =
= WL, (b1) -+ Ta (i — 1)+ Ty (0) Ty (1) -+ T (D)

To bring this last expression into the usual form of the standard Bruhat decomposition, we
still need to move all the unipotents that correspond to the roots which do not change their
signs, to the left of w. But when we do it, the parameter in z4(-) does not change under the
action of w. Therefore we have two distinct Bruhat decompositions of the same element. The
difference is in parameters of the unipotent z(-) from the right-hand side of w. Contradiction,
hence w(f) € . &

Lemma 7. For any root § € {as, ..., o} we have w(B) = .

Proof. If 5 € {as,...,a}, then z5(1),x_5(1) € I',, therefore wg(1) commutes with g. Also
let us mention that from the right side of w in the Bruhat decomposition of ¢ the element x4(-)
is omitted, since w(f) € ®* (by the previous lemma).
Since [ is a simple root, wz maps all positive roots (except ) also to positive roots.
Therefore,

ey

tTay (a1) ... x5(ag) ... 2a,, (am)WTa, (b1) ... Ta,, (b)) = g = g
= @y (a) (01) - - Ty () (A5) - - Tag () (Am) W D 1) (01) - - Ty () (D) =
= t2o,(a1) ... 2_glag) .. .zam(&’m)wwﬁ(l)zwﬁ(al)(bl) o T g(am) (bm) =
(since for any 6 € ®* [z5(a), z_s(as)] does not contain any unipotents with negative roots)
= 120, (A1) . . . T, (’dm)x_g(ag)wwﬁ(l)xwﬁ(al)(bl) e Twg(am) (bm) =
= 1x0, (@) .. T, (@m)ws(1)zg(as)Wws(1) ™ Twy(ay) (01) - - - Twy(am) (bm) =
= 120, (A1) . . . T, (am)'LUB(].)WZEW(ﬁ)(ag)'LUB(l)_ll’wB(al)(bl) e T (am) (bm) =
=120, (@) ... T, (am)Wwﬂ(l)l’wﬁw(g)(GB)IWB(al)(bl) o T () (Bm)-

Since w(B) € ®*, 5 is a simple root, then either wg(w(8)) € ®* or w(8) = [ (in this last
case our lemma is already proven). In the first case all unipotents from the right side of w
correspond to positive roots. Hence from the uniqueness of Bruhat decomposition it follows

w = w1 — w(f) = +8.
Since w(f3) € & we have w() = [, what was required. l
Lemma 8. Suppose that g is in Bruhat decomposition

g=1txa,(a1) ... %o, (An)Wxa, (b1) ... 2o, (by) € C(Ty),
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where a is a simple root for all systems except C;, | = 2 and a long simple root for the system
C,, 1 > 2. And if ® = C,, « is short, then we suppose that

)] = €1 — €2, = €9 —€3,...,0_1= €_1 — €€ :261 anda:61+62.
In all these cases w = ey .

Proof. Note that the roots as, ..., aq,y are linearly independent and generate in the space V'
of the root system ® a hyperspace V'. The root a; is orthogonal to the vectors {as, ..., a;}.

Since according to the previous Lemmas 5 and 7 our w acts identically on the basis of the
hyperplane V', therefore it either is an identical mapping, or is a reflection wg, where J is a
root orthogonal to all ag, ..., a; 7.

Let us search for such ¢ in different roots systems.

1. The root system A;. In R o, = ¢; — €41, 3 <i <1, v = e — e4q. Since all roots
of A; have the form e; — ey, the required 0 does not exist, therefore w = ey .

2. The root system B;, [ > 3. The root system is {%e;,+e; £ e; | 1 < i < j < I},
{az,...,aq} = {es —eq,...,e_1 — e, e} or {eg —ea,...¢_9 — €1} depending of the length
of a. The maximal root ~v is e; + e5. In the first case § = e; — es = «, in the second case
d = ¢; = a. Both these cases are impossible, since we know that w(a) € ®F.

3. The root system C;, [ > 2. The root system is {£2e;,+e; £e¢; | 1 < i < j < [},
{as,...,q;} ={es—ey,...,e1_1—e€;,2¢;} or {e1—ea,...e,_o—e;_1} also depending of the length
of . The maximal root v is 2e;. In the first case § = 2es, in the second case § = 2¢; = aq,
which is impossible, since w(a;) € ®T.

Let us suppose now that we have the same set of simple/positive roots, but a = e; + e3. In
this case also § = 2es,

9 =120, (a1) - Ty, (Qm)Woley—es (Des—es) - - - Teg—e, (Dey—e, ) Teates (Destes) - - - Tegre, (Degte JT2es (b2es )

since only positive roots e; — ¢€;, €3 + €; and 2e, are mapped to negative roots under the action
of ws. But for all these roots their sum with a@ = e; 4 €5 is not a root, therefore x,(1) commutes
with this right part. Consequently,

g= gxa(l) = (tza(cf —1))xq, (ar) .. Iaz(a;) s Loy, (a;n)xm-i-ez(1)W2ezx61+62(1)

*Leg—es (b62—63> e 'Iez—ez(bez—el)xez-l—es (b62+63) . ’x62+6l(b62+61>x262 (b262) =
= (twalcf —1))7a,(a1) . .. 7a, (a;) - Loy, (a;n)xeﬁez(1)xe1—62(i1>w262'
' 1’62_63([)52_53) e 'Iez—ez(bez—m)xm-i-ea (b€2+63) . 'x62+6z(b62+61)z262 (6262) =

"

=120, (a1) . Ty ey (Aey—ey T 1) oo Ty pen (Gt + Ueytey) - - Tay (@) - - T, (Al )W,

“Tey—es(Dey—ez) - - Teg—e; (Dey—e; ) Tentes (Deates) - - - Tegrer (Degte, ) T2es (D2ey ),

_1‘

since Woe, (€1 + €3) = €1 — ep and new Ze, e, (... ) O Te,te, (... ) cannot appear from any other
conjugations. Therefore this situation is impossible and w = ey .

4. The root system D;, [ > 4. The root system is {£e; £e; | 1 < i < j < [},
{ag,...,q} = {es —eq,...,e1-1 —e,ei_1 + e}, v = €1 + e41. Since all roots of D; have the
form +e; £ ey, the required 0 does not exist, therefore w = ey .

5. The root system E;, [ = 6,7,8. We will not present here all lists of roots, taking them
from [13]. The explicit check shows that in all three cases 6 = «y, which is impossible, since
w(ay) € O,
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6. The root system F,. The roots of the system F, are
1
iei,i:1,2,3,4, :I:eizl:ej,z',jzl,Q,?),ll,i#j, §(i€1:t62:t€3:t€4);

we suppose that A = {%(61—62—63—64), ey, e3—ey, ea—eg. t Therefore {asz, as} = {e3—ey, ea—e3}
or {%(el — €y — €3 —€4),64}, ¥ = €1 + 9. In the first case § = %(61 — ey —e3 —e4) = Q, in
the second case such ¢ does not exist. The first case is also impossible, since we know that
w(a) € .

7. The root system Gs. If « is the long simple root of Go, § is the short simple root, then
in any case 0 is orthogonal to the maximal root 2a + 353, i.e. 6 = . Certainly it is impossible
if our initial aq is 3, so let us assume a; = a.

Suppose that w = wg,

g = tra(a1)75(a2)Tay5(a3)Tar25(04)Tarss(as)Taar35(a6)Wpzs(ba).

Since T425(1) € I'y, we can conjugate g by xa125(1):

g oW = (traias(cf ™ = 1)20(01) (25(a2)Tar35(£202)) (Tay 5(a3) Ta0s 35 (£203))-
 Tat25(04)Tar35(a5) - T20135(06)Tayas(1)WaTaras(1)  ws(by) =
= (tas2p(ci™ = 1)m0(a1) (25(02) Tarss(£202)) (Tar 5(a3) 20435 (£203))-
* Ta425(04)Tat35(05) - T20+38(6)Tar2s(1)Tarp(£1)Wazs(be) =
= twy(a1)rs(a2)rarp(as £ D) xaros(c . )Tatss(c .. )Toar3s(. .. )W s(ba),

which is impossible, since ag # az £ 1. Therefore w = ep,. B

Therefore one can assume that if g € Co(I',), then g has a form tx,, (a1)... x4, (an), i.e.,
g € B.

It remains to prove that any g € BN Cg(I',) has a form specified in Theorem 2.

We will prove this fact by inspection of all root systems consequently.

Remark 4. All calculations below remain valid for an arbitrary commutative ring with unity.
Lemma 9. If & = G, and

g =txy (ar)... .2, (an) € C(T,),
then ay = ---=a,, =0 and t € Z(G).

Proof. If  and 3 are simple roots of the system Gg, « is long and 3 is short, then (see [99],
Lemma 57):

(2 (t), 25(1)] = Tays(tu)Tarap(—tu’)Tatop(—tu®) Taarss (t70),
[Ty 5(t), 25(u)] = Tas2s(200)Tar35(—3tu”) L2035 (370°),
[a(t), Tarsp(u)] = T2a13s(tu),
[Tat25(t), Tg(u)] = Tarsp(—3tu),

[Tat5(t), Tat2p(u)] = Taai3s(3tu).

Case 1, a; = « is a long root. Then

Ta(1); Tatp(1) Tat2s(1), T2a+ap(1), T-5(1), T-a-26(1), T-a-3p(1) € Ta.
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If
9 = txa(t1)25(t2)Ta+(t3)Tar2s(ts)Tarsp(ts)T2a435(t6) € C(Ia),
then

g* oV = (tra(ef — 1)za(t)(@5(t2)Tar 5(t2)Tatas(—13)Taran(—13)T2a135(3))-
+ Ta+8(t3)Tar28(t4) (Tar38(t5) T2a+35(5) ) T2a+35(t6) =
=12 (¢ — 1+ t1)25(ta)Tays(ts + t3)Taras(ts — t3)Tarap(ts — ta)Taaras(te + ts + ty — 3tats).
From the uniqueness of Bruhat decomposition we have
=1 t2=0, t;=0,
therefore
t,74(1)] =1 and g = tx4(t1)Tars(t3)Tar2s(ts) Toarss(ts)-
Since z445(1) € I'y, we have (similarly) [t,z,45(1)] = 1 and 3t, = 0, therefore t € Z(G)

according to Remark [Tl
Now let us use x_g(1), taking into account that [t,z,(1)] = 1 and 3t, = 0:

9" = ta(01) (2a(3ta)Tar 5(ts)) (Tats(2t4)Ta(—=3ta) 2 5(317)Taras(ts)) T201 35 (ts) =
=10, (t + 3t3)Tasps(ts + 2t4)Tatos(ts) Taat3s(ts),
so 2t4, = 0 and together with 3t, = 0 it gives ¢4 = 0, and therefore
g =txa(t1)Tats(ts)Tanrss(ts), 3tz =0,t € Z(G).
Let us now apply z_,—23(1):

gxfafzzs(l) _

= two(t) (2 (F2t3) 0 (£385) 7 _a35(£3t3)Tay 5(t3)) (T —a—25(1)Taa135(t6) T —a—2s(1) ") =
= t20(t1)7-p(£2t3)Ta+5(ts)Tarp(te)v—p(—t6)T—a—ss(ts)Ta(t5) T2a+a5(t6),

therefore tg = 0, then 2t5 = 0 and together with 3t3 = 0 it implies t3 = 0.
So we proved that g = tz,(t1), where t € Z(G).

Case 2, a; = ( is a short root. Then
1135(1), xa+35(1)a x2a+35(1)’ x—a(l)a x—2a—35(1) S Fﬁ'
If
g = twg(t2)Ta(ty)Tarp(ts)Tarop(ta)Tarss(ts)T2a435(t6) € C(I'),

then

g o7V = (tr0135(ct — 1)) 25 (te) w0 (t1)T20+35 (1) Tar s (t3) Tas2s (1) Tasas (t5) T2as35 (t6)
therefore [t,x44+3(1)] =1 and ¢; = 0.

Now

g = (tws(c] — 1))-
25(t2) (Tt 5(t3) Tarop(2t3) Tasrss(—3t3)Toa138(3t3)) (Tatop (ta) Tarss(—3ta)) Tarss(ts) Taarss(te) =

= tag(c] — 1+ t2)Tas5(ts)Tarap(2ts + ta)Tarss(—2ts — 3ty + t5)Taarss (315 + t),
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so [t,25(1)] = 1 (and consequently by Remark ¢ € Z(G)), 2t3 = 3t2 = 0 (therefore ¢3 = 0)
and 3t, = 0.
Let us apply z_,(1), taking into account #3 = 0:

9" = twg(ts) (Tarp(t3) s (Ets)) Tatos (ta)Tarss(ts)Toarss (te) Taras (o),

consequently t3 = tg = 0.
Since zaq+35(1) and z_9,—35(1) are both in I'g, then [Wan135(1), g] = 1, and since Waqy35(a+
2B) = —a — B, Waatsp(a + 38) = —a, then ¢4 = t5 = 0, what was required. H

Lemma 10. I[f® = A;,D; or E;, [ > 2,

g =txy (ar)... 2,4, (an) € C(T,),
then ay = ---=a,, =0 and t € Z(G).

Proof. In this simply laced case all roots has the same length and are conjugated up to the
action of the Weil group, therefore we can always suppose that a = a.

If B # « is some positive root, then either it is orthogonal to «, or a and  are simple roots
of A, (if the angle between them is 120°), or a and v =  — « are simple roots of Ay (if the
angle between them is 60°).

In the second and third cases we have the roots «, 8, a + (3, forming the system As, where
Za(1), Za1p(1) and z_g(1) belong to I',.

If
g = tl’a(tl) .. .l’g(tg) .. .l’a+5(ta+5) ey
then
gxa(l) = tl’a(cf -1+ tl) .. .xg(tg)l’a_,_g(tﬁ) .. .:Ba+5(ta+5) RN

where x4(...),25(...),Za+s(...) do not appear in any other places. Therefore [t,z,(1)] = 1
and tg = 0.

Now

g = tl’a(tl) NN $a+5(ta+g) c.

and

gV = (tep(e” = 1)za(tr) . Taltars)Tats(tats) - -
where 24(...),2_3(...), Za4s(...) do not appear in any other places, for all other z,(...),
except z_g(c;® — 1), y are positive. Therefore [t,z_g(1)] = 1 and tqys = 0.

We see now that if for 7 # « an element x.(...) appears in g, then 7 is orthogonal to c.
But in this case both z(1),z_,(1) € Iy, therefore [w,(1), g] = e. Starting with simple roots
we see that N

g =t (t) T (t) o T ) () -
where all w, () € &*. Therefore [t,z,(1)] =1, t, = 0. The element ¢ commutes with all z. (1)
for simple roots ~, therefore by Remark [l we have t € Z(G).

Also we proved that in g there are no elements z.,(¢,) with simple v, except x,(t1). Continuing
with roots of the height 2, we do the same and notice that for all of them also ¢, = 0. Continuing
this procedure to the roots of the height 3,4, ..., we come out with the fact that for all y € ®™\«
we have ¢, = 0, what was required. l

Lemma 11. For the root system By = {a, 8, a+5, a+28} and g = tx,(t1)xs(te)Tars(ts)Taras(te):

(1) if g € C(T'y), then g = tx,(t,) with t € Z(G);
(2) if g € C(Layp), then g = twa(t1)Tarp(ts)Tatop(ts) with t € Z(G).
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Proof. Let us remind the formula for the commutator of elementary unipotents for the simple
roots in the system By (see [99], Lemma 33). If « is a long simple root, § is a short simple
root, then

(20 (t), 25(0)] = s (4t0) s (2102),
[Ta1p(t), x5(u)] = Tatop(E2tu).
Case 1, g € C(I'y). In this case
xa(l)a xa+5(1)> Ia+25(1)> $—5(1)> I—Oc—25(1) € L.
Starting with z,(1) we obtain

g =txa(t1)zs(ta)Tars(ts)Taras(ts) =
= g"W = (tza (¢ — 1))z (t) (@(t2) Tarp(Ft2) Taros(£3)) Tas s(t3)Tatas(ta),
therefore [t,z,(1)] =1, to = 0.
Then
g" oW = (tw_p(c;” = 1)2a(t1) (Ta(£2ts)Tars(ts)) (Tars(Eta)Ta(ts) Tasas(ta)),

therefore [t,z_5(1)] =1 (and so t € Z(G) by Remark ), ¢, = 0 and 2t3 = 0.
Consequently,
g = tl‘a(t1>$a+ﬁ(t3), te Z(G), 2t3 = 0.

Since [wqa+25(1), g] = 1, then

g = g’wa+2l3(1) = t[[’a(tl)l'wa+2ﬁ(a+g) (tg) = tl’a(tl)l’_ﬁ(itg)’

therefore t3 = 0.
The first case is complete.

Case 2, g € C(I'a45). In this case only

l’a(l), $a+ﬁ(1)a xa+25(1) € FB‘
Starting with z,(1) we obtain

g% = (taa (e = 1)za(t)(@p(t2)Tasrs (Et2)Taras(£13))Tars(ts)Taras(te),
therefore to = 0, [t,2,(1)] = 1 and g = tx4(t1)Tat5(t3)Tatop(ts).
Let us use z44+5(1):
72 = (trasp (7 = 1))aalt)Tars(ts))Taras(te),
therefore [t,z44+5(1)] = 1, and thus

g = txa(tl)xa+5(t3)za+25(t4)a te Z(G)>

what was required.

Lemma 12. If ® = B;,C,,Fy, | > 3, g = tag, (t1) ... Ta,, (tm), Q1,..., @y, € @1 the roots
aq, ..., Qy are ordered by their heights, g € C(I'y,), then:

(1) if a is a long root or « is short and ® = ¥y or By for 1 > 3, then g = tx,, (t1), where
t e Z(G);

(2) if a = ey +eq in the standard system Cy, | > 3, then g = tTe,1e, (1) T2e, (t2)Tae, (t3), where
te Z(G).
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Proof.

Step 1. Suppose that a = oy is a long simple root of ®. In this case any other positive root
v of ® form together with a the following configuration:

(1) @ and v are orthogonal (and their sum is not a root);

(2) a and v or @ and v — « are simple roots of the system As;

(3) @ and 7 or o and v — « are simple roots of the system B, where « is long.

In the second case according to Lemma [0 in x,(,) and T4~ (taty) (0r 4o (ty—a)) we have
ty =tyaq =0, also [24(1),t] =1, [z,(1),t] = 1.

In the third case according to Lemma [l in z.,(¢,), Zatry(taty) and zaioy(tato,) we have
ty =taty = tatoy =0, also [z,(1),¢] = 1.

Applying these arguments we obtain g = tx,(t1) ... 24(t,) ..., where all v appeared in g are
orthogonal to a.

After that we use the same arguments as in Lemma [I0] with conjugating g by w, (1) starting
from simple roots v and finishing by the highest roots.

Therefore for all long roots a the lemma is proved.

Now we can assume that « is short.

Step 2. Let us look at the system By, [ > 3.

The roots of this system are {£e;, te; £ e; | 1 <i < j <[}, where e,...,¢ is a standard
basis of the Euclidean space. We can suppose in our case, that « = a3 =€, ag = €;_1—¢y, ...,
ap = e — es.

Let us start with conjugation by x,(1) € I',:

g W = (tra(cf — 1)aa(t) . (e, (te,)Tepre, (£28e,)) -
s (xei_@l(tei_@l)zei(itei_el)zei+el(j:tei_el)) R

therefore [x,(1),t] =1 and t.,_,, =0 foralli=1,...,0 — 1.
Similarly let us conjugate g by x¢,—,(1) € T'n:

gxeliei(l) = (tep—e, ("7 — 1))zalts) .. (Iei-i-ej (te@--i-ej-)xej--i-ez (t€i+€j)) e
tee (xei (tei)xel(itei>xel+ei(it§i>) M)
therefore [z, _,(1),t] = 1 (and so t € Z(G)) and t,4; = 0 for all i # j, 4,7 # [, and ., = 0 for

all i # 1.
Now

g=1txa(t1) .. Te;—e;(tei—e;) - - Teyre,(teite,) - - -, Where i, j # 1,1 < j.
Let us conjugate g by e, 4¢,(1) € Iy

gmejJrel(l) = tth(tl) ce (xei—ej (tei—3j>x3i+el (tei—ej)) coLejte (tei+3l) ]
therefore ¢, ., = 0 and

9 =126 (t1)Te, e (ter_ 1) - Teytey (teytey)-

Since [ > 3, for every i # [ we have k # ¢,[. Taking for such k the element z., ., (1) € I, we
have
gxekiei(l) = tIa(tl) """ (Ieﬁ-ez(t6i+61)x6k+6z(t6¢+61)) ot

therefore t., ., = 0 and g = tz,(t1), what was required.
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Step 3. Looking at the system F,, the same arguments as on the step 2 with conjugation
consequently by £ (1), _a,(1), x_ay(1), 20, (1), etc., yield the same result: g = tx, (1), where
te Z(G).

Step 4. The last case is the most interesting: the root system C;, [ > 3. The roots are

+2e; and Le; e;, where 1 <i < j <,
the set of positive roots is
€; — €5, 'é>j, €i+€j, 717&], 26,’.

As above we suppose here that a = e; + es.
The set I', consists of

{61 + e2; 261; 262; :l:2€2‘, €1 + €;, €2 + ei,i = 37 :I:ez- + €j,7: % j, Z,j = 3}

Conjugating g by e, 1¢,(1), @ = 3, we have

grata® = ey e, (€T = 1)) ey ven (terven) - -+ (Ten ey (tea—es ) Terven (tea—er)) - - -
oo (Tep—ei (tep—e: ) Tertey, (tep—e;) oy 3 < k <,
and these additional x,, 4e,(...) and @ 4¢, (.. .) cannot appear from any other elements under

this conjugation. Therefore ., _., =0 for all 2 < k <i <. Also [t, ¢ 4., (1)] = 1.
Conjugating g by e,4e,(1), i = 3, we have

gxeﬁei(l) = (tIez+6¢(C§2+6i — 1)) (Ze;—ey (te1—ez)x61+6¢(t61—ez)) e

e (3361—62- (te1—ei)ze1+62 (t61—ei)) cee

and these additional x, ye,(...) and Z., ¢, (...) cannot appear from any other elements under
this conjugation. Therefore t., ., =0 and t., ., = 0 for all 3 < i < 1. Also [t, Ze,1e,(1)] = 1.
Conjugating g by Ze,1e,(1), we have

9x61+e2(1) = (tTeytey (C§1+62 — 1))wa,(a1) - - T, (@)
Therefore [t, ze,1e,(1)] = 1.
Conjugating g by e,—.,(1), i > 3, we have
9%2762’(1) = (tTey—e, (77 =1)) oo (Ter e (Fer e ) Ter ren (Perver)) - - - (T2e, (Fae, ) Teyve, (Ftae, ) Tae, (Ftae,))
cee (xei—l-ej (t5i+5j)x52+€j (t€i+€j)) o (Tegre; (tegres ) Toey (F2teyie;)), J 23,75 # .

Therefore tc, 1., = 0 and ty,, = 0 for i > 3, te,qe; = 0 for all 3 < i,j <, 1 # j. Also
[t, Tep—e,(1)] = 1.

The same situation is with conjugating by ., ., (1), ¢ > 3, which gives us t., 1., = 0 fori > 3
and [t, e, (1)] = L.

Therefore t € Z(G) and

G = 1Ty ey (Terten) T, (Pae) ) Tey (P2es)-

what was required. Direct (and easy) calculations show that such g is always in C(I',) for this
root system. W
So Theorem 2 is proved.
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4.3. Double centralizers of unipotent elements in Chevalley groups over local rings.

In this section we will prove the same theorem for large subgroups of the Chevalley groups
over local rings. In the paper [20] we already obtained a similar result for local rings, but we
supposed their that in some root systems these rings contain 1/2 or 1/3. Now it is important
to prove the result for all local rings, with no restrictions.

Theorem 2 (c.f. [20]). For any Chevalley group (or its large subgroup) G = G(®, R), where
® is an irreducible root system of a rank > 1, R is a local ring, if for some o € ® an element
g € Ca(ly), then g = cxy(t), where t € R, ¢ € Z(Q), except the case ® = Cy, | > 2, and « is
short.

In the case ® = C; = {£e; £e; |1 <i,j <l,i#jtU{£2¢ |1 <i<I} and o =e; + ey if
g € Cg(Ty,), then

g = CTeitey (E1)Tae, (T2)T2e, (3), ¢ € Z(G).

Proof. Let I'y, = {ap(1) | [£5(1), z4(1)] = €}, g € C(Ty).

Let us denote the residue field R/ Rad R by k and the images of the elements g, z5(1),t,u
etc. in the quotient group G = G, (®, k) by g, x5(1),t, 7, respectively.

Since g € Cg(T,), we have g € Cx(T,,), where T, = {25(1) | [25(1), 24(1) = €}. Since G is
the Chevalley group over a field, by Theorem 2

g = EZL’Q(%), [ Z(G) (OI‘ 51’614_62 (%1)%‘261 (%2)5(7262 (Eg), if & = Cl, l = 2, o =e;+ 62).

As in the previous section we assume that o = v is the first simple root.

In a Chevalley group G over a local ring there exists a Gauss decomposition of the form
G =UTVU (see [97], [1], [3], [52]). So we fix a representation of g as

g =2Ta,(r1) . T, (T )tx_0, (81) - - T, (Sm)Tay (t1) - - - Tay, (En) s

where «; are positive roots, r;, s;,t; € R, t € T(R). Since the image of g under canonical
homomorphism is

To(T1)t (O Zeytey (T1)T2e, (T2)Tae, (T3)T in the case ® = C, 1 > 2, = €1 + €3).

Therefore in all cases the elements sq,..., S, t1,...,t, € Rad R.
According to the formula
1 s
,’L’_«/(S)LEW(t) = h'\/ (m) ZI}'«/(t(l + St))x_«/ (m) fOI' all Y - q) (*)

(it is checked directly through a representation of x,(-), z_,(:), hy(-) by matrices from SLj).
Since 1 + st € R* if s € RadR or t € Rad R, we can move all z4(¢;) from the right side of
decomposition to its left side. So we obtain a representation of g of the form

g="2Ta,(r1) .. T, (rm)tr_o, (1) ... 2_0,, (Sm), S1,--.,5m € RadR.
Note that, unlike the original Gauss decomposition, such a decomposition is uniquely defined.
Indeed, suppose that
ultlvl = UQtQUQ.
If we move all the positive roots to one side: tjvyvy ;" = uj'ug, then since TV N U = 1,

therefore u; = ue and 1)11)2_1 = tgtl_l. Since T'NV =1, we have v; = vq, t; = tg, so this form of
decomposition is unique.
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Let us use also the formula

1
z,(D)z_(s)z, (1) = h, <1—) z.,(s* — s)r_, <%) for all y € @ (xx)
— s — s
which follows directly from (x).
As in previous section we suppose that the roots as, ..., a,, are ordered by their heights.

In our case of Gauss decomposition UT'V it is convenient to suppose that for g = utv € UTV
always

U=1To,(11) . Ta,, (Ti)tT_a, (Sm) - - T_qy (S1).
Case 1. Root systems with the roots of the same length: A;, D;, E;.
Consider a root 5 € ® such that a + 3 ¢ @, and consequently the element z3(1) € I',,. Since

g € O(Ty,), then ¢g*#(M) = g. Let us consider, how conjugation by this element acts on g and its
factors (assume that (3 is positive):

g= gwﬁ(l) = Loy (Tl)mﬁ(l) - 'xam(TM)xﬁ(l)th(l)I—am(sm)wﬁ(l) s Ty (sl)wﬁ(l) =
= Ty (11) -+ (T, (1) T 45 (£73)) - - Ty () - (w5(c] — 1)

Canso)analEsn)) o (s (1 Y antets = sbans (22 ) ) o)

Let us analyze the obtained equality.
Note that from the left-hand side of ¢ there are only unipotent elements with positive roots,

that is, an element of U. From the right side of ¢ there is an element hg 1—i,5 of the

torus T'. Since torus obviously normalizes any X,, we can move this element to the left and

obtain t - hg (1—1—5> instead of ¢. Since all unipotents with positive roots which can appear by

conjugation of any unipotent with a negative root —y by x3(1), have heights strictly smaller
than ~, then one can move them to the left towards 7" and U, and it is impossible during this
movement to meet unipotents with opposite roots. This means that it is possible to move all
unipotents with positive roots that are located to the right of ¢, to the left of t. Therefore ¢t and

hg ( L 6) will not be changed. After that, ¢g®#(!) will be written in the form of UTV, that is

1—s_
1
N ( ) |
1-— S—B
hence s_3 = 0.

Therefore any new z3(-) cannot appear from the left-hand or right-hand part of ¢ in =),
Consequently, in the expression t%#(1) = xg(cf — 1) we necessarily have cf =1, that is

[t z5(1)] = 1.
fBel,N®" and vy =3 — «a € &, then

g =90 =wute_o, (5;m)P W .10 (5:)" D oz (5,) W xg(s1) =
= u,tI—am(SM)I—am-i-B(j:Sm) e Tea (8)Toaip(E8i) . Ty (525)Ta(E5—y) . 70y (51).

In the part V' a new element x,(%s_) appeared, and it is impossible to obtain z,(-) from any
other conjugation z5(-)**!). When we move x,(&s_,) and other z_s,5(-), =0+ 3 € ®*, to the
left side, we also cannot obtain any new z,(-). Therefore s_, = 0.
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So we see that s_, = 0 for all roots v € ®* such that o + v ¢ @, and for all roots v € &
such that a4+~ € &, but a+ 2y ¢ ®. But for simply laced root systems all positive roots have
one of these properties.

Therefore g € UT and we come to the situation of Lemma [I0, which was proved for arbitrary
commutative rings. By this lemma g = cz,, (r1), where ¢ € Z(G). Consequently, Theorem 3 is
proved for the root systems A;, D, E;, [ > 2.

Case 2. The root system G,.
Let us repeat that this root system has simple roots «, 3, positive roots a, 5, + [, a +
26, a+ 38,2+ 34,

Lo ={2a(1),2a15(1), Tat25(1), 220+435(1), 2-5(1), T_a-25(1), T—a-35(1)}
and

Pg = {25(1), zay35(1), 20435(1), 2-a(1), ¥ -20-35(1) }-
In the first case g € C(I',) by the same arguments as in the previous case

S_q =S_a-f = S_a-28 = S—20-38 = T8 = Tat+28 = Ta+3s = 0 and t € Z(G),
therefore

9 = Za(Ta)Ta+p(ra+p)T2a+38(r2a+38) 10— p(5-p)T—a-38(5—a-38), t€ Z(G).
Conjugating g by Z2,+35(1), we have

g7 W = 20(ra)Tar s (Fats)Taatss(Faatss) o (s )7 —a-35(5-a38)Ta(£5 a3p),
therefore s_,_33 = 0 and
9 = Ta(Ta)Ta+p(ra+s) V20435 (r2arsp)tz_p(s_p), t€ Z(G).
Conjugating g by x_g(1), we have
9" = 20 (ra)ta(E3ras5)Tar 8(Fats)Toatss(Faatss) o -5(s-p),

therefore 3rq45 = 0.
Conjugating g by Za425(1), we have

gma+2ﬁ(1) —

= Za(Ta)Tat8(Tats)T2a+38 (20438 £ 3rats)t@oatas(£35_5)Ta(£35° ) Tars(F25_g)x_s(s_g) =
= LL’a(Ta + 352_ﬁ)xa+ﬁ(ra+ﬁ + 28_5)$2a+35(7”2a+35 + 3Ta+ﬁ + 38_5)tl’ﬁ (S_ﬁ),

since 3rq+3 = 0, we have 2s_3 =3s_g =0, so s_g = 0.
Now g € UT and our result follows from Lemma
In the second case g € C'(I's) we have

S_B = 5_0-33 = S_20-38 = Ta = T2at3g = 0 and t € Z(G),
therefore
9= 25(r)Ta+6(Ta+8)Tat28(Ta+28)Tat3s(Tat3s)tT—a(S—a)T—a—p(S—a—p)T—a-25(S—a—25)-
Conjugating g by x_,(1), we have

z_a(1)

g = 25(r8) (Tasp(Tass)Ta(ETa48) Taros (£174 ) T2ar38 (T 5) Taras (T ss)):

*Tos25(Tar2)Tar3p(Tarss)tT—a(S—a)T—a—ps(S—a—p)T—a—25(5—a—28);
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therefore rq45 = 0.
In a similar way if we conjugate g by x,133(1), we obtain s_,_95 = 0.
Therefore on this stage
9 = 28(r5)Tar25(Tar28)Tat3s(Tar38)tT—a(S—a)T—a—p(S—a—p)-

Conjugating now g by xa3s(1), we have

9x2a+3ﬂ(1) =Tp (Tﬁ)xa-ﬂﬁ (ra-l—?B)Ia-l—SB (Ta+36)t(xa+3ﬁ (£5-a)7-a(5-4))"
(2—a-p(S—a—p)Tarap(£5_a—p)ra(Es? 4 52 a(£s® o p)Tarss(£5°, ),

therefore s_, = s_o—p =0 and g = 23(rp)Tat28(rat+28)Tatss(Tatss)t.
Now again g € UT and the result if Theorem 3 follows from Lemma [9]

Case 3. The root systems B;, [ > 3, and F,.
We remember that B, consists of the roots {£e;, £e; £e; | 1 <i4,j <I,i # j}. If ais a long
root e; — ey, then

Lo = {Te12e, (1), Ty —en (1), Ty e, (1), T cpe, (1), Tte;te; (1), ey (1), 2y (1), 2e, (1)},

where 3 <i,7 <, 1 # j.
Therefore by the same reasons as above

S_eites = Ter+es — S—erte; — Teote; — T:tei:l:ej = S—eg = Tey = The; = 07 te Z(G)u
where 3 <i,7 <[, 1 # j.
Therefore

g = Tej—ey (T61—62) <o Teg—g (Tel—el)xeri-e?, (T61+63) < Teyte (T61+el)x61 (Tel)t'
“Teye5(S—er—es)  Toere)(S—er—e))Teates (S—eates) -+ - Toeatey (S—entey) e (S—cs)-

Conjugating g by & _c,+,(1), we have

9x762+6i(1) = Tey—en(Ter—ez) -+ - (Ter—e; (Ter—e;)Tey—en (FTer ;) - - -
- Tep—g (T61—61>I61+63 (T61+63) - Leite (T61+6z>x61 (Tfil)t'
' x—62—63(5—62—63) e ’x—GQ—ez(5—62—61>x—62+63(S—ez—i-es) - 'x—62+61(5—62+61>x—62 (8—62>7

therefore for all 3 < <[ we have r.,_., = 0.
Conjugating g by z_., (1), we similarly obtain r.,,., = 0 for all 3 <i < [.
So we see that

g = Tej—ey (T61—62)x61 (Tel)t'
“Teye5(S—er—es) o Toere)(S—er—er)Teates (S—eates) - -+ Tentey (S—ente)) Toes (S—es)-
The case when we conjugate g by ¢, 4., (1) and then by z., ., (1) for 3 <4 < [ is treated in the
very similar way. We drop the corresponding calculations. We obtain
9= Ter—es(Ter—e)Tey (Ter JT—e5 (S—ey)-
Conjugating g by z_,_.,(1), we obtain r.,, = 0, and conjugating g by ., te,(1), we obtain
5_¢, = 0, what was required.

It was the case B, | >, where a is a long root. Now let us suppose that « is short, for
example, a = e;.
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In this case

Lo = {Ze, (1), Teye; (1), Teyre; (1)}, where 2 <4, 5 < i # .
Therefore
S_e1 = S—eite; — T:I:ei:tej =0 for 2 < ’L,j < Z,Z #.]
and

G =Tey(Tey) - - 'Iez(rez)zerez (Ter—es) - - 'Ie1—ez(re1—el)ze1+ez (Tertes) - - 'Ie1+ez(re1+ez)t'
’ x—62(5—62) - ‘$—61(S—€L)'

Conjugating g by Ze,—.,(1), we obtain

gZ2=i D =z, (re)) .. (T, (Te,) Ty (76, ) Togre, (Te,)?) . . ey (Te, )-
(Tey—en (Ter—en)Ter—e; (ETer—e)) -+ Ter—ey (Ter—e))Tertea (Tertes) - - -
o (Teytes (Teyte; ) Teytes (ETerte;)) - - - Teytey (Ter ey )T
By (Sen) Ty (FS_ey)Toey—e, (£52,,)) - T (5,),
which directly implies
Te;, = Tey—es = Tegte; = S—ey = 0 forall 3 <o < L
Conjugating g by e, (1) we similarly obtain
Tey—e; = S—e; = 0 forall 3 <2 < L
Therefore
9= Tey (Ter ) ey (Tes ) ey ten (Ter ea ) -
Conjugating g now by ¢, _.,(1), we obtain
9%3762(1) = Tey (7“@1)(1862 (Tez)xm(irm)xez-i-m(irgz)) : (Ie1+62 (7“@1+62):1351+53(:l:7“61+62)) z

therefore g = x., (1, )t, t € Z(G), what was required.

The case ® = F, is treated in the very similar way. We drop the corresponding calculations

4. The case & = C;, [ > 2, a is long. Let (as above)

O ={te; £e;, 2 |1<i,j<i#j}, o=2e.
Then
Lo = {T2e, (1), ¥20¢,(1), Tey e, (1), Doy e, (1)}, where 2 < i, 5 < 1,7 # .
Therefore in g
S_9¢;, = T2e; = 5_2¢; = S—eyte; = Iteje; = 0, t € Z(G)
and
9 = P26y (T2e1 )Ty —er (Ter—ea) -+ Ter—ey (Ter—e)) Ter tes (Terten) + - - Teyvey (Tertey )t

i.e. g is the same as in Lemma [[2 and by the same argument g = xa, (r2¢,)t, t € Z(G).

5. The case & = C;, [ > 2, « is short.
We suppose that a = e; 4+ e5. Then

Loy = {x261<1)7 x232(1)7'ri23i(1)7 xeliei(wvxez:tei(l)v xi@ii3j<1)}7 where 3 < 1] S lvi 7£ Js
therefore in g

S—2e; = 5—2ey = T2¢; = S—2¢; = S—e1te; = S—eate; = The;te; — 07 te Z(G)a
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therefore g € UT and the same Lemma [I[2] completes the proof. B

4.4. Double centralizers of unipotent elements in Chevalley groups over arbitrary
commutative rings.
Finally we are able to prove the same theorem for arbitrary commutative rings with unity.

Theorem 3. For any Chevalley group (or its large subgroup) G = G(®, R), where ® is an
irreducible root system of a rank > 1, R is an arbitrary commutative ring with 1, if for some
a € ® an element g € Cg(Ty), then g = cxy(t), where t € R, ¢ € Z(G), except the case
®=C;, [ >2, and « is short.

In the case ® = C; = {£e; £e; |1 <i,j <li#jtU{£2¢ |1 <i<I} and o =e; + ey if
g € Cq(ly,), then

g = CTeyyer (1) Tae, (12)T2e, (13), ¢ € Z(G).
Proof. We embed our ring R in the Cartesian product of all its localizations by maximal
ideals: _
RCR= 11 R
m is a maximal ideal of R

Respectively the Chevalley group G = G,(®, R) is naturally embedded into the Chevalley
group N N
G = G(D,R) = 11 G(®, Ry).

m is a maximal ideal of R

Suppose that some g € G commute with all elements of the set I',. Since G C é, we have
g € 11, G»(®, Ry) and we can represent g as ¢ = (Gm)mem, gm € Gr(P, Ry), where 91 is the
set of all maximal ideals of R.

Since for any different maximal ideals m; and my if © = (2)meom, Where z, = eg_ for all
m # my and ¥ = (Ym)mem, wWhere y, = eg, for all m # my, these z and y commute, then
[9,T4] = 1 implies

Ym e MVp el [gm,l’ﬁ(l}gm)] = €G-

Therefore if g belongs to the centralizer of the set I',, in the whole Chevalley group é, then
each its component g, belongs to the centralizer of the corresponding set

Faym = {xﬁ(lRm) | [Iﬁ(lRm)’xa(lRm)] = 6}'
Since all R, are local rings, from the previous section we see that

Vm € M gn = To(tn) - Cn, where t, € Ry and Cy, € Z(G (P, Ry))
(or in the case Cy, [ > 2,
Vm € M g = Teytes (tm)T2e; (Tm)Tey (Sm) + Crny, Where ty, 7, Sm € R and Cyy € Z(Gr (P, Ry))-
It means that
9= (Za(tw) - Co)mem = 24(t) - C, where t € R and C € Z(G)
(or in the case Cy, [ > 2,
9= (Teyses (tn) T2, (1) Ty (Sm) O )mem = Ty ey (1) ey (1) 26, (3)-C, where t,r,s € R and C € Z(G)
The theorem is completely proved. B
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5. DIOPHANTINE STRUCTURE IN LARGE SUBGROUPS OF CHEVALLEY GROUPS G, (P, R)

In this section we show that many important subgroups of the Chevalley groups are Dio-
phantine. We freely use notation from Preliminaries.

5.1. One-parametric subgroups X, are Diophantine in large subgroups of G,.(®, R).
We start with the following key result.

Proposition 3. Let G be a large subgroup of G.(®, R), where ® is indecomposable root system
of the rank ¢ > 1, ® # Cy, R is an arbitrary commutative rings with 1. Then for any root
a € ¢ the subgroup X, is Diophantine in G (defined with constants x = {z3(1) | B € @}).

Proof. By the Theorem [ for all root systems except C,, £ > 2, for any a € ® we have
Cq(Ty) = Xo - Z(G),

where Z(G) is the center of the group G.

In all root systems ® # C, of the rank > 1 there exist two roots o and 3 forming together
the basis of the root system A,.

Therefore,

Xarp = [Ca(la), z5(1)];
so the subgroup X,z is Diophantine in G.
1. Roots systems A,, Dy, E,, F,. Since all roots of the same length are conjugated up to
action of the group W, we proved now that for the root systems A,, D, E,, F, all subgroups

Xa, a € @, are Diophantine in G; for the root systems Gy and By, ¢ > 3, the subgroups X,,
« is long, are Diophantine in G.

2. Roots system Gj. In the case ® = G, all Chevalley groups are adjoint, therefore their
centers are always trivial (see [4]). So for Go we have C¢(I'y) = X, for all a € ®.

3. Roots systems By, ¢/ > 3. For the case By, £ > 3, we already proved that all X, for
long roots a and all XgZ(G) for short roots 5 are Diophantine in G. Let us take two roots
a, B € @, where « is long, § is short and they form the system B,.

Since

[20(t), 25(1)] = Tats(E£t)Tatos(E£t), «a+ [ is short,a + 20 is long,
let w € W be such that w(a) = a + 2, let for the sake of certainty both signs are +, then

Xa-l—BZ(G) N [XOM xﬁ(l)] ) Xoc+2ﬁ

is precisely X,43. Therefore X,,5 and then Xz are Diophantine in G as intersection of two
Diophantine sets.

4. Roots systems C,, ¢ > 3. Now we only need to prove our statement for the root system
® = Cy, £ > 3. In this system

Co(Tey—ey) = Xey—en Xoey X 26,C,
and
[ey—es ()26, (1) 26, ()€, Tey—eq (1)] = ey —eg (1) Ty —es (5) T 264 (),
after that

[Iel—es (t)*r—@—es(‘s)x—?es (8)7 xe1+62(1)] = x61—63(5>7
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therefore
[[CG(F61—62)> Iez—ea(l)L 37614-@2(1)] = Xej—es

therefore X, for any short o € ® is Diophantine in G.
Now we know that X, -Z(G) for any long o € ® and Xz for any short 5 € ® are Diophantine

in G. Let us again take two roots «a, f € ®, where « is long, 3 is short and they form the system
C, = B,. Then the set

Xat2s = Xa428Z(G) N [XoZ(G),z5(1)] - Xasp
is Diophantine in G as the intersection of two Diophantine sets.
Proposition 4. Let G be a large subgroup of G(Ca, R), Cy = {£e; & ey, 261, £2e5}, where

R is an arbitrary commutative ring with 1 and either m = ad or 1/2 € R. Then for every
v € @ the subgroup X, is Diophantine in G.

Proof. Case 1. If our Chevalley group is adjoint (7 = ad ), then its center is trivial. For any
long root v € ® we know that X, = X, Z(G) = C¢(I',) is Diophantine in G.

Let

[I261 (t)v Leg—e; (u>] = Teyten (itu)x%z (:l:tuz)v
for example
[1’251 (t)a Leg—er (u)] = Teiter (tu)l’gm (tu2)'
Suppose also that for w € W we have w(2e;) = 2e5. Then
X61+62 = {[ya x62—61(1)] 'wy_lw_l ‘ /S X261}'

Therefore X, are Diophantine in G for all short roots v € ®.

Case 2. Let us suppose that 1/2 € R. As above we will use that for any long root v € ®

the set X,Z(G) is Diophantine in G. According to the previous case it is evident that the set
X, Z(G) is Diophantine in G also for any short root. Then using the relation

[x61+62 (t)a Leg—er (u)] = I262(i2tu)'
we have
[X61+62Z<G)7 Leg—e; (1/2>] = X2627
therefore X, is Diophantine in G for any long v, and as in the case 1 for any short root v. H
In the case Cy, m = sc, 1/2 ¢ R we need the special auxiliary set Y to be Diophantine.

Proposition 5. Let G be a large subgroup of G4.(Cs, R), where R is an arbitrary commutative
rings without 1/2. Then the subgroup Ye, 1o, = {Teyre,(t)T2e,(t) | t € R} is Diophantine in G.

Proof. In the case Cy we know that
Co(Tige,) = Xi0.,C, i=1,2, C=Z(G)
and
Ca(Tiertey) = Xieyteg Xioe, Xa00,C, €' = Z(G).
Also we remember
[Toe, (1), Tey—e, ()] = Toy 4o, (FtU) D00, (£tu?),
[Tey e (), Teg—ey (U)] = Toe, (£2tu).

Therefore
[CG<F261)7 Leg—ey (1)] = }/;1+62'
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5.2. E-interpretability of Chevalley groups.

Theorem 4. Let G be a large subgroup of a Chevalley group G.(®, R), where ® is indecom-
posable root system of the rank ¢ > 1, R is an arbitrary commutative rings with 1. Then the
ring R is e-interpretable in G (using constants from the set Cy = {x,(1) | a € ®}) on every
Xao, a € O, except the case G = G4.(Ca, R), 1/2 ¢ R, where R is e-interpretable in G on the
set Y, from Proposition[3.

Proof. There are four cases to consider:
— roots included in the system A,
— short roots of the system Go,
— roots included in the system By/Csy, where all X,, are Diophantine,
— and C, with the sets Y,,.

Case 1. Suppose that we have a root system A, = (a, ) and we want to interpret the
ring R on X,y5. We will turn the set X5 into a ring (X4, ®, ®) as follows.
For z,y € X,13 we define
rPy=x-y.
Note that if z = z41p(a), y = zayp(b), then zy = z,45(a + b), which corresponds to the
addition in R.
To define z ® y for given z,y € X,43 we need some notation. Let x1,y; € G be such that

1 € X, and [z1,25(1)] =2; y1 € Xg and [z,(1), 1] = y.

Note that such z1,y; always exist and unique, if © = 2445(a), ¥y = Ta15(b), then z1 = z,(a),
y1 = x3(b). Now define

r®y = [x1,11]
Observe, that in this case

[21, 1] = [za(a), z5(b)] = Tayp(ab).

so corresponds to the multiplication in R. To finish the proof we need two claims.

Claim 1. The map a — xq45(a) gives rise to a ring isomorphism R — (Xa1p, @, ®).

This is clear from the argument above.

Claim 2. The ring (Xo41s, D, ®) is e-interpretable in G.

To see this, observe first that, as was mentioned above, X,;s is Diophantine in G. The
defined addition is clearly Diophantine in G. Since the subgroups X, and Xz are Diophantine
in GG the multiplication ® is also Diophantine in . This proves the case 1.

Case 2. Suppose that we want to interpret a ring R on some short root of the system Gs.
Since long roots of Gy form the subsystem As, then the ring R is already interpreted on all X,
for long roots « and it is sufficient to find a Diophantine isomorphism p : X, — X,13, where
« is long and 3 is short.

We will use the relation

[2alt), 25(1)] = Tarrs (0 ass (—tu* s (—0 Vs (),
that shows
Tayp(t) = u(wa(t) = Xars N [2a(t), 15(1)] Xoat35 Xat3s Xatas-
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Since p is Diophantine, and R is e-interpretable in G on X, then R is e-interpretable in G also
on X,4g and therefore on all X, for all roots.

Case 3. Now let us consider the root system C,, where all X, v € ®, are Diophantine.
Of course, for x,y € X, we define
roy=x-y
and it is equivalent to addition in R for any root v € .
To define x ® y for given z,y € X, we will start with defining an isomorphism p between X,

and X4, where « is long, 5 and o+ § are short, with p(z4(t)) = za+5(1).
This isomorphism g can be determined for example by

Tats(t) = ra(t)) = Xays N [za(t), z5(1)] - Xatap.
Now when g is defined it is evidently sufficient to define the operation ® only for one X,.
We will do it for vy = a + [ = e; + es.
Let z,y € X,y5 and 1 € X, be defined as p~'(z), yo € X3 be ngll. Then we will define
Tr®y as
TRy = XotgN (21, 2] - Xat2p-
If © = zoyp5(a), then x; = x4(a); if y = 2445(b), then yo = x5(b). In this case [x1,y2] =
Torp(abd) - Toyos(ab®) and
Xayp Nxars(ab) - xa+2ﬁ(iab2) * Xat2s = Tayp(ab).
Therefore the ring (X5, ®, ®) = R is e-interpretable in G.
Case 4. If & = C; and the sets X, are not Diophantine in GG, then by Proposition [ the
subgroup Ye,1e, = {Teyte, (t)T2,(t) | t € R} is Diophantine in G.
We e-interpret R on Y, ., turning it into a ring (Y, 1¢,, B, ®) as follows.
For z,y € Y., 1., we define

rTdy=x-y.
Note that if £ = Z¢,16,(0)T2e,(a), Y = Teytey(D)T2e, (D), then
TY = Tejtey (a)l’252 (a)x61+62 (b)x%z (b) = (I61+62 (a)I€1+62 (b)) (1’262 (a)l’252 (b)) = Tejter (a—i—b)l’gm (CL—I—b),

which corresponds to the addition in R.
To define x ® y for given z,y € Y., 1., we need to use several tricks.
First, let 1 € G be such that

1 € X6, C = C(Ty,) and [z, Tey—e, (1)] = .
Note that if £ = ¢, 1¢,(a) T2, (a), then necessarily 1 = xq., (a)c, ¢ € Z(G).
Second, let 4, be
yw2el W) = xWQel (61+62)(b)xw261(262)(b) = Teg—ey (b)x262 (b)
We see that
[1131, y2] = [$261 (a)a Teg—eq (b)x%z (b)] = [113261 (CL), Teg—ey (b)] = Tegtey (ab)l’gm (abz)'
If we set
TRY = ([Ila yl]C(F262) N }/;1+62) = Teqtes (ab)x%z (ab)a

since (21, Y1]C(Taey) = Tegpe, (ab)Tae, (t)e, t € R, ¢ € Z(G).
Therefore the case 4 is also complete. B
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Now we prove the converse of Theorem [l The result, we believe, is known in folklore.

Proposition 6. All Chevalley groups G(®, R), where R is an arbitrary commutative ring are
all e-interpretable in R (not using constants from R other then integers).

Proof. We represent an n x n-matrix z = (x;;) with entries in R by an n’-tuple T over R,
where
T = (11, T1n, T21s - s Tnds - - - L)

The matrix multiplication ® on tuples from R" is defined by

Tey=2+ |\ 2= P;T.7)
ij=1
where P,;(7;7y) is integer polynomial ) x;zyx;. The multiplication ® is clearly Diophantine.
=1

To finish the description of the interpretations of the groups G,(®, R) in R it suffices to define
the corresponding subsets of R™* by Diophantine formulas.

But it is so by definition of Chevalley groups, which are all defined by finite system of
polynomial equations with integer coefficients. Il

We are not able to show that the elementary Chevalley group E,.(®,R) is e-interpretable
in R for any commutative ring R.

However, the following holds.

Theorem 5. If an elementary Chevalley group E.(®, R) has bounded elementary generation,
then E.(®, R) is e-interpretable in R.

6. DIOPHANTINE PROBLEM IN CHEVALLEY GROUPS

In this section we study Diophantine problem in Chevalley groups over rings. Our arguments
are often similar to the corresponding ones for classical linear groups from [77], so we either
state the results without proofs and refer the reader to [77] or give a short sketch of the proof.

6.1. General reductions. We consider here the Diophantine problems of the type Do (G (®, R)),
where C'is a countable subset of G(®, R) equipped with an enumeration v : N — C. Denote
by Rc the set of all elements of R that occur in matrices from C. The enumeration v gives rise
to an enumeration p : N — R, where to construct p it suffices to enumerate matrices in C
with respect to v, for each matrix v(n) enumerate its entries in some fixed order, and combine
all these into an enumeration .

Now we can prove the main result of the paper.

Theorem 6. If ® is an indecomposable root system of a rank > 1, R is an arbitrary commutative
ring with 1, then the Diophantine problem in any Chevalley group G(®, R) is Karp equivalent
to the Diophantine problem in R. More precisely:

1) If C is a countable subset of G(®, R) then Do (GR(®, R)) Karp reduces to Dg.(R).
2) If T is a countable subset of R then there is a countable subset Cr of G(®, R) such
that Dr(R) Karp reduces to Do, (G (P, R)).

Proof. 1) follows directly from Proposition [0l (see Lemma 7.1 from [77]). 2) comes from
Theorem [ W
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Theorem 7. Let ® be an indecomposable root system of a rank > 1 and R an arbitrary com-
mutative ring with 1. If the elementary Chevalley group E.(®,R) has bounded elementary
generation, then the Diophantine problem in E.(®, R) is Karp equivalent to the Diophantine
problem in R.

Proof. The result follows from Theorem 5. B

6.2. Diophantine problem in Chevalley groups over rings of algebraic integers and
number fields. By a number field F' we mean a finite algebraic extension of Q. The ring of
algebraic integers Op of a number field F' is the subring of F' consisting of all roots of monic
polynomials with integer coefficients.

It is a classical result that the Diophantine problem in Z is undecidable [75].

Theorem 8 (compare with Theorem 7.2 from [77]). If ® is a indecomposable root system of a
rank > 1, then the Diophantine problem in all Chevalley groups G(®,7Z) is Karp equivalent to
the Diophantine problem in Z, in particular, it is undecidable.

The following is one of the major conjectures in number theory.

Conjecture 1. The Diophantine problem in Q, as well as in any number field F', or any ring
of algebraic integers O, is undecidable.

For Q and any its finite extension F' the conjecture above is wide open. However, for the
rings of algebraic integers Op of the fields F' there are results where the undecidability of
the Diophantine problem is confirmed. Namely, it is known that Z is Diophantine in Op if
[F': Q] = 2 or F is totally real [33, B5], or [F' : Q] > 3 and F has exactly two nonreal
embeddings into the field of complex numbers [84], or F' is an Abelian number field [96]. We
refer to two surveys and a book [83] [85, ©5] for details on this matter.

The following result moves the Diophantine problem in Chevalley groups over number fields
or rings of algebraic integers from group theory to number theory.

Theorem 9. Let ® be an indecomposable root system of a rank > 1 and R either a number field
or a ring of algebraic integers. Then Conjecture[dl holds for R if and only if the Diophantine
problem in the Chevalley group G.(®, R) is undecidable.

6.3. Diophantine problem in Chevalley groups over finitely generated commutative
rings. To move forward we need to recall some definitions.

The characteristic of a ring with multiplicative identity (i.e. a unitary ring) is the minimum
positive integer n such that 1+ .7. 4+ 1 = 0. By rank of a ring R we refer to the rank of R
seen as an abelian group (i.e. forgetting its multiplication operation): that is, the maximum
number m of nonzero elements rq,...,7, € R such that whenever a;ry + ---+ a,,7,, = 0 for
some integers r1,...,7r,, we have r;a; =0 for all i = 1,...,m. If R is an integral domain, then
its rank coincides with its dimension as a F,,-vector space if R has positive characteristic p, and
otherwise it coincides with the dimension of R seen as a Z-module.

The following result from [47] describes the current state of the Diophantine problem in
finitely generated commutative rings. Note that in [33] B4] Denef showed that the Diophantine
problems in polynomial rings with coefficients in integral domains are undecidable.

Theorem 10 ([47]). Let R be an infinite finitely generated associative commutative unitary
ring. Then one of the following holds:
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(1) If R has positive characteristicn > 0, then the ring of polynomials F,[t] is e-interpretable
in R for some transcendental element t and some prime integer p; and D(R) is unde-
cidable.

(2) If R has zero characteristic and it has infinite rank then the same conclusions as above
hold: the ring of polynomials IF,[t] is e-interpretable in R for some t and p; and D(R)
15 undecidable.

(3) If R has zero characteristic and it has finite rank then a ring of algebraic integers O is
e-interpretable in R.

This together with Theorem [0l implies the following result which completely clarifies the
situation with the Diophantine problem in Chevalley groups over infinite finitely generated
commutative unitary rings.

Theorem 11. Let ® be an indecomposable root system of a rank > 1, R is an arbitrary infinite
finitely generated commutative ring with 1, and G.(®, R) the corresponding Chevalley group.
Then:

1) If R has positive characteristic then the Diophantine problem in G (®, R) is undecidable.

2) If R has zero characteristic and it has infinite rank then the Diophantine problem in
G (P, R) is undecidable.

3) If R has zero characteristic and it has finite rank then the Diophantine problem in some
ring of algebraic integers O is Karp reducible to the Diophantine problem in G.(P, R).
Hence if Congecture [l holds then the Diophantine problem in G.(®, R) is undecidable.

6.4. Diophantine problem in Chevalley groups over algebraically closed fields. Let
R be an algebraically closed field. We need the following known results about R (see [77] for
details and references).

1) If Ais a computable subfield of R then the first-order theory T'h4(R) of R with constants
from A in the language is decidable. In particular, the Diophantine problem D4(R) is
decidable.

2) If Ais a computable subfield of R then the algebraic closure A of A in R is computable.

Theorem 12. Let ® be an indecomposable root system of a rank > 1, R an algebraically closed
field, and G(®, R) the corresponding Chevalley group. If A is a computable subfield of R, then
the Diophantine problem in G (®, R) with constants from G.(®, A) is decidable (under a proper
enumeration of G(®,A)).

6.5. Diophantine problem in Chevalley groups over reals. Let R = R be the field of
real numbers and A a countable (or finite) subset of R.

Our treatment of the Diophantine problem in Chevalley groups over R is based on the
following two results on the Diophantine problem in R which are known in the folklore. For
details we refer to [77].

Proposition 7 ([77], Proposition 7.4). Let A be a finite or countable subset of R. Then the
Diophantine problem in R with coefficients in A is decidable if and only if the ordered subfield
F(A) is computable. Furthermore, in this case the whole first-order theory Tha(R) is decidable.

Recall that a real a € R is computable if its standard decimal expansion a = ag.aqas ... is
computable, i.e., the integer function n — a, is computable. In other words, a is computable
if and only if one can effectively approximate it by rationals with any precision. The set of all
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computable reals R¢ forms a real closed subfield of R, in particular R€ is first-order equivalent
to R.
In the following Proposition we collect some facts about computable ordered subfields of R.

Proposition 8 ([77], Proposition 7.5). The following holds:

1) Every ordered computable subfield of R is contained in RC.

2) The ordered subfield R < R with the induced order from R is not computable.

3) If F' is a computable ordered field, then its real closure is also computable. In particular,
if F is a computable subfield of R then the algebraic closure F of F in R is a computable
ordered field.

4) If ay,...,a, are computable reals then the ordered subfield Q(ay, ..., ay) < R with the
induced order from R is computable.

Corollary 3. The following holds:

e The Diophantine problem in R with coefficients in R® is undecidable;

e The Diophantine problem in R with coefficients in any finite subset of R¢ is decidable;

e The Diophantine problem in R with coefficients in {a}, where a is not computable, is
undecidable.

Recall that a matrix A € GL,(R) is called computable if all entries in A are computable real
numbers.

Chevalley groups G.(®,R) are matrix algebraic groups over R, hence one can view their
elements as matrices

Theorem 13. Let ® be an indecomposable root system of a rank > 1 and G(®,R) the Chevalley
group over the field of real numbers R. If A is a computable ordered subfield of R then the
first-order theory Th(G,(®,R)) with constants from G.(®, A) is decidable. In particular, the
Diophantine problem in G.(®,R) with constants from G.(®, A) is decidable (under a proper
enumeration of G.(®, A)).

Theorem 14. Let & be an indecomposable root system of a rank > 1 and G(®,R°) the Cheval-
ley group over the field of computable real numbers R¢. Then the following holds:

1) The Diophantine problem in the computable group G.(®,R€) is undecidable.
2) For any finitely generated subgroup C' of G(®,R) the Diophantine problem in G (P, R)
with coefficients in C' is decidable.

We say that a matrix A € GL,(R) is computable if all entries in A are computable reals,
ie, A € GL,(R®). Hence the computable matrices in SL,(R) are precisely the matrices
from SL,(R®). Since elements of a Chevalley group G,(®,R) are represented by matrices from
SL ,,(R) we say that an element g € G(®,R) is computable if it is represented by a computable
matrix from SL,(R°).

Theorem 15. Let & be an indecomposable root system of a rank > 1 and G(®,R) is the
corresponding Chevalley group over the field of reals R. If an element g € E.(®,R) is not
computable then the Diophantine problem for equations with coefficients in {x(1) | a € ®}U{g}
is undecidable in any large subgroup of G.(®,R).

6.6. Diophantine problem in Chevalley groups over p-adic numbers. Similar to the
case of reals one can define computable p-adic numbers for every fixed prime p. Recall, that
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every p-adic number a € @, has a unique presentation in the form a = p™¢, where m € Z and ¢
is a unit in the ring Z,. In its turn, the unit ¢ is uniquely determined by a sequence of natural
numbers {£(7)};en, where

0<g@@) <p™, £(+1) =¢(@)(mod p™), (i € N).

The p-adic number a = p™¢ is computable if the sequence i — £(i) is computable. In this
case the sequence {£(i)}ien gives an effective p-adic approximation of £. It is known (see, for
example [76]), that the set Q5 of all computable p-adic numbers forms a subfield of Q,, such
that Q, = Q5. Observe also that the ring Z, is Diophantine in Q,. More precisely, if p # 2,
then Z, is defined in Q, by formula Jy(1 + pz? = y?), while if p = 2 then Z, is defined by the
formula Jy(1 + 22° = y3) (see [41]).

The following results were shown in [76]:

a) Th(Z,,ay,...,a,) is decidable if and only if each of ay,...,a, is a computable p-adic
number.

b) Th(Q,,a1,...,a,) is decidable if and only if each of a4, ..., a, is a computable p-adic
number.

c) If a p-adic integer a is not computable then equations with constants from Q U {a} are
undecidable in Z,,.

d) If a p-adic number a € Q, is not computable then equations with constants from QU{a}
are undecidable in Q,.

Theorem 16. Let ® be an indecomposable root system of a rank > 1. Then the following holds:

1) Letay,...,an € Q5 and A = Q(ay, ..., an) is the subfield of Q, generated by ay, . .., Gy, .
Then the first-order theory Th(G,(®,Q,)) with constants from G (P, A) is decidable.
In particular, the Diophantine problem in G(®,Q,) with constants from G (®,A) is
decidable (under a proper enumeration of G(®, A)).

2) Letay,...,am € Z;, and A = Z(ay, ..., an) is the subring of Z, generated by ay, ..., ap,.
Then the first-order theory Th(G,(®,Q,)) with constants from G (P, A) is decidable.
In particular, the Diophantine problem in G(®,Q,) with constants from G(®,A) is
decidable (under a proper enumeration of G(®, A)).

Proof. It follows from Theorem [0 and the results a) and b) above. B

We say that a matrix A € GL,(Q,) is computable if all entries in A are computable p-adic
numbers, ie., A € GL,(Qf). Hence the computable matrices in SL, (Q,) are precisely the
matrices from SL,(Qf). Since elements of a Chevalley group G.(®,Q,) are represented by
matrices from SL,,(Q,) we say that an element g € G, (P, Q,) is computable if it is represented
by a computable matrix from SL,,(Q5). Similarly, we define computable elements in a Chevalley
group G.(®,Z,).

Theorem 17. Let ® be an indecomposable root system of a rank > 1 and G.(®,Q,) (G(P,Z,),p #
2) the corresponding Chevalley group over Q, (Z,). If an element g € E.(®,Q,) (¢ €

E.(®,7Z,),p # 2) is not computable then the Diophantine problem for equations with coefficients
in{za(1) | @ € @} U{g} is undecidable in any large subgroup of G(®,Q,) (G (P,Z,),p # 2).
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