TOPOLOGICAL TRANSFORMATION GROUPS: SELECTED
TOPICS
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1. INTRODUCTION

In this paper all topological spaces are Tychonoff. A topological transformation
group, or a G-space, as usual, is a triple (G, X, 7), where m: Gx X — X, 7(g,z) :=
gx is a continuous action of a topological group G on a topological space X. Let
G act on X; and on Xs. A continuous map f: X; — X5 is a G-map (or, an
equivariant map) if f(gx) = gf(x) for every (g,x) € G x X;.

The Banach algebra of all continuous real valued bounded functions on a topo-
logical space X will be denoted by C(X). Let (G, X, n) be a G-space. It induces
the action G x C(X) — C(X), with (gf)(x) = f(g~'z). A function f € C(X) is
said to be right uniformly continuous, or also m-uniform, if the map G — C(X),
g — ¢gf is norm continuous. The latter means that for every ¢ > 0 there exists a
neighborhood V' of the identity element e € G such that sup,cx |f(vz) — f(z)] < e
for every v € V. The set RUC¢(X) := RUC(X) of all right uniformly continuous
functions on X is a uniformly closed G-invariant subalgebra of C(X).

A transitive action in this paper means an action with a single orbit. Let H
be a closed subgroup of G and G/H be the (left) coset space endowed with the
quotient topology. In the sequel we will refer to G/H as a homogeneous G-space.
In this particular case f € RUCqg(X) iff f is a uniformly continuous bounded
function with respect to the natural right uniform structure on G/H (this explains
Fact 2.1.1 below). A G-space X will be called:

(1) G-compactifiable, or G-Tychonoff, if X is a G-subspace of a compact G-
space.

(2) G-homogenizable, if there exists an equivariant embedding of (G, X) into
a homogeneous space (G', G’ /H) (i.e., there exists a topological group em-
bedding h: G — G’ and a topological embedding o: X — G’'/H such that
h(g)a(x) = gx).

(3) G-automorphic, if X is a topological group and each § = 7(g,): X — X
is a group automorphism. We say also that X is a G-group.

(4) G-automorphizable, if X is a G-subspace of an automorphic G-space. In
particular, if Y is a locally convex G-space with a continuous linear action
of G on Y then we say that X is G-linearizable.
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2. EQUIVARIANT COMPACTIFICATIONS

A G-compactification of a G-space X is a G-map v: X — Y with a dense range
into a compact G-space Y. A compactification is proper when v is a topological
embedding. The study of equivariant compactifications goes back to J. de Groot,
R. Palais, R. Brook, J. de Vries, Yu. Smirnov and others.

The Gelfand—Raikov—Shilov classical functional description of compactifications
admits a natural generalization for G-spaces in terms of G-subalgebras of RUC(X)
(see for example [76, 11, 4]). The G-algebra V := RUC(X) defines the corre-
sponding Gelfand (maximal ideal) space X C V* and the, possibly improper,
mazimal G-compactification ig,: X — BcX. Consider the natural homomorphism
h: G — Is(RUC(X)), where Is(RUC(X)) is the group of all linear isometries of
RUC(X) and h(g)(f) := gf. The pair (h,ig,) defines a representation (in the
sense of Definition 7.1) of the G-space X on the Banach space RUC(X).

A G-space is G-Tychonoff iff it can be equivariantly embedded into a compact
Hausdorff G-space iff ig,, is proper iff RUC¢ (X)) separates points and closed subsets
iff (G, X) is Banach representable (cf. Definition 7.1 and Fact 7.2).

Unless G is discrete, the usual maximal compactification X — X (which always
is a Gg-compactification for every G-space X, where G4 is the group G endowed
with the discrete topology) fails to be a G-compactification, in general. However
several standard compactifications are compatible with actions. For instance it is
true for the one-point compactifications [75]. The Samuel compactification of an
equiuniform G-spaces (X, u) is a G-compactification (see [18, 75, 37]). Here ‘u is
an equiuniformity on a G-space X’ means that every translation g: X — X is
p-uniform and for every entourage € € u there exists a neighborhood U of the
identity e such that (gz,x) € € for every (g,z) € U x X. Equiuniform precompact
uniformities correspond to G-compactifications. For G-prozimities see Smirnov [11].
It is easy to see that Gromov’s compactification' of a bounded metric space (X, d)
with a continuous G-invariant action is a proper G-compactification. The reason
is that the function f,: X — R defined by f.(z) := d(z,z) is m-uniform for every
zeX.

By J. de Vries’ well known result [77] if G is locally compact then every Tychonoff
G-space is G-Tychonoff. See Palais [55] for the case of a compact Lie group G, and
Antonyan [11] for compact G.

We call a group G, a V-group, if every Tychonoff G-space is G-Tychonoff. In [75],
de Vries posed the ‘compactification problem’ which in our terms becomes: is every
topological group G a V-group? Thus every locally compact group is a V-group.
An example of [39] answers de Vries’ question negatively: there exists a topological
transformation group (G, X) such that both G and X are Polish and X is not
G-Tychonoff.

Fact 2.1. Recall some useful situations when G-spaces are G-Tychonoff:
(1) every coset G-space G/H (de Vries [75]; see also Pestov [61]);
(2) every automorphic G-space X (and, hence, every linear G-space X ), [40];

IThe corresponding algebra is generated by the set of functions {f.: X — R},cx, where
fz(x) :==d(z,z) (see for example [4, p. 112]).
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(3) every metric G-space (X,d), where G is second category and §: X — X is
d-uniformly continuous for every g € G, [40];

(4) every G-space X, where X is Baire, G is uniformly Lindelof and acts tran-
sitively on X (Uspenskij [70]).

For some results related to Fact 2.1(4) see Chatyrko and Kozlov [20].

A topological group G is uniformly Lindeldf (alternative names: Rg-bounded,
w-bounded, w-narrow, etc.) if for every nonempty open subset O C G countably
many translates g, O cover G. By a G-factorization theorem [40] every G-Tychonoff
space X with uniformly Lindel6f G admits a proper G-compactification X — Y
with the same weight and dimension dimY < dim g X.

The following two results are proved in [52].

(1) If G is Polish then it is a V-group iff G is locally compact.

(2) If G is uniformly Lindelof and not locally precompact, then G is not
a V-group. Furthermore there exists a Tychonoff G-space X such that
i+ X — BeX is not injective.

The following longstanding question remains open.

Question 2.2 (Yu.M. Smirnov, 1980). Find a nontrivial Tychonoff G-space X
such that every G-compactification of X 1is trivial.

The compactification problem is still open for many natural groups.

Question 2.3 ([52]).

(1) Is there a locally precompact group G which is not a V-group?
(2) What if G is the group Q of rational numbers? What if G is the precompact
cyclic group (Z,T,) endowed with the p-adic topology?

Question 2.4 (Antonyan and Sanchis [10]). Is every locally pseudocompact group
a V-group?

Stoyanov gave (see [21, 67]) a geometric description of G-compactifications for
the following natural action: X := Sg is the unit sphere of a Hilbert space H and
G :=U(H) is the unitary group endowed with the strong operator topology. Then
the maximal G-compactification is equivalent to the natural inclusion of X into the
weak compact unit ball By of H.

Question 2.5. Let V' be a separable reflexive Banach space. Consider the natu-
ral action of the group Is(V') on the sphere Sy . Is it true that the mazimal G-
compactification is equivalent to the natural inclusion of X into the weak compact
unit ball By of V¢

For more information about the question: ‘whether simple geometric objects can
be maximal equivariant compactifications?’ we refer to Smirnov [66].

Question 2.6 (H. Furstenberg and T. Scarr). Let X be a Tychonoff G-space with
the transitive action. Is it true that X is G-Tychonoff?

Uspenskij’s result (see Fact 2.1(4)) implies that the answer is ‘yes’ if X is Baire
and G is uniformly Lindelof.
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Very little is known about the dimension of S5X. Even in the case of the
left regular action of G on X := G the dimension of SgG (the so-called greatest
ambit for G) may be greater than dim G (take a cyclic dense subgroup G of the
circle group T; then dimG = 0 and dim 8¢G = dimT = 1). It is an old folklore
result that dim G = 0 iff G is non-Archimedean? (see for example, [57, 53]). It
follows by [35, Thm 5.12] that in the case of the Euclidean group G = R™, we have
dim 8¢G = dim G.

71007 Question 2.7. Does the functor Bg preserve the covering dimension in case of
compact Lie acting group G ?

If G is a compact Lie group then for every G-space X the inequality dim X/G <
dim X holds. For second countable X this is a classical result of Palais [55]. For
general Tychonoff X this was done in [40] using a G-factorization theorem. This
inequality does not remain true for compact (even 0-dimensional) groups. This led
us [39] to an example of a locally compact Polish G-space X such that dim X =1
and dim B¢ X > 2, where G is a O-dimensional compact metrizable group.

Fact 2.8 ([11,9]). (BaX)/G = B(X/G) for every G-space X and compact G.

71008 Question 2.9 (Zambakhidze). Let G be a compact group, X a G-space, and
B(X/G) a proper compactification of the orbit space X/G. Does there exist a
proper G-compactification Bg(X) of X such that Bq(X)/G = B(X/G)?

For some partial results see Antonyan [6] and Ageev [1].

71009 Question 2.10. Let G be a Polish group and X be a second countable G-Tychonoff
G-space. Does there exist a metric G-completion of X with the same dimension?

If G is not Polish then it is not true. The answer is affirmative if G is locally
compact [41].

3. EQUIVARIANT NORMALITY

Definition 3.1 ([36, 38, 52]). Let (G, X, 7) be a topological transformation group.

(1) Two subsets A and B in X are w-disjoint if UANUB = () for some neigh-
borhood U of the identity e € G.

(2) X is G-normal (or, equinormal) if for every pair of w-disjoint closed subsets
A and B there exists a pair of m-disjoint neighborhoods O1(A4) and Oz(B).
It is equivalent to say that every pair of m-disjoint closed subsets can be
separated by a function from RUCq(X) (Urysohn lemma for G-spaces).

(3) X is weakly G-normal if every pair of m-disjoint closed G-invariant subsets
in X can be separated by a function from RUCg(X).

Another version of the Urysohn lemma for G-spaces appears in [30, Theorem 3.9].
Every G-normal space is G-Tychonoff. The action of G := Q on X := R is not
G-normal. One can characterize locally compact groups in terms of G-normality.

Fact 3.2 ([52]). For every topological group G the following are equivalent:

2Non-Archimedean means having a local base at the identity consisting of open subgroups,
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(1) Ewvery normal G-space is G-normal.
(2) G is locally compact.

It is unclear if ‘G-normal’ can be replaced by ‘weakly G-normal’.

Question 3.3. Is every second countable G-space weakly G-normal for the group
G := Q of rational numbers?

If not, then by [52, Theorem 3.2] one can construct for G := Q a Tychonoff G-
space X which is not G-Tychonoff. That is, it will follow that Q is not a V-group
(see Question 2.3).

Fact 3.4. Every coset G-space G/H is G-normal.

Then the following ‘concrete’ actions (being coset spaces) are equinormal:
(1) (U(H),Sy) for every Hilbert space H;
(2) (Is(U),U) (where Is(U) is the isometry group of the Urysohn space U with
the pointwise topology);
(3) (GL(V),V \ {0}) for every normed space V (see [44]);
(4) (GL(V),Py) for every normed space V and its projective space Py .
It follows in particular by (4) that Py is GL(V')-Tychonoff. This was well known
among experts and easy to prove (cf. e.g. Pestov [59]) using equiuniformities.

Question 3.5. Is it true that the following (G-Tychonoff) actions are G-normal:
(U(€2)562)7 (IS(EP)7S€1,>)7 p> 1; (p 75 2)?

4. UNIVERSAL ACTIONS

Let A be some class of continuous actions (G, X). We say that a pair (G, X,,)
from A is (equivariantly) universal for the class A if for every (G, X) € A there
exists an equivariant pair (h, f) such that h: G — G, is a topological group em-
bedding and f: X — X, is a topological embedding. If, in addition we require
that G = G, and h = idg then we simply say that X, is G-universal.

For a compact space X denote by H(X) the group of all homeomorphisms of X
endowed with the compact open topology.

Fact 4.1.

(1) (Antonyan and de Vries [12]; Tychonoff theorem for G-spaces) For every
locally compact sigma-compact group G and a cardinal T there exists a uni-
versal G-space of weight T.

(2) (Megrelishvili [40]; G-space version of Nagata’s universal space theorem)
Let G be a locally compact sigma-compact group of weight w(G) < 7. For
every integer n > 0 there exists, in the class of metrizable G-spaces of
dimension < n and weight < 7, a universal G-space.

(3) (Hjorth [33]) If G is a Polish group, then the class of Polish G-spaces has
a G-universal object.

(4) (Megrelishvili and Scarr [53]; Equivariant universality of the Cantor cube)
Let K := {0,1}% be the Cantor cube. Then (H(K),K) is equivariantly
universal for the class of all 0-dimensional compact metrizable G-spaces,
where G is second countable and non-Archimedean.
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See also results of Becker and Kechris [14, Section 2.2.6], Vlasov [74] and ques-
tions posed by Iliadis in [34, p. 502].

Question 4.2. Let G be a Polish group. Is it true that there exists a universal
G-space in the class of all Polish G-spaces with dimension < n?

Fact 4.3 ([43]).

(1) (H(I%0), ") is equivariantly universal for the class of all G-compactifiable
actions (G, X) with second countable G and X.

(2) Let G be a uniformly Lindeléf group. Then every G-Tychonoff space X is
equivariantly embedded into (H(I7),I™) where 7 < w(X)w(G).

A direct corollary of Fact 4.3(1) is a well known result of Uspenskij [69] about
universality of the group H(I™°). Another proof of Uspenskij’s result (see [7, Corol-
lary 4]) follows by the following theorem of Antonyan.

Fact 4.4 ([7]). Let G be a uniformly Lindeldf group. Then for every G-Tychonoff
space X there exists a family of convex metrizable G-compacta {Ky}tcp such that
|[F| = w(X) and X possesses a G-embedding into the product [[;cp K.

The following natural question of Antonyan remains open (even for 7 = Rg).

Question 4.5 (Antonyan [7, 8]). Let G be a uniformly Lindelof group of weight
Ny < wG < 7. Does there exist a G-universal compact G-space of weight ¢

Question 4.6. Let 7 be an uncountable cardinal.

(1) Is it true that there exists an equivariantly universal topological transfor-
mation group (G, X,) in the class of all topological transformation groups
(G, X) where X is G-Tychonoff and max{w(G),w(X)} <71°?

(2) What if G, and G are abelian?

A positive answer on (1) will imply the solution of the following question.

Question 4.7 (Uspenskij [72]). Does there exist a universal topological group of
every given infinite weight 77

Fact 4.8. G-Compactifiable D G-Homogenizable O G-Automorphizable.

Every G-group X is naturally identified with the coset P-space P/G, where
P := X X\ (G is the corresponding semidirect product. This explains the second
inclusion. The first inclusion follows by Fact 3.4.

If G is locally compact then every G-space is G-linearizable (see for example, [11,
78]) and all classes from Fact 4.8 coincide.

It is well known that the action of H(I™) on I™ is transitive. Using Effros’
theorem one can show that Tychonoff cubes I* are coset H(I*)-spaces for every
infinite power, [43]. Therefore Fact 4.3 leads to the equality G-Compactifiable =
G-Homogenizable for every uniformly Lindeldf group G. It is unclear in general.

Question 4.9. Is there a G-Tychonoff non-homogenizable G-space? Equivalently,
is every compact G-space G-homogenizable?
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5. FREE TOPOLOGICAL G-GROUPS

Let X be a Tychonoff G-space. By Fg(X) we denote the corresponding free
topological G-group in the sense of [43]. Recall a link with the epimorphism problem.
Uspenskij has shown in [71] that in the category of Hausdorff topological groups
epimorphisms need not have a dense range. This answers a longstanding problem
by K. Hofmann. Pestov gave [56, 58] a useful epimorphism criteria in terms of the
free topological G-groups.

Fact 5.1 (Pestov [56]). The natural inclusion H — G of a topological subgroup H
into G is an epimorphism (in the category of Hausdorff groups) if and only if the
free topological G-group Fe(X) of the coset G-space X := G/H is trivial (here the
triviality means, ‘as trivial as possible’, isomorphic to the cyclic discrete group).

For instance by results of [43], F(X) is trivial in the following situation: the
group G := H(S) is the group of all homeomorphisms of the circle S which can be
identified with the compact coset G-space G/ St(z) (where z is a point of S and
St(z) is the stabilizer of z). It follows that St(z) <— G is an epimorphism. This
example shows also that not every compact G-space is G-automorphizable.

If G is locally compact then F(X) canonically can be identified with the usual
free topological group F'(X). This suggests the following questions.

Question 5.2. Let X be G-automorphic (i.e., the canonical map X — Fg(X) is an
embedding). Is it true that the natural map F(X) — Fg(X) is a homeomorphism?

Question 5.3. Let X be a G-automorphic G-space. Is it true that Fg(X) is alge-
braically free over X ¢

6. BANACH REPRESENTATIONS OF GROUPS

A representation of a topological group G on a Banach space V' is a homomor-
phism h: G — Is(V'), where Is(V) is the topological group of all linear surjective
isometries V' — V endowed with the strong operator topology inherited from VV.
Denote by V,, the space V in its weak topology. The corresponding topology on
Is(V) inherited from V.V is the weak operator topology. By [46], for a wide class
PCP (Point of Continuity Property) of Banach spaces, including reflexive spaces,
strong and weak operator topologies on Is(V') coincide.

Let K be a ‘well behaved’ subclass of the class Ban of all Banach spaces. Impor-
tant particular cases for such K are: Hilb, Ref or Asp, the classes of Hilbert, reflex-
ive or Asplund spaces respectively. The investigation of Asp and the closely related
Radon—Nikodgm property is among the main themes in Banach space theory. Recall
that a Banach space V is an Asplund space if the dual of every separable linear
subspace is separable, iff every bounded subset A of the dual V* is (weak* norm)-
fragmented, iff V* has the Radon—Nikodym property. Reflexive spaces and spaces
of the type ¢o(I') are Asplund. Namioka’s Joint Continuity Theorem implies that
every weakly compact set in a Banach space is norm fragmented. This explains
why every reflexive space is Asplund. For more details cf. [54, 17, 24]. For some
applications of the fragmentability concept for topological transformation groups,
see [45, 49, 46, 27].
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We say that a topological group G is K-representable if there exists a representa-
tion h: G — Is(V) for some V' € K such that & is a topological embedding; notation:
G € K,. In the opposite direction, we say that G is K-trivial if every continuous
KC-representation of G is trivial. Of course, TopGr = Ban, D Asp, D Ref, D Hilb,.
As to TopGr = Ban,, it is an old observation due to Teleman [68] (see also [58])
that for every topological group G the natural representation G — Is(V') on the
Banach space V := RUC(G) is an embedding.

Every locally compact group is Hilbert representable (Gelfand-Raikov). (We say
also, unitarily representable.) On the other hand, even for Polish groups very little
is known about their representabilty in well behaved Banach spaces.

It is also well known that TopGr # Hilb,.. Moreover, there are examples of uni-
tarily trivial, so-called ezotic groups (Herer—Christensen [32] and Banasczyk [13]).

Classical results imply that a group is unitarily representable iff the positive
definite functions separate the closed subsets and the neutral element. By results
of Shoenberg the function f(v) = e~I#I” is positive definite on L, () spaces for
every 1 < p < 2. An arbitrary Banach space V, as a topological group, cannot
be exotic because the group V in the weak topology is unitarily representable.
However C[0,1],co ¢ Hilb, (see Fact 6.6 below).

Fact 6.1 ([47]). A topological group G is (strongly) reflexively representable (i.e., G
is embedded into Is(V') endowed with the strong operator topology for some reflexive
V') iff the algebra WAP(G) of all weakly almost periodic functions determines the
topology of G.

A weaker result replacing ‘strong’ by ‘weak’ appears earlier in Shtern [65]. The
group G := H [0, 1] of orientation preserving homeomorphisms of the closed inter-
val (with the compact open topology) is an important source for counterexamples.

Fact 6.2.

(1) ([47]) H4[0,1] is reflezively (and hence also Hilbert) trivial.
(2) ([28]) Moreover, H;[0,1] is even Asplund trivial.

The question if WAP(G) determines the topology of a topological group G was
raised by Ruppert [64]. (1) means that every wap function on H [0, 1] is constant.
The WAP triviality of G := H[0, 1] was conjectured by Pestov.

Question 6.3 (Glasner and Megrelishvili). Is there an abelian group which is not
reflexively representable?

Equivalently: is it true that the algebra WAP(G) on an abelian group G separates
the identity from closed subsets?

Question 6.4. Is it true that every Banach space X, as a topological group, is
reflexively representable?

A separable Banach space U is uniformly universal if every separable Banach
space, as a uniform space, can be embedded into U. Clearly, C[0,1] is linearly
universal and hence also uniformly universal. In [2] Aharoni proved that ¢y is
uniformly universal. P. Enflo [23], in answer to a question by Yu. Smirnov, found
in 1969 a countable metrizable uniform space which is not uniformly embedded into
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a Hilbert space. That is, ¢5 is not uniformly universal®. However, it is an open
question if ‘Hilbert’ may be replaced by ‘reflexive’.

Question 6.5. Does there exist a uniformly universal reflexive Banach space?

There is no linearly universal separable reflexive Banach space (Szlenk). More-

10227

over, there is no Lipschitz embedding of ¢ into a reflexive Banach space (Mankiewicz).

For more information on uniform classification of Banach spaces we refer to [15].

Fact 6.6 ([42, 46]). Let G be a (separable) metrizable group and let Uy, denote its
left uniform structure. If G is reflexively representable, than (G,UL) as a uniform
space is embedded into a (separable) reflexive space V.. Moreover, if G is unitarily
representable then G is uniformly embedded into a (separable) Hilbert space.

As a corollary it follows that C[0,1] and ¢q are not unitarily representable. A
positive answer to the following question will imply a positive answer on 6.5.

Question 6.7. Are the additive groups ¢y and C[0,1] reflexively representable?

A natural question arises about coincidence of Ref, and Hilb,. The positive
answer was conjectured by A. Shtern [65]. By [48], L4[0,1] € Ref, and L4[0,1] ¢
Hilb,. Chaatit [19] proved that every separable L,(u) space (1 < p < o0), is
reflexively representable.

By [3], if a metrizable abelian* group, as a uniform space, is embedded into
a Hilbert space then positive definite functions separate the identity and closed
subsets. Combining this with Fact 6.6 we have the following®.

Fact 6.8. A metric abelian group is unitarily representable if and only if it is
uniformly embedded into a Hilbert space.

The same observation (for second countable abelian groups) is mentioned by
J. Galindo in a recent preprint [25]. Facts 6.6 and 6.8 suggest the following question.
Question 6.9 (See also [48]). Let G be a metrizable group and it, as a uniform
space (G,UL), is uniformly embedded into a reflexive (Hilbert) Banach space. Is it
true that G is reflexively (resp., unitarily) representable?

Galindo announced [25] that for every compact space X the free abelian topo-
logical group A(X) is unitarily representable. Uspenskij found [73] that in fact this
is true for every Tychonoff space X. The case of F(X) is open.

Question 6.10. Let X be a Tychonoff (or, even a compact) space.
(1) Is it true that the free topological group F(X) is reflexively representable?
(2) (see also Pestov [62]) Is it true that F(X) is unitarily representable?

U(¥2) clearly is universal for Polish unitarily representable groups.

Question 6.11. Does there exist a universal reflexively representable Polish group?

Question 6.12. Is it true that if G is reflexively representable then the factor group
G/H s also reflexively representable?

3This result by Enflo has recently led to some exciting developments in geometric group theory,
cf. Gromov [31].

4n fact, metrizable amenable, is enough.

5Tt was presented on Yaki Sternfeld Memorial International Conference (Israel, May 2002).
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It is impossible here to replace ‘reflexively’ by ‘Hilbert’ because every Abelian
Polish group is a factor-group of a Hilbert representable Polish group (Gao and
Pestov [26]). A positive answer to Question 6.12 will imply that every second
countable Abelian group is reflexively representable. Also then we will get a nega-
tive answer to the following problem.

Question 6.13 (A.S. Kechris). Is every Polish (nonabelian) topological group a
topological factor-group of a subgroup of U(€s) with the strong operator topology?

A natural test case by Fact 6.2 is the group H [0, 1]. Fact 6.2 of course implies
that every bigger group G D H[0, 1] is not reflexively representable. Moreover
if G in addition is topologically simple then it is reflexively trivial. For instance
the Polish group Is(U;)® is reflexively trivial (as observed by Pestov [60], this fact
follows immediately from results by Megrelishvili [47] and Uspenskij [72]). It follows
that every Polish group is a subgroup of a reflexively trivial Polish group.

Question 6.14 (Glasner and Megrelishvili [28]). Is it true that there exists a non-
trivial Polish group which is reflexively (Asplund) trivial but does not contain a
subgroup topologically isomorphic to H,[0,1]?

By a recent result of Rosendal and Solecki [63] every homomorphism of H, [0, 1]
into a separable group is continuous. Hence every representation (of a discrete
group) H[0,1] on a separable reflexive space is trivial.

Question 6.15 (Glasner and Megrelishvili). Find a Polish group G which is reflex-
wely (Asplund) trivial but the discrete group Gy admits a nontrivial representation
on a separable reflexive (Asplund) space.

Question 6.16. Is it true that the group H(IN) is reflexively trivial?
It is enough to show that the group H(I™°) is topologically simple.

Question 6.17 (Glasner and Megrelishvili). Is it true that there exists a group G
such that G € Asp, and G ¢ Ref,.

7. DYNAMICAL VERSIONS OF EBERLEIN AND RADON-NIKODYM COMPACTA

Eberlein compacta in the sense of Amir and Lindenstrauss [5] are exactly the
weakly compact subsets in Banach (equivalently, reflexive) spaces V. If X is a weak™
compact subset in the dual V* of an Asplund space V then, following Namioka [54],
X is called Radon—Nikodym compact (in short: RN). Every reflexive Banach space
is Asplund. Hence, every Eberlein compact is RN.

Definition 7.1 ([49]). A (proper) representation of (G, X) on a Banach space V
is a pair (h, ) where h: G — Is(V) is a continuous homomorphism of topological
groups and a: X — V* is a weak star continuous bounded G-mapping (resp.,
embedding) with respect to the dual action G xV* — V*, (gp)(v) := p(h(g~1)(v)).

Note that the dual action is norm continuous whenever V is an Asplund space, [45].
It is well known that the latter does not remain true in general.

U, is a sphere of radius 1/2in U.
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Fact 7.2. A G-space X is properly representable on some Banach space V' if and
only if X is G-Tychonoff (consider the natural representation on V := RUCq(X)).

The following dynamical versions of Eberlein and Radon—Nikodym compact
spaces were introduced in [49]. A compact G-space X is Radon—Nikodym, RN
for short, if there exists a proper representation of (G, X) on an Asplund Banach
space V. If V is reflexive (Hilbert) then we get the definitions of reflexively (resp.,
Hilbert) representable G-spaces. In the first case we say that (G, X) is an Eberlein
G-space.

Fact 7.3. Let X be a metric compact G-space.
(1) ([49)) X, as a G-space, is Eberlein (i.e., reflexively G-representable) iff X
is a weakly almost periodic G-space in the sense of Ellis [22].
(2) ([27]) X, as a G-space, is RN iff X is hereditarily nonsensitive.

Compact spaces which are not Eberlein are necessarily nonmetrizable, while even
for G := Z, there are natural metric compact G-spaces which are not RN.

There exists a compact metric Z-space which is reflexively but not Hilbert rep-
resentable [50]. This answers a question of T. Downarowicz.

Question 7.4. Is it true that Eberlein (that is, reflexively representable) compact 1033 ?
G-spaces are closed under factors?

For the trivial group G (i.e., in the purely topological setting) the answer is
affirmative and this is just a well known result by Benyamini, Rudin and Wage [16].
The answer is ‘yes’ for compact metric G-spaces.

Question 7.5. Is it true that RN (that is, Asplund representable) compact G-spaces 1034 ?
are closed under factors?

For the trivial group one can recognize a longstanding open question by Namioka [54].
Again if X is metric then the answer is ‘yes’. For Hilbert representable actions the
situation is unclear even for the metric case.

Question 7.6. s it true that Hilbert representable compact metric G-spaces are 10357
closed under factors?

For a compact G-space X denote by F := FE(X) the corresponding (frequently,
‘huge’) compact right topological (Ellis) enveloping semigroup. It is the pointwise
closure of the set of translations {§: X — X },c¢ in the product space X X,

The enveloping semigroup F(X) of a metric compact RN G-space X is a sepa-
rable Rosenthal compact (hence, card(E(X)) < 2%0), [27].

Question 7.7 (Glasner and Megrelishvili). Is it true that for every compact metric 1036 ?
RN G-space X the enveloping semigroup E(X) is metrizable 7

A function f € RUC(G) is Asplund, notation: f € Asp(G), if f is a (generalized)
matrix coefficient of an Asplund representation h: G — Is(V). This means that V' is
Asplund and there exists a pair of vectors (v,1) € V xV* such that f(g) = (g~ 1v).
Similarly, WAP(G) is the set of all matrix coefficients of reflexive representations.
Recall that if RUC(G) = WAP(G) then G is precompact [51].

"The answer is positive, see [29].
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Question 7.8. Assume that RUC(G) = Asp(G). Is it true that G is precompact?

ACKNOWLEDGMENT

I am indebted to Yu. Smirnov who led me to the world of topological trans-
formation groups. I thank S. Antonyan, D. Dikranjan, E. Glasner, V. Pestov and
V. Uspenskij for helpful suggestions.

REFERENCES

[1] S.-M. Ageev, On a problem of Zambakhidze and Smirnov, Math. Notes 58 (1995), no. 1-2,
(1996), 679-684.

[2] 1. Aharoni, Every separable Banach space is Lipschitz equivalent to a subset of co, Israel J.
of Math., 19 (1974), 284-291.

[3] I. Aharoni, B. Maurey and B.S. Mityagin, Uniform embeddings of metric spaces and of
Banach spaces into Hilbert spaces, Israel J. of Math., 52 (1985), 251-265.

[4] E. Akin, Recurrence in topological dynamics: Furstenberg families and Ellis actions, Univer-
sity Series in Mathematics, New York, Plenum Press, 1997.

[5] D. Amir and J. Lindenstrauss, The structure of weakly compact subsets in Banach spaces,
Ann. of Math., 88 (1968), 35-46.

[6] S. Antonyan, On a problem of L.G. Zambakhidze, Russ. Math. Surv., 41 (1986), 125-126.

[7] S. Antonyan, Equivariant embeddings and w-bounded groups, Moscow Univ. Math. Bull. 49
(1994), no 1, 13-16.

[8] S. Antonyan, Universal proper G-spaces, Topol. Appl., 117 (1) (2002), 23-43.

[9] N. Antonyan and S. Antonyan, Free G-spaces and mazimal equivariant compactifications,
Annali di Matematica, 184 (2005), 407— 420.

[10] S. Antonyan and M. Sanchis, Extension of locally pseudocompact group actions, Ann. Mat.
Pura Appl., (4) 181 (2002), no. 3, 239-246.

[11] S. Antonyan and Yu. Smirnov, Universal objects and compact extensions for topological trans-
formation groups, Dokl. Akad. Nauk SSSR, 257 (1981), 521-526.

[12] S. Antonyan and J. de Vries, Tychonov’s theorem for G-spaces, Acta Math. Hung., 50 (1987),
253-256.

[13] W. Banasczyk, Additive subgroups of Topological Vector Spaces, Lect. Notes in Math., 1466,
Springer-Verlag, Berlin, 1991.

[14] H. Becker and A.S. Kechris, The descriptive set theory of Polish group actions, London Math.
Soc., 232, Cambridge University Press, 1996.

[15] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Functional Analysis, vol. 1, Amer.
Math. Soc., Coll. Publ., 48, Providence, Rhode Island, 2000.

[16] Y. Benyamini, M.E. Rudin and M. Wage, Continuous images of weakly compact subsets of
Banach spaces, Pacific J. Math., 70 (1977), 309-324.

[17] R.D. Bourgin, Geometric Aspects of Convex Sets with the Radon—Nikodym Property, Lecture
Notes in Math., 993, Springer-Verlag, 1983.

[18] R.B. Brook, A construction of the greatest ambit, Math. Systems Theory, 6 (1970), 243-248.

[19] F. Chaatit, A representation of stable Banach spaces, Arch. Math., 67 (1996), 59-69.

[20] V.A. Chatyrko and K.L. Kozlov, On G-compactifications, Mathematical Notes, 78, No. 5,
2005, p.649-661.

[21] D. Dikranjan, Iv. Prodanov and L. Stoyanov, Topological groups: characters, dualities and
minimal group topologies, Pure and Appl. Math. 130, Marcel Dekker, New York-Basel, 1989.

[22] R. Ellis, Equicontinuity and almost periodic functions, Proc. AMS, 10, (1959), 637-643.

[23] P. Enflo, On a problem of Smirnov, Ark. Math., 8 (1963), 107-109.

[24] M. Fabian, Gateauz differentiability of convez functions and topology, Canadian Math. Soc.
Series of Monographs and Advanced Texts, A Wiley-Interscience Publication, New York,
1997.

[25] J. Galindo, On unitary representability of topological groups, Preprint, January, 2006.



[26]
27]
(28]
29]
(30]

(31]
32]

33]
(34]

(35)
(36]

37]
(38]
39]
[40]
[41]
42]

[43]
[44]

[45]

[46]

(47]
(48]
[49]
[50]

[51]

52]

(53]

TOPOLOGICAL TRANSFORMATION GROUPS: SELECTED TOPICS 13

S. Gao and V. Pestov, On a universality property of some abelian Polish groups, Fund. Math.,
179 (2003), 1-15.

E. Glasner and M. Megrelishvili, Linear representations of hereditarily non-sensitive dynam-
ical systems, Colloq. Math., 104 (2006), no. 2, 223-283.

E. Glasner and M. Megrelishvili, Some new algebras of functions on topological groups arising
from actions, Preprint, 2006.

E. Glasner, M. Megrelishvili and V.V. Uspenskij, On metrizable enveloping semigroups, Israel
Journal of Math. (to appear), ArXiv: http://front.math.ucdavis.edu/math.DS/0606373

E. Glasner and B. Weiss, Spatial and non-spatial actions of Polish groups, Ergodic Theory
Dyn. Syst., 25 (2005), 1521-1538.

M. Gromov, Random walk in random groups, Geom. Funct. Anal., 13 (2003), no. 1, 73-146.
W. Herer and J.P.R. Christensen, On the ezistence of pathological submeasures and the con-
struction of exotic topological groups, Math. Ann., 213 (1975), 203-210.

G. Hjorth, A universal Polish G-space, Topology Appl., 91, No.2 (1999), 141-150.

S.D. Iliadis, Universal spaces and mappings, North-Holland Mathematics Studires, 198, ed.:
J. van Mill, Elsevier, 2005.

J. Isbell, Uniform spaces, Providence, 1964.

M. Megrelishvili, Equivariant normality, Bull. Ac. Sc. Georgian SSR (in Russian), 111:1
(1983), 17-20.

M. Megrelishvili, Equivariant completions and compact extensions, Bull. Ac. Sc. Georgian
SSR (in Russian), 103:3 (1984), 21-24.

M. Megrelishvili, Uniformity and topological transformation groups, Ph. D. Dissertation (in
Russian), Thilisi State University, 1985.

M. Megrelishvili, A Tychonoff G-space not admitting a compact G-extension or a G-
linearization, Russ. Math. Surv., 43:2 (1988), 177-178.

M. Megrelishvili, Compactification and factorization in the category of G-spaces, in: Cate-
gorical Topology, ed. J.Adamek and S.MacLane, World Scientific, Singapore, 1989, 220-237.
M. Megrelishvili, Equivariant completions, Comment. Math. Univ. Carolinae, 35:3 (1994),
539-547.

M. Megrelishvili, Group representations and construction of minimal topological groups,
Topology Applications, 62 (1995), 1-19.

M. Megrelishvili, Free topological G-groups, New Zealand Journal of Math., 25 (1996), 59-72.
M. Megrelishvili, G-Minimal Topological Groups, In: Abelian Groups, Module Theory and
Topology, Lecture Notes in Pure and Applied Algebra, Marcel Dekker, 201 (1998), 289-300.
M. Megrelishvili, Fragmentability and continuity of semigroup actions, Semigroup Forum, 57
(1998), 101-126.

M. Megrelishvili, Operator topologies and reflexive representability, In: ” Nuclear groups and
Lie groups” Research and Exposition in Math. series, 24, Heldermann Verlag Berlin, 2001,
197-208.

M. Megrelishvili, Every semitopological semigroup compactification of the group H1[0,1] is
trivial, Semigroup Forum, 63:3 (2001), 357-370.

M. Megrelishvili, Reflexively but not unitarily representable topological groups, Topology Pro-
ceedings, 25 (2002), 615-625.

M. Megrelishvili, Fragmentability and representations of flows, Topology Proceedings, 27
(2003), 497-544. See also: www.math.biu.ac.il/ “megereli.

M. Megrelishvili, Reflexively but not Hilbert representable compact flows and semitopological
semigroups, Preprint, 2005.

M. Megrelishvili, V. Pestov and V. Uspenskij, A note on the precompactness of weakly almost
periodic groups, In: “Nuclear Groups and Lie Groups”, Research and Exposition in Math.
Series, 24, Heldermann-Verlag, 2001, 209-216.

M. Megrelishvili and T. Scarr, Constructing Tychonoff G-spaces which are not G-Tychonoff,
Topology and its Applications, 86 (1998), no. 1, 69-81.

M. Megrelishvili and T. Scarr, The equivariant universality and couniversality of the Cantor
cube, Fund. Math., 167 (2001), 269-275.



14

[54]

[55]
[56]

[57)
(58]
[59]
[60]
[61]
(62]
(63]
(64]
(65]
(6]
[67)
(68]
(69]

[70]
[71]

[72]
(73]

[74]
[75]

[76]
[77)

(78]

MICHAEL MEGRELISHVILI

I. Namioka, Radon—Nikodym compact spaces and fragmentability, Mathematika, 34 (1987),
258-281.

R. Palais, The classification of G-spaces, Memoires Amer. Math. Soc., 36 (1960).

V. Pestov, Epimorphisms of Hausdorff groups by way of topological dynamics, New Zealand
J. of Math., 26 (1997), 257-262.

V. Pestov, On free actions, minimal flows and a problem by Ellis, Trans. Amer. Math. Soc.,
350 (1998), 4149-4165.

V. Pestov, Topological groups: where to from here?, Topology Proc., 24 (1999), 421-502.

V. Pestov, Remarks on actions on compacta by some infinite-dimensional groups, in: Infinite-
Dimensional Lie Groups in Geometry and Representation Theory, (Washington, D.C., 2000),
World Sci. Publishing, River Edge, NJ, 2002, 145-163.

V. Pestov, The isometry group of the Urysohn space as a Levy group, preprint, 2005.

V. Pestov, Dynamics of infinite-dimensional groups and Ramsey-type phenomena, Pub-
licagoes dos Coléquios de Matematica, IMPA, Rio de Janeiro, 2005.

V. Pestov, Forty annotated questions about large topological groups, Second edition of Open
Problems In Topology (ed.: Elliott Pearl), Elsevier Science, 2007.

C. Rosendal and S. Solecki, Automatic Continuity of Homomorphisms and Fized Point on
Metric Compacta, Preprint, 2005.

W. Ruppert, Compact semitopological semigroups: An intrinsic theory, Lecture Notes in
Math., 1079, Springer-Verlag, 1984.

A. Shtern, Compact semitopological semigroups and reflexive representability of topological
groups, Russian J. of Math. Physics, 2 (1994), 131-132.

Yu.M. Smirnov, Can simple geometric objects be mazimal compact extensions for R™ 2, Rus-
sian Math. Surveys, 49 (1994), no. 6, 214-215.

L. Stoyanov, On the infinite-dimensional unitary groups, C.R. Acad. Bulgare Sci., 36 (1983),
1261-1263.

S. Teleman, Sur la représentation linéare des groupes topologiques, Ann. Sci. Ecole Norm.
Sup., 74 (1957), 319-339.

V.V. Uspenskij, A universal topological group with a countable basis, Funct. Anal. Appl., 20
(1986), 160-161.

V.V. Uspenskij, Topological groups and Dugundji compacta, Math. Sb., 67:2 (1990), 555-580.
V.V. Uspenskij, The epimorphism problem for Hausdorff topological groups, Topology Appl.,
57 (1994), 287-294.

V.V. Uspenskij, On subgroups of minimal topological groups, Preprint, 1998. ArXiv e-print
math.GN/0004119.

V.V. Uspenskij, Unitary representability of free abelian topological groups, Preprint, April,
2006. ArXiv e-print math.RT/0604253.

S.V. Vlasov, Universal bicompact G-spaces, Russ. Math. Surveys, 49 (1994), no. 6, 221-222.
J. de Vries, Can every Tychonoff G-space equivariantly be embedded in a compact Hausdorff
G-space?, Math. Centrum 36, Amsterdam, Afd. Zuiver Wisk., 1975.

J. de Vries, Equivariant embeddings of G-spaces, in: J. Novak (ed.), General Topology and
its Relations to Modern Analysis and Algebra IV, Part B, Prague, 1977, 485-493.

J. de Vries, On the existence of G-compactifications, Bull. Acad. Polon. Sci. ser. Math., 26
(1978), 275-280.

J. de Vries, Linearization of actions of locally compact groups, Proc. Steklov Inst. Math.,
154 (1984), 57-74.



