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Group representations and construction of minimal topological groups

Michael Megrelishvili (Levy)*
Department of Mathematics and Computer Science
Bar-Ilan University
52 900 Ramat-Gan
ISRAEL

ABSTRACT. For every continuous biadditive mapping w we construct a topological group
M (w) and establish its minimality under natural restrictions. Using the evaluation map-
ping G X G* — T of Pontryagin-van Kampen duality and the canonical duality Ex E* — R
for a normed space E, we obtain some new results in the theory of minimal groups. In
particular, it is shown that every locally compact Abelian group is a group retract of
a minimal locally compact group. Every Abelian topological group is a quotient of a
perfectly minimal group.

Introduction.

A Hausdorff topological group G is said to be minimal (Stephenson [26]) if it does
not admit a strictly coarser Hausdorff group topology. If G/P is minimal for every
closed normal subgroup P of GG then G is called totally minimal. A group G is perfectly
minimal [12, §6.1] if the product G x X is minimal whenever X is minimal. Clearly,
every compact group is totally minimal. At the same time, compact groups are perfectly
minimal because every sup-complete (complete with respect to its two-sided uniformity)
minimal group is perfectly minimal [14, Th. 3].

Recall some interesting examples of minimal groups:

a) The symmetric topological group S(X) of all bijections X — X of an infinite set
X endowed with the topology 7x of pointwise convergence is totally minimal (Dierolf
and Schwanengel [10]). Moreover, every Hausdorff group topology on S(X) contains 7x
(Gaughan [17]).
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b) Discrete minimal groups (i.e., groups which do not admit non-discrete Hausdorff
group topologies). Such groups were constructed by Shelah [25] (assuming C'H) and

also by Hesse [18] and Ol’shanskii [22].

c¢) Z with the p-adic topology 7, is a totally minimal non-perfectly minimal group
(Doitchinov [13]).

d) The semidirect procuct R A; Ry of the multiplicative group Ry of all positive
numbers with R under the natural action 7 : Ry x R — R (Dierolf and Schwanengel
[11]). This was generalized in Remus and Stoyanov [23]; in particular, it is proved that
arbitrary powers of R A; R, are minimal.

e) Every connected semi-simple Lie group is totally minimal iff the center is fi-
nite[23].

f) For every (real or complex) Hilbert space H the unitary group U(H) (which
in this paper is always endowed with the strong operator topology) is totally minimal
(Stoyanov [27]).

Prodanov and Stoyanov established that every Abelian minimal group is precom-
pact (see [12,§2.7]). A general categorical approach to minimal topologies on algebraic
structures was developed by Banaschewski [5]. For comprehensive information and ter-
minology on minimal groups, we refer to [12].

In section 1 of this paper we introduce the notion of minimality for a biadditive
mapping w : £ X F — A and prove that the canonical mapping A : G x G* — T is
minimal for every Hausdorff locally compact Abelian (LC'A) group G. In this section
we also establish that a minimal group G is perfectly minimal iff the center Z(G) is
perfectly minimal.

In section 2 we define the induced group M(w) and establish its minimality for
minimal w and A. As a consequence, we get that every LC' A group is a group retract
of a minimal locally compact (LC') group.

Section 3 contains a modification of our construction for bilinear forms. By the help

of the canonical bilinear form ( , ): ¢y x £; — R and results from functional analysis



a perfectly minimal group of countable weight is constructed which is not topologically
isomorphic to a subgroup of the unitary group U(H) for some Hilbert space H (compare
(f)). This solves a problem of Stoyanov [27].

In section 4, introducing the class BR of birepresentable groups (Definition 4.7),
we show that BR contains: LC' groups, subgroups of GL(E) (where E is a normed
space and GL(E) is the group of all linear topological automorphisms endowed with
the uniform operator topology), additive subgroups of locally convex vector spaces and
free Abelian topological groups. The last result enables us to represent every Abelian
topological group as a quotient of a perfectly minimal group. This gives a positive
answer (in the realm of Abelian groups) to the following question of Arkhangel’skii ([4,
Problem VI.6]): Is every Hausdorff group a quotient of a minimal group?

Using the same technique, we prove that every closed subgroup G of GL(n,R) is a
group retract of a minimal Lie group of dimension dim G + 2n + 1.

Some of our results were announced in [20, 21].

§1. Preliminaries.

Let (G,0) and (X, 7) be topological groups. As usual, a representation o : G —
Aut X is called continuous if the corresponding action & : Gx X — X, a(g,z) = a(g)(x)
is continuous. In this situation, we say that X is a topological G-group. It is well-known
that the semidirect product X\,G is a topological group with respect to the product
topology 7x o iff a is continuous. In the sequel we will often write e (the neutral element)
instead of eg,ex or (ex,eq). We identify G with the subgroup {e} x G, as well as X
with the normal subgroup X x {e}. Clearly, the canonical projection pr : XA,G — G
is a group retraction and ker pr = X. For further details on semidirect products see [24,
Ch. 6].

The filter of all neighborhoods of an element z of a topological group (G, o) will
be denoted by N, (G, o), the zero element of an Abelian group X by ox. Sometimes we
write [ X; instead of Hie[ X;. If P is a subgroup of G then o|p will denote the relative

topology on P induced by ¢ and o/P will be the quotient topology on the left coset
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space G/ P. The following result is standard.

Lemma 1.1. ([11], [12, Lemma 7.2.3]). Let P be a subgroup of a group G and let o,
and oy be (not necessarily Hausdorff) group topologies on G with o1 C 09, 01|x = 03|x

and 01/ X = 09/ X. Then o1 = 0s.

Let E,F, A be Abelian groups. As usual, a mapping w : E X F' — A is called
biadditive if the induced mappings w, : F' — A, wy : E — A for every x € F and
f € F are homomorphisms. Recall that w is called separated if for every pair (zg, fo)
of non-zero elements there exists a pair (z, f) such that f(xzg) # 04 and fo(z) # 04,
where f(z) = w(x, f). Note that in [16, Ch. X] a biadditive mapping is called “bilinear

function.”

Definition 1.2. Let (E,o0),(F,7), A be Abelian Hausdorff groups. A continuous sep-
arated biadditive mapping w : (F,0) x (F,7) — A will be called minimal if for
every coarser pair (o1,71) of Hausdorff group topologies 01 C o, 1 C 7 such that
w: (E,o1) x (F,71) — A is continuous (in such cases, we will say that (o;,71) is

w-compatible), it follows that 01 = o and 7y = 7.

Remark 1.3. Since w is separated and A is Hausdorff, every w-compatible pair (o1, 1)
automatically is a pair of Hausdorff topologies. The contents of Definition 1.2 will not

be changed if we omit the word “separated” provided that oy, 7, are not necessarily

Hausdorff.

Ezxample 1.4. Let A be a Hausdorff topological ring with a unit. Then the multiplication
defines a minimal biadditive mapping w : (4, +) x (4, +) — (A, +), where (A, +) is the

additive group of A.
The following Lemma is elementary.

Lemma 1.5. Letw: Ex F — A be a continuous biadditive mapping, and P be a (not
necessarily closed) subgroup of E. Then the natural mapping w/P : E/P X Pt Ais

continuous provided that PX = {f € F : f(z) =o0a Vx € P}.



Lemma 1.6. Letw;: E; x F; — A; be a minimal biadditive mapping for every i € I.
Then the natural biadditive mapping [[w; : [[ E: X [[ F; — [] Ai, defined coordinate-

wise, 1s minimal.

Proof. Denote by o; and 7; the given topologies of E; and Fj; respectively. Let o’ C 0 =
[Io: and 7 C 7 = [][ i be new coarser group topologies on [[ F; and [] F; such that
(¢’,7") is [[ wi-compatible. In order to check the equalities 0’ = o, 7" = 7, it suffices to

show that for every k& € I the projections

Pi (H Ei,0'> = (Er,0k), qr: (H FZ',T/) — (Fr, %)

are continuous. Clearly, kerp, = [[{E; : i # k}. Set P, = kerpg. Since every w; is
separated (Definition 1.2), we have PkJ‘ = Fjy. By Lemma 1.5 (with w = JJw;) we
obtain that wy : (Eg,0"/Pk) X (Fg,T,) — Ap is continuous. The minimality of wy

implies ¢’/ Py, = 0. So every projection pg is o’-continuous. This means that ¢’ = o.
Analogously, using the dual version of Lemma 1.5, we obtain 7/ = 7. O

Lemma 1.7. Let (E,0),(F,7),A be Abelian Hausdorff groups and let w : (E,0) X
(F,7) — A be a continuous biadditive mapping. Denote by w: (E,5) x (F,7) — A the

corresponding completion [8, 111, §6.5]. Then W is minimal if and only if w is minimal.

Proof. Sufficiency: Let w be minimal and (v, ) be a W-compatible pair. Since (v, i)
is coarser than (7,7), the minimality of w implies v|g = G|g = o, plp = T|Fp = T
Clearly, E is v-dense and &-dense in E. Therefore, v/E and @/F are trivial topologies;
in particular v/E = &/FE. Using Lemma 1.1 we get v = . Similarly, it can be proved

that u = 7.

Necessity: If @ is minimal, then according to Definition 1.2, w is separated. Since
E and F are dense subgroups, then w is separated too. Let (01, 71) be a w-compatible
pair of Hausdorff group topologies. Consider the corresponding completion w : (E, 01) X
(ﬁ‘,ﬁ) — A and the natural mappings p : (E,5) — (E’,(}l),q (F,7) — (ﬁ’,ﬁ), where

p|lg = Idg and ¢g|p = Idp. Since E and F' are dense and all groups are Hausdorff



o
then the equality &(p(z),q(f)) = @(z, f) holds for every (z, f) € (E,F). Since @ is
separated, p and ¢ are injective. Then (p!(61),q¢'(#1)) is a W-compatible pair of
J_l(

Hausdorff group topologies. The minimality of @ implies p*!(61) = 7, ¢1'(7) = 7,

which yields 01y = 0,7 = 7. O

Definition 1.8. Let (G, T) be a topological group and ¢ = {¢; : G — Aut X;},cs be a
system of representations in Hausdorff groups X;. We say that ¢ is topologically exact (or
shortly: t¢-ezact) if 9 is algebraically exact (i.e., Nker; = {e}), 7 is ¥-compatible (i.e.,
each ¥, : (G,7) x X; — X; is continuous) and every strictly coarser group topology 7’ is
not ¢-compatible. ¢ will be called hereditarily t-exact (ht-exact) if for every topological

subgroup P of G the system {¢;|p}ics is t-exact.

Remark 1.9.

(i) For a normed space (E,|| ||) denote by Is(E) the group of all linear isometries
of ¥ onto itself endowed with the strong operator topology. Then the natural action
Is(FE) x E — E defines an ht-exact representation.

(ii) Let (G,7) be an LC group and let Aut G be the group of all topological auto-
morphisms of G endowed with the Birkhoff topology [19, §26]. Denote this topology by

7 and recall that 7 has a local base at the identity formed by the sets:
B(C,U) ={p € AutG : ¢(c) € Uc and cpJ‘l(c) € Uc Vee C},

where C' runs over the compact subsets of G and U runs over the neighborhoods of e
in GG. Then the natural action a : Aut G x G — G defines an ht-exact representation.
Moreover, every a|pxg-compatible group topology ¢ on a subgroup P of Aut G is finer
than 75|p.

Indeed, fix a pair (C,U). Choose a neighborhood U; € N.(G,7) such that U U C
U. Since alpxg : (P,o) x (G,7) = (G, 7) is continuous, for every ¢ € C there exist
O(c) € N.(G,7),V. € N.(P,0) such that VX' =V, and ¢(x) € U;c for every = € O(c)
and ¢ € V; in particular, O(c) C Ujec. Since C is compact there exists a finite subset

{e1,¢a,...,¢,} of C such that C C |J O(e;). Now, if we put V = () V,,, then ¢(c) €
; i=1

=1 1=



K
UlUlJ‘lc C Uc for every ¢ € C and ¢ € V = V1L, Therefore, V C B(C,U) N P. This

means that 75|p C 0.

Proposition 1.10. For every LCA group G the canonical biadditive mapping A :

G* x G = T is minimal.

Proof. Let 7 and 7 be the given (compact-open) topologies of G* and G and let (7], 71)
be any A-compatible pair. For a 7-compact subset C' of G and a number € > 0 denote
by [C,¢] the set {x € G* : x(C) C O.}, where O, is the e-neighborhood of the zero in
T. Since C' is 7i-compact there exists U € 71 such that e € U and x(C') C O, for every
X € U. Therefore, e € U C [C,¢], which yields 7 = 7*.

Using duality, we get 71 = 7. O

Recall that a subset S of a group G is called unconditionally closed (u.c.) if S is
closed for every Hausdorff group topology on G. The centralizer cen(g) of any element

g € G and the center Z(G) of G are u.c. in G (see [24, Lemma 3.11]).

Lemma 1.11. Let X and Y be groups. Then X x Z(Y) and Z(X) x Y are u.c. in

X xY.
Proof. Observe that X x Z(Y) = N{cen(e,y) : y € Y} and Z(X) x Y = N{cen(z,e) :
z € X} O

Now we need the following known result.

Proposition 1.12. [12, Proposition 7.2.5] Let G be a minimal group, and let H be a

closed subgroup of the center Z(G) of G. Then H is minimal.

Proposition 1.13. Let X,Y be minimal groups. Then X XY s minimal if and only
if Z(X) x Z(Y) is minimal.
Proof. Necessity: If X x Y is minimal then, by Proposition 1.12, Z(X x Y) (which
coincides with Z(X) x Z(Y')) is minimal.

Sufficiency: Suppose that Z(X) x Z(Y) is minimal and y; C v be a coarser

Hausdorff group topology on X x Y. By Lemma 1.11 the subgroup Z(X) x Z(Y) is
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u.c. in X x Z(Y). The minimality of Z(X) x Z(Y) implies that Z(Y') is v;-closed in
Z(X) x Z(Y). Therefore, Z(Y) is y1-closed in X x Z(Y'). Since X is minimal, using
Lemma 1.1 for the groups X x Z(Y) D Z(Y), we get 'yl|XXz(y) = ’Y|sz(y). In par-
ticular, X is yi-closed in X x Z(Y). On the other hand, X x Z(Y) is u.c. in X XY
(Lemma 1.11). Hence, X is 7;-closed in X X Y. Using the minimality of ¥ and Lemma

1.1, we conclude v; = 7. O

Theorem 1.14. A minimal topological group X is perfectly minimal iff Z(X) is per-

fectly minimal.

Proof. Suppose that Z(X) is perfectly minimal. For every minimal Y the center Z(Y")
is minimal (Proposition 1.12). Therefore, Z(X) x Z(Y) is minimal. From Proposition
1.13 it follows that X x Y is minimal. So, X is perfectly minimal.

Conversely, let X be perfectly minimal. Then X x (Z,7,) is minimal for every
prime p (see Introduction (c)). By Proposition 1.12 the groups Z(X) x (Z,7,) and
Z(X) are minimal. Hence, Z(X) is precompact by the Prodanov-Stoyanov result (cf.
Introduction). Now, Theorem 6.1.8 from [12] shows that Z(X) is perfectly minimal.

0

Theorem 1.15. The arbitrary product ([] X;,0 = [[0i) of minimal groups (X;,o;)

with trivial center is perfectly minimal.

Proof. By Theorem 1.14 it is sufficient to show that X = [] X; is minimal. Since
Z(Xy) = {e} then the kernel ker g, = [[{X; : ¢ # k} of any projection g is u.c. in X
(Lemma 1.11). Now, using the minimality of X}, we obtain that gy, is (v, o} )- continuous

for every Hausdorff coarser group topology v C o. Thus, v = o. O

The last result gives an analog of Theorem 7.3.9(c) from [12] for minimal groups

and, consequently, partially solves a problem posed in [12, p. 235].

§2. Induced groups of biadditive mappings.

Let E, F and A be Abelian topological groups and w : £ X F — A be a biaddi-

tive mapping. For all (f,a,z) € F x A x E let w¥(f,(a,z)) = (a + f(z),z), where
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f(z) = w(z, f). Since w is biadditive, w" defines an action of F' on the product A x E.
Moreover, every transition under this action is an automorphism. Denote the corre-
sponding semidirect product A x E A,vF by M(w). We call this group the induced

group of w.

Lemma 2.1.

(i) Ifu=(a,z,f), v=(by,e) € M(w), then:
(a) wo=(a+b+f(y),z+yf+e)
(b) wt' = (f(z) —a,~z,~f);
(¢) woutt = (f(y) —p(z) +b,y,¢);

(ii) If w is separated then Z(M(w)) = A.

Proof (i1). Let uw = (a,z,f) € Z(M(w)) and v = (04,0g,¢). Then the equality

uvul! = v implies p(x) = 04 for every ¢ € F. Since w is separated, we conclude that

x = op. Similarly, considering v = (04,y,0r), we get f = op. On the other hand,

clearly (a,0p,0p) € Z(M(w)) for every a € A. O

Lemma 2.2.
(i) The action w" : F x (A X E) = A X E is continuous iff w is continuous.

(1) If w is minimal then the induced representation defined by w" is t-ezact.

Proof.
(i) Tt easily follows from the identity w"(f, (a,z)) — (a,z) = (f(z),0r).
(ii) Let 74 C 7 be a wV-compatible group topology on F. By (i) the mapping w :

E x (F,7) — A is continuous. The minimality of w implies 7, = 7. O

Proposition 2.3. For every LCA group G the mappings

ir: G—= Aut(T x G*) , d1(g)(t,x) = (t+ x(9),x),

s G* > Awt(Tx G) , i2(x)(t.9) = (t+ x(9).9)

are topological group embeddings.
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Proof. By Proposition 1.10, A : G* x G — T is minimal. Combining Lemma 2.2(ii)
and Remark 1.9(ii) we obtain that 4; is a topological embedding. Using duality we get

our assertion for 7s. O

Definition 2.4. Let q: X =Y be a (not necessarily group) retraction of a group X on
a subgroup Y. We say that q is central if g(zyxzL!) = y for each (z,y) € X x Y.
Lemma 2.5. For every biadditive mapping w : E X F' — A the natural projections
g : M(w) = E,qr : M(w) — F are central.

Proof. Mfu=(a,z,f) € M(w),y € E and ¢ € F then by Lemma 2.1(c) holds uyut! =

(f(v),y,0r), upu™ = (—p(x),08,¢). O

Proposition 2.6. Let (M,~) be a topological group such that M is algebraically a
semadirect product M = XA,G. If ¢ : X — Y is a continuous central retraction of the

topological subgroup X on a topological G-subgroup Y of X, then the action

alaxy (G /X)) x (Yivly) = (Vorly) (1)

1§ continuous.

Proof. Clearly, each g-transition (Y, 7|y ) = (Y,7 |y ) is continuous. We have to show
that a|gxy in (1) is continuous at (e,y) for every y € Y. Fix an arbitrary y € ¥ and a
neighborhood O(y) € Ny (Y, 7|y ). Since ¢ : (X,7|yx) — (Y,7]y) is continuous, there

exists Uy € N(M,) such that
(Ui N X) CO. (2)
Choose V,Us € N.(M,~) with the property
wlovtt Uy YoeV. (3)
Now, if pr : M — G denotes the canonical projection, then

alg,z) €0 VYgepr(V), VYzeUyNnY,
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Indeed, if v = (z,g9) € V and z € U3 NY then by (3), vzvt! € Uy. jFrom the normality
of X we have vzvt! € X. Thus, vzol! € U; N X. Using (2) and the identity vzvl! =
za(g, z)ztt, we get g(za(g, z)ztt) € O. Since q is central and a(g,z) € Y, we obtain

a(g, z) € O. Finally, observe that pr(V) € N.(G,v/X) and UsNY € Ny (Y,v|y). O

Proposition 2.7. Let (XA\,G,v) = M be a topological semidirect product and {Y;}icr
be a system of G-subgroups in X such that the system {a|gxy, : G X Y; = Y;}icy is t-
exact and for each i € I there exists a continuous central retraction q;: X — Y;. Suppose

that v1 C v is a coarser group topology on M such that v1 |y = 7|y . Then y1 = 7.

Proof. Proposition 2.6 shows that each action a|gxy; : (G,11/X)xXY; = Y; (1€1)
is continuous. By Definition 1.8, 71 /X coincides with the given topology of G. Therefore,

v1/X =7/X. Now, Lemma 1.1 completes the proof. O

Corollary 2.8. Let (XA, G,7) be a topological semidirect product and let o be t-exact.
Suppose that X 1s Abelian and v1 C 7 s a group topology which agrees with v on X.

Then v = 7.
Proof. Since X is Abelian, the identity mapping Idx : X — X is central. 0

The commutativity of X is essential. It was shown in ([14, Example 10]) that there
exists a totally minimal precompact torsion group X such that a certain semidirect

product X AG is not minimal, where G is the discrete cyclic group of order 2.

Proposition 2.9. Letw : (E,0) X (F,7) = A be a minimal biadditive mapping and

(M(w),y) = (A x E A\yv F,v) be the induced group. If vy C v is a group topology such
that y1| 4 =] 4, then y1 = 1.

Proof. By Lemma 1.1 it suffices to show that v, /A = v/A. Therefore, we have to check

the continuity of the projection
qExrF : (M(w),y1) = (E x F,0 x 7). (4)
By Proposition 2.6 (with X := A x E, q:=1dx, G := F) the action

w (F771/AX E) X (A X Ea71 |A><E) - (A X E771 |A><E)
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is continuous. Therefore, by Lemma 2.2 (i) the biadditive mapping

w:(E,m|g) x (F,71/AXE)— (A ,)

is continuous. From the equality ;| , = 7|, and the minimality of w, it follows that
the topology 71 /A x E on F coincides with the given topology 7. Thus, the projection
qr : (M(w),y1) — (F,7) is continuous. Now, observe that A x F' (which is identified
with A x {e} X F') is a normal subgroup of M and (A x F) N E = {e}. This means
(see [24, Definition 6.10]) that M(w) is algebraically a semidirect product A x F \ E.

Moreover, the corresponding action (by means of the inner automorphisms) of E on

A x Fis

WY EXAXF = AxF, w!l(z(a,f)) = (a+wf z),f),

%

where w, : F' x E — A is a biadditive mapping defined by w.(f,z) = —w(x, f). Clearly,
wy is minimal iff w is minimal. Therefore, as in the case of qp, using Proposition 2.6
(with X := Ax F, ¢:=1dx, G := E) and Lemma 2.2(i) (for w.), we can establish the

continuity of gg : (M(w),71) = (E,0). Thus, ggxr from (4) is continuous. O

Theorem 2.10. Letw : E x FF — A be a minimal biadditive mapping. Then the

induced group M(w) is (perfectly) minimal iff A is (perfectly) minimal.

Proof. The “minimal case” follows from Proposition 1.12, Proposition 2.9 and Lemma

2.1(ii), for the “perfectly minimal case” we use, in addition, Theorem 1.14. O
In the sequel, instead of M(A) we will write M(G).

Theorem 2.11. Let A : G* x G — T be the canonical biadditive mapping for an LC' A
group G. Then the induced group M(G) = T x G*X G is minimal. In particular, every

LCA group is a group retract of a minimal LC group.
Proof. Apply Proposition 1.10 and Theorem 2.10. 0

Remus and Stoyanov [23] proved that every compactly generated LC'A group is a

quotient of a minimal LC' group.
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Theorem 2.12. Fuvery locally precompact Abelian group G is a group retract of a

locally precompact perfectly minimal group.

Proof. Consider the natural mapping A : (6)* x G — T, where G is the completion of
G. By Proposition 1.10 and Lemma 1.7 the restricted mapping A\(@)* vo (G)*xG—T
is minimal. Now, it follows from Theorem 2.10 that the induced group T X (a)*)\ G is

perfectly minimal. O

Question 2.13.

(i) Let A be a certain class of topological groups and min denotes the class of
all minimal groups. The general questions which naturally arise here are the
following: Is it true that every G € A is a group retract of a group M € ANmin?
What happens if A is the class of all locally compact (or Lie) groups?

(ii) Arkhangel’skii [4, Problem VI.6] posed the question if every Hausdorff group is
a quotient of a minimal group. V. Uspenskii announced a positive answer (see

[29], Theorem 3.3E.2).

In the sequel we give some partial results concerning Question 2.13. The following

is one of them.

Theorem 2.14. An arbitrary product of LC' A groups is a group retract of a minimal

group M which may be represented as a product of LC groups.

The proof follows from Proposition 1.10 and the following generalization of Theorem

2.10.
Theorem 2.15. Let for every i € I, w; : FE; X F; — A; be a minimal biadditive
mapping. Then [[ M(w;) is (perfectly) minimal iff [| A; is (perfectly) minimal.
Proof. The natural mapping
[[M(w:) = M (H wi) o (aiszi, fi)ier = ((ai)ier, (%i)ier, (fi)ier)
is a topological isomorphism. Now, our assertion follows from Lemma 1.6 and Theorem

2.10 (for [Jwi). O
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§3. Bilinear forms and induced groups.
As usual, the dual space (E*,|| ||*) of a real normed space (E,|| ||) is the Banach

space of all continuous linear functionals f : E — R equipped with the norm || f ||*=
sl [£(2)]: |2 ]I< 1.

Definition 3.1. Let E,F be normed spaces. We say that a continuous bilinear form
w: ExF — Ris a strong duality if for every norm-unbounded sequences (z,,) C E and
(fn) C F the subsets S; = {f(z,) || [ ||I< 1I,n € N}, So = {fu(z) :n e N/|| z ||[< 1}

are unbounded in R.

Remark 3.2. Considering in Definition 3.1 the sequences x,, = nxy and f,, = nfy, where

(20, fo) € E x F, we obtain that every strong duality is a separated biadditive mapping.

Lemma 3.3. For every normed space E the canonical bilinear form ( , ) : EXE* - R

defined by (x, f) = f(z), is a strong duality.

Proof. Suppose (z,) C F and (f,) C E* are norm-unbounded. For every z,, there
exists ¢, € E* such that || ¢, ||[*= 1 and ¢,(z,) =|| =, || (cf. [6, Theorem (40.10)].
Hence, S; (from Definition 3.1) is unbounded. The unboundedness of Sy directly follows

from the definition of || ||* . 0

Proposition 3.4. Let G be an LC group and p be the standard Haar measure on G.
Let (L'(G),|| ||1) be the Banach space of all equivalence classes of 1-integrable real
functions on G, and denote by (K(G),|| ||) the normed space of all continuous real
functions with compact supports endowed with the sup-norm. Then the natural bilinear

form w: L'(GQ) x K(G) = R,w(f,p) = Jo fedu is a strong duality.

Proof. Considering for every ¢o € K(G) the corresponding functional ¢g: L'(G) — R,
¢o(f) = [, fpodp we obtain an embedding of (&) into the normed space (L'(G))* =
L>(G) (see the remark in [8, IV, §6, 3]). Therefore, the norm || ¢, || is equal to the

number

| po l|= sup{w(f, wo): f € LYG), || f [h< 1}, (1)
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On the other hand, by [19, Theorem (12.13)], we have

| fo lli=sup{w(fs, ¢): ¥ € K(G), || ¢ [[< 1}. (2)

Clearly, (1) and (2) imply that w is a strong duality. O

Lemma 3.5. Let (E,| ||) be a normed space and let X C E be an additive topological
subgroup. Suppose that T is a strictly coarser group topology on X. Then every -

neighborhood U € No(X,T) of the zero in X is norm-unbounded.

Proof. Since 7 is strictly coarser, there exists g > 0 such that every O € Ny(X,7)
contains an element z € O with || z ||> 9. Fix U € Ng(X,7). Since 7 is a group
topology, for each natural n there exists V,, € Ng(X, ) such that nV,, C U. Choose
z, € V,, with the property || z, ||> 9. Then || nz,, ||> neg. Since nz,, € U, this means

that U 1s norm-unbounded. O

Proposition 3.6. Fvery strong duality is a minimal biadditive mapping.
Proof. Apply Lemma 3.5. O

Let E,F be normed spaces and w : £ X F' — R be a continuous bilinear form.
Consider the induced group M(w) = A x E A vF of the biadditive mapping w and

define the following action:
7Ry x M{w) 5 M(w), 7t (a2, /) = (ta, tz, f).

Clearly, 7 defines a continuous representation. Therefore, the topological semidirect
product M(w) Ar Ry is well-defined. Denote this group by M4 (w) and call it the induced
group of the bilinear form w. In the case of the canonical bilinear form (, ) : Ex E* —» R
we will use the notation M, (FE) instead of M (( , )).

The proof of the following result is straightforward.
Proposition 3.7. Let E be a normed space. Then the following mappings:

i B xRy - GLRx E) |, i(f,t)(a,z) = (ta+ tf(z),tz),

i : ExRy = GL(R x E*) | ig(x,t)(a, f) = (ta+tf(z),tf)
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are topological group embeddings.

Lemma 3.8.

woul! = (a — sa+tf(y) — sp(z) + b,  — sz +ty,¢,s),

(i) Z(My(w)) = {e}, for every separated bilinear form w.

Proof (ii). By (i), it is clear that Z(My(w)) C Z(M(w)). According to Lemma 2.1(ii),
Z(M(w)) = R. Therefore, every element from Z (M4 (w)) has the form v = (b, 05,0p,1).

1

The equality uvu'! = v for u = (0,0p, or,2) implies 2b = b. Thus, b=0. O

Theorem 3.9. Let E, F be normed spaces and let w : E x F' — R be a bilinear form.
If w is minimal as a biadditive mapping (in particular if w is a strong duality), then the

induced group M, (w) is perfectly minimal.

Proof. By Theorem 1.14 and Lemma 3.8(ii) it suffices to verify the minimality of
M (w). Denote by 7 the given topology of M (w) and suppose that v; C v is a Hausdorff
group topology. The minimal group R A Ry (Introduction (d)) is naturally embedded in
My (w). Therefore, v1 [g = 7|k . From Proposition 2.9 immediately follows 1 | /() =
v | M(w) - Now observe that the natural retraction ¢ : M(w) — R is central (moreover,
by Lemma 2.1(ii), R = Z(M(w))) and the action of Ry on R is t-exact. By Proposition

2.7 (in the situation: G :=R;, X := M(w), Y :=R) we get v; =v. O
Theorem 3.10. For every normed space E the induced group M, (FE) = (RXxE A E*)Ar R4
of the canonical duality E x E* — R is perfectly minimal.
Proof. This is immediate from Lemma 3.3 and Theorem 3.9. 0
In the sequel the left uniformity of a group G is denoted by Uy (G).

Corollary 3.11. FEvery (metrizable) uniform space X is uniformly embedded as a

closed Uy( M )-uniform subspace into a (metrizable) perfectly minimal group M.



s
Proof. Every metric space is isometric to a closed subspace of a normed space (Arens -

Eells [3]). In the general case we consider a closed uniform embedding X — [ E; into

a product of normed spaces and apply Theorem 1.15. O

Recall that the dual space of the Banach space ¢g is £;. Consider the induced group
M(co) = (R X eg A £1)X Ry. By a result of Aharoni [1] every separable metrizable

uniform space is uniformly embedded in ¢y. Thus, we obtain the following:

Theorem 3.12. Fuvery separable metrizable uniform space is uniformly embedded into

the perfectly minimal separable metrizable group M(cy).
Now we give a counterexample to a conjecture of Stoyanov ([27], [12, p. 263]).

Counterezample 3.13. The (perfectly) minimal group M(cy) is not topologically iso-

morphic to a subgroup of the unitary group U(H) of a Hilbert space H.

Proof. In [15] Enflo constructs a countable metric space which is not uniformly embed-
dable into a Hilbert space. Hence, by Theorem 3.12, M (cg) is not uniformly embedded
in a Hilbert space. Therefore, it suffices to show that every topological subgroup G
of U(H), such that G has countable weight, is U;(G)-embedded in 5. Suppose that
G is such a group. Since the left uniformity on U(H) is induced by the strong oper-
ator topology (see [12, p. 246]), the system {a, : G — H},eg of all orbit mappings
(az(g) = gz) induces Uy(G). Since G has countable weight, there exists a countable
subset {z, : n € N} of H such that {a., }nen generates U;(G). From this fact it follows
that (G,Uy(G)) is uniformly embedded in the uniform space H™. For every natural n
the Hilbert subspace (Gz,,) generated by the orbit of z,, is separable. Thus, without
loss of generality, we can assume that H is separable. Hence, in order to complete our
proof it suffices to establish that Eg“ is uniformly embedded in /5. By a result of Aharoni
[2] £5 is uniformly embedded into a bounded subset of itself. Hence, Eg“ is uniformly
embedded into the product [[{By-» : n € N} of 217-balls. By definition, this product

is a uniform subspace of the Hilbert sum @HGN(KQ)TL being isomorphic to /5. O
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§4. Group representations in biadditive mappings.

Let G be a topological group and let w : ' X ' — A be a biadditive mapping.
A continuous birepresentation of G (or: G-birepresentation) in w is a pair (a1, as) of
continuous actions a1 : G X E — F and ay : G x ' — F such that w is G-invariant
(ie., w(gz,g9f) = w(z, f)).

In the case of normed spaces F and F, a bilinear form w : ¥ x F' — R and linear
actions ay,as we obtain the definition of a linear birepresentation.

We will say that a linear representation « : G x E — F in a normed space FE is
bicontinuous if the dual action a* : G x E* — E*, a*(g,¢)(z) = p(g*'x) is continuous.
In other words, a linear action is bicontinuous iff the induced canonical birepresentation
is continuous. Not every continuous representation is bicontinuous even in the case of

norm-invariant actions of a compact group.

Remark 4.1. Every continuous representation of a topological group G by unitary
operators on a Hilbert space H is bicontinuous. It is also clear that for every normed

space E the natural representation GL(FE) x E — FE is bicontinuous.
Let b = {¢; }ic1 be a system of continuous G-birepresentations:
@bi:(wi:EiXFi%Ai, ali:GXEi%Ei, agiiGXFi%Fi).

By the induced group M() of a system ¢ we mean the topological semidirect

product [[ M(w;) Ax G, where the action
m:G X HM(%) — HM(%)
is defined coordinate-wise by means of the following system {m;};cs of actions:
it G x M(w;) = M(w;), m(g,(a,z,f)) = (a,g9z,9f),

where gz = a1i(g,2), gf = a2(g, [).
Analogously, in the case of linear birepresentations, we define the induced group

M (¢) as the semidirect product [ M4 (w;) Ar G considering

UFa G x M—I—(wi) — M+(wi)7 Wi(g7(a7x7fat)) = (avgxagfat)‘
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Definition 4.2. A system v = {4;};er is called (ht-exzact) t-exact if the system {ay; :

k € {1,2},i € I} of actions is (ht-exact) t-exact in the sense of Definition 1.8.

Theorem 4.3. Assume that ¥ = {¢;}icr is a t-ezact system of G-birepresentations
such that every w; : E;x F; — A; is a minimal biadditive mapping and [[ A; is (perfectly)

minimal. Then M (%)) is (perfectly) minimal.

Proof. By our construction, M(¢) = [[ M(w;) Ar G. Let 1 C v be a coarser Hausdorff
group topology, and let X denote the subgroup [[ M (w;). The minimality of X (Theorem
2.15) implies 71 | y = 7| x - By Lemma 2.5, the retractions M (w;) = E;, M(w;) — F;
are central. Then the natural projections X — FE;, X — F; are central, too. Using
Proposition 2.7, we obtain 71 = 7. This proves the minimality of M (1)).

In the “perfectly minimal case,” due to Theorem 1.14, it remains to show that
Z(M(¢)) = [[ Ai. Let u = ((a;)ier, (z:)ier, (fi)ier,9) € Z(M(¥)) and k € I. Now, if
y € E, C M(¢) and f € F, C M(%), then the equalities uy = yu,uf = fu and the
elementary computations (see Lemma 2.1(i)) show that a1x(g,y) = v, ask(g, f) = f. By
exactness of ¥, we conclude that g = e. This means that Z(M(v¢)) C Z(X). It follows
from Lemma 2.1(ii) that Z(X) = [] Ai. Therefore, Z(M (+)) C [] Ai. Since the action
T|Gx]] 4, 18 trivial, then Z(M(v)) = [[A;. O

Theorem 4.4. Let (G, 1) be an LC' A group and P be a topological subgroup of (Aut G, 1g),
where Tp is the Birkhoff topology. Consider the action a: P x G — G, a(yp,g9) = ¢(g)
and the dual action a*: P x G* — G*, a*(¢,%x)(9) = x(¢*'(g)). Denote by +) the P-
birepresentation in A: G* x G — T defined by the pair (a*, ). Then the induced group
M(y) = M(G) Az P is perfectly minimal.

Proof. Follows from Remark 1.9(ii), Proposition 1.10 and Theorem 4.3. O
Corollary 4.5. Fuvery closed subgroup G of GL(n,R) is a group retract of a minimal
Lie group M of dimension dim G + 2n + 1.

Proof. Using the selfduality (R™)* = R™ we get from Theorem 4.4 that the group



M = (T x R* A\, R*) A; G is minimal. In order to show that M is a Lie group, it
suffices to check the analyticity of @ and w. Let ( , ): R” x R" — R be the canonical
scalar product and let ¢: R — T be the natural homomorphism. Then a(u,(t,v)) =
(q({u,v)) 4+ t,v). This description shows that « is analytic. The action 7 is defined
by the rule (g, (t,v,u)) = (t,v(g,v),v(g,u)), where v is a restriction of the action

GL(n,R) x R® — R” to the submanifold G x R™. Thus, 7 is analytic, too. O

Theorem 4.6. Let for every i € I, E;, F; be normed spaces, w; : F; X F; — R be
strong dualities and ¢ = {¢; }ic1 be a t-exact system of linear G-birepresentations. Then

My (¢) is perfectly minimal.

Proof. Let X4 and X denote [[ My (w;) and [] M(w;) respectively. Every Z(M (w;))
is trivial (Lemma 3.8(ii)). Therefore, Z(X ;) = {e}. As in the proof of Theorem 4.3,
elementary computations (using Lemma 3.8(i)) show that Z(M,(¢)) C Z(X4). Thus,
Z(M4(¢)) = {e}. By Theorem 1.14 it suffices to check the minimality of M, (¢). Let
71 C 7 be a coarser Hausdorff group topology. Since each M (w;) is minimal (Theorem
3.9), then Theorem 1.15 establishes the minimality of X . Therefore, 74 |X+ = | X,
In particular, y1 |y = 7| 5 -

Now, as in the proof of Theorem 4.3, we use central retractions. It follows from
Lemma 2.5 that the natural projections X — FE;, X — Fj; are central. Using Proposition
2.7 we obtain that v; agrees with v on X A G. Arbitrary powers of the group R A R,
are minimal (see Introduction (d) or Theorem 1.15). Hence, the “product” action of
[T(R4); on [[R; is t-exact. Taking this fact into account, we use Proposition 2.7 in the
following situation: G := [[(Ry);, X == [[M(w;) MG, Y :=][[R;and ¢: X —» YV is

the natural projection. Hence we obtain v, = ~. O

Definition 4.7. We say that a topological group G is an (HBR-group) BR-group if
there exists an (ht-exact) t-exact system {v;};c; of linear G-birepresentations, such

that every w; : F; X F; — R is a strong duality.
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Theorem 4.8. For every BR-group G there exists a continuous group retraction p :

M — G such that M and ker p are perfectly minimal.

Proof. Take the perfectly minimal group M: = M, (¢) from Theorem 4.6 and consider
the projection p: M, (¢) — G. Then ker p coincides with [[ M4 (¢;) which is perfectly

minimal by Theorem 3.9, Lemma 3.8(ii) and Theorem 1.15. [

Let w: L'(G) x K(G) — R be the bilinear form from Proposition 3.4. The pair of

actions:

ar: Gx LNG) = LY(G),  ailg, f)(z) = flg*'a)
as: G x K(Q) = K(Q), as(g,¢)(z) = p(g™'z)
defines a continuous birepresentation in w. Moreover, since as induces a topological

group embedding G — Is(K(G)), then this birepresentation is ht-exact. Thus, LC is a

subclass of HBR.

Lemma 4.9. Let {w;: E; x F; — R};cr be a system of strong dualities, {(G;i,7;)}ier
be a system of topological groups, and for every i € I let i; be a continuous linear
G;-birepresentation ¢; = (w;: E; x F; - R, aq;: G; x E; = E;, agi: G; X F; — F;).
Suppose that for every i € I the family {(a1;)x: Gi — Ei, (a2:)f: Gi — Filecr;, fer
of all orbit mappings generates the topology 7;. Then the product (G,7) = [[(Gi,7) is

an HBR-group.

Proof. For every @ € I define the actions:

1| |
ay;r Gx By = By aq; ((9s)ser, i) = aii(gs, i)
II . II _
ozt GX Fy = Fy oy ((9s)sers fi) = a2i(gs, fi)-
Consider the corresponding continuous linear G-birepresentations:

lbnz(wiiEiXFi—)R, Oéll_liZGXEi%Ei, CMQHlGXFZ%FZ)

1

Then the family {(al}).: G = E;, (adl)s: G = F;}ecr, fer, icr of all orbit mappings

generates the topology 7. Clearly, this implies that (G, 7) is an H BR-group. O



Proposition 4.10. For every family {E;};cr of normed spaces, the topological group
product [[ GL(E;) is an HBR-group.

Proof. For each normed space F; from the given family, denote by End(E;) the normed
space of all continuous endomorphisms. The action v;: GL(E;) x End(E;) — End(E;),
defined by v;(A, B) = A- B (multiplication in End(F;)), induces a topological group em-
bedding 7;: GL(F;) — GL(End(F;)). By Remark 4.1, the corresponding representation

is bicontinuous. Next, the system {O,}.~q, where

is a local base of the natural topology of GL(E;). Hence, GL(E;) carries the strong
operator topology with respect to ;. Now, we can use Lemma 4.9 in the situation:

Proposition 4.11. For every locally convex vector space E, the group (E,+) belongs
to HBR.

Proof. Since (E,+) is an additive topological subgroup of a product [[ E; of normed
spaces, then by Proposition 3.7 the group [] E; is a topological subgroup of the product

[ GL(R x EY). Now our assertion follows from Proposition 4.10. O
Corollary 4.12. Let A(X) be the free Abelian topological group of X. Then A(X)
belongs to HBR.

Proof. By a result of Tkachenko [28], (see also Uspenskii [29, p. 657]), A(X) is a

topological subgroup of the free locally convex space L(X) of X. O

The following result solves for Abelian groups (in a slightly stronger form) the

above-mentioned problem (Question 2.13(ii)) of Arkhangel’skii.

Theorem 4.13. Fvery Abelian topological group is a factor group of a perfectly mini-

mal group.



Proof. Every Abelian topological group G is a factor group of its free Abelian topo-

logical group A(G). On the other hand, by Theorem 4.8 and Corollary 4.12, A(G) is a

group retract of a perfectly minimal group. O

Question 4.14. Is every free topological group F(X) a BR-group?
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