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ABSTRACT. We generalize the character formulas for multiplicities of
irreducible constituents from group theory to semigroup theory using
Rota’s theory of Mobius inversion. The technique works for inverse
semigroups, semigroups with commuting idempotents, idempotent semi-
groups, semigroups with basic algebras and even more generally. These
results include the representation theoretic tools used by Brown to an-
alyze certain random walks on chambers of hyperplane arrangements
and allow us to complete the analysis of eigenvalues with multiplicity
for random walks on triangularizable semigroups. Applications are also
given to decomposing tensor powers and exterior products of rook ma-
trix representations of inverse semigroups, generalizing and simplifying
earlier results of Solomon for the rook monoid.
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1. INTRODUCTION

Group representation theory has been crucial in so many areas of mathe-
matics that there is essentially no need to speak further of its successes. The
same is not the case for semigroup representation theory at the present time.
This is beginning to change, in a large part due to work of Brown [8, 9] and
Bidgaire et al. [7] who found applications to random walks and connections
with Solomon’s descent algebra. Solomon, himself, has also found interest
in representations of semigroups, in particular inverse semigroups, for the
purpose of algebraic combinatorics and representation theory of the sym-
metric group [41, 42]. Putcha has applied semigroup representation theory
to finding weights for finite groups of Lie type [30] and has explored other
connections with modern representation theory [27, 29]. Recently Aguiar
and Rosas [1] have used the inverse monoid of uniform block permutations
to study Malvenuto and Reutenauer’s Hopf algebra of permutations and the
Hopf algebra of non-commutative symmetric functions. Recently represen-
tations of infinite inverse semigroups on Hilbert spaces have received a lot
of attention in the C*-algebra community, see the book of Paterson [25] for
more details. This author has been trying over the past couple of years to
apply semigroup representations to finite semigroup theory and to automata
theory [3, 4].

One of the great successes of group representation theory is character the-
ory. Thanks to Maschke’s theorem and the orthogonality relations and their
consequences, much of group representation theory boils down to the com-
binatorics of characters and character sums [39]. Despite intensive work in
the fifties and sixties on representations of finite semigroups [10, 23, 22, 24,
20, 21, 34|, culminating in the reduction of calculating irreducible represen-
tations to group representation theory and combinatorics in matrix algebras
over group rings, very few results on characters and how to calculate mul-
tiplicities of irreducible constituents have been obtained until now. This is,
of course, complicated by the fact that semigroup algebras are almost never
semisimple. But even in cases where they are known to be so, like for inverse
semigroups, no nice combinatorial formulas were known in general until this
paper.

There are three notable exceptions to this. First there are Munn’s re-
sults on characters of the symmetric inverse monoid (also known as the
rook monoid) [24]. These results were extended by Solomon, who obtained
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multiplicity formulas for irreducible constituents using combinatorics asso-
ciated to partitions, Ferrer’s diagrams, symmetric functions and symmetric
groups [42]. Then there is Putcha’s work on the characters of the full trans-
formation semigroup [27] and his work on monoid quivers [29], in which
he develops multiplicity formulas for certain representations. In particular
he obtained a formula in terms of the Mobius function on the J-order for
multiplicities of irreducible constituents for representations of idempotent
semigroups acting on their left ideals. This same formula, in the special
case of a minimal left ideal, was obtained independently by Brown [8, 9]
and made much more famous because the formulas were applied to ran-
dom walks on chambers of hyperplane arrangements and to other Markov
chains to obtain absolutely amazing results! Also Brown’s work, based on
the work of Bidigaire et al. [7] for hyperplane face semigroups, developed
the theory from scratch, making it accessible to the general public. Putcha’s
work, however goes much deeper from the representation theoretic point-of-
view: he shows that regular semigroups have quasi-hereditary algebras and
he calculates the blocks in terms of character formulas [29].

In our previous paper [44], we showed how Solomon’s [40] approach to
the semigroup algebra of a semilattice, that is an idempotent inverse semi-
group, via the Mobius algebra can be extended to inverse semigroups via
the groupoid algebra. This allowed us to obtain an explicit decomposition
of the algebra of an inverse semigroup into a direct sum of matrix algebras
over algebras of maximal subgroups. Also we were able to explicitly deter-
mine the central primitive idempotents of the semigroup algebra in terms of
character sums and the Mdbius function of the inverse semigroup.

In this paper we use the above decomposition to give a character for-
mula for multiplicities of irreducible constituents in representations of in-
verse semigroups. In particular, we recover and greatly generalize Solomon’s
results [42] for the symmetric inverse monoid concerning decompositions of
tensor and exterior powers of rook matrix representations. Moreover, we
obtain the results in a more elementary fashion.

We also give character theoretic proofs of the description of the de-
composition of partial permutation representations into irreducible con-
stituents (this last result can also be obtained by the classical semigroup
techniques [10, 34], with greater effort).

Just as the irreducible representations of idempotent semigroups corre-
spond to irreducible representations of semilattices (this has been known to
semigroup theorists since [10, 22, 23, 34] and has recently been popularized
by Brown [9]), there is a large class of semigroups whose irreducible represen-
tations essentially factor through inverse semigroups; this includes all finite
semigroups with basic algebras. Our results therefore extend to this domain,
and in particular we recover the case of idempotent semigroups [8, 9, 29] and
semigroups with basic algebras [44]. In the process we calculate an explicit
basis for the radical of the semigroup algebra of a finite semigroup with
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commuting idempotents as well as identifying the semisimple quotient as a
certain retract.

Our aim is to make this paper accessible to people interested in algebraic
combinatorics, semigroups and representation theory and so we shall try to
keep specialized semigroup notions to a minimum. In particular, we shall
try to prove most results from [10] that we need, or refer to [3], where
many results that we need are proved in a less semigroup theoretic language
than [10]. Putcha [27] gives a nice survey of semigroup representation theory,
but for the inverse semigroup case our methods handle things from scratch.

The paper is organized as follows. We begin with a brief review of in-
verse semigroups. This is followed by a review of Rota’s theory of incidence
algebras and Md&bius inversion. The results of our first paper [44] are then
summarized. The main argument of [44] is proved in a simpler (and at the
same time more complete) manner. The following section gives the gen-
eral formula for inverse semigroup intertwining numbers. To demonstrate
the versatility of our formula, we compute several examples involving tensor
and exterior products of rook matrix representations. We then compare our
method for computing multiplicities to Solomon’s method (properly gen-
eralized) via character tables. Finally we explain how to use the inverse
semigroup results to handle more general semigroups. This last section will
be more demanding of the reader in terms of semigroup theoretic back-
ground, but most of the necessary background can be found in [10, 16, 3].
In this last section, we also finish the work begun in [44] on analyzing ran-
dom walks on triangularizable semigroups. In that paper, we calculated
the eigenvalues, but were unable to determine multiplicities under the most
general assumptions. In this paper we can handle the general case.

In this paper we take the convention that all transformation groups and
semigroups act on the right of sets. We also consider only right modules.

2. INVERSE SEMIGROUPS

Inverse semigroups capture partial symmetry in much the same way that
groups capture symmetry; see Lawson’s book [18] for more on this viewpoint
and the abstract theory of inverse semigroups.

2.1. Definition and basic properties. Let X be a set. We shall denote
by Gx the symmetric group on X. If n is a natural number, we shall set
[n] ={1,...,n}. The symmetric group on [n] will be denoted &,,, as usual.
What is a partial permutation? An example of a partial permutation of the

set {1,2,3,4} is
(1 2 3 4
o=(_ 35 _ 1]

The domain of o is {2,4} and the range of o is {1,3}. More formally a
partial permutation of a set X is a bijection ¢ : Y — Z with Y, Z C X.
We admit the possibility that Y and Z are empty. Partial permutations
can be composed via the usual rule for composition of partial functions and
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the monoid of all partial permutations on a set X is called the symmetric
inverse monoid on X, denoted Jx. We shall write J,, for the symmetric
inverse monoid on [n]. The empty partial permutation is the zero element
of Jx, and so will be denoted 0. Clearly &,, is the group of units of J,,.

For reasons that will be come apparent later, we shall use the term sub-
group to mean any subsemigroup of a semigroup that happens to be a group.
For instance, if Y C X, then the collection of all partial permutations of X
with domain and range Y is a subgroup of Jx, which is isomorphic to Sy-.
This is a nice feature of J,,: it contains in a natural way all symmetric groups
of degree at most n and its representations relate to the representations of
each of these symmetric groups.

The monoid Jx comes equipped with a natural involution that takes a
bijection o : Y — Z to its inverse c~! : Z — Y. The key properties of the
involution are, for o, 7 € Jx:

1

® g0 0 =0;

e 0o = 0_1;

e (o H =0

o (o) =117t

e oo trrt =777 lo07 .

Let use define a (concrete) inverse semigroup to be an involution-closed
subsemigroup of some Jx. There is an abstract characterization due to
Preston and Vagner [10, 18] that says that S is an inverse semigroup if
and only if, for all s € S, there is a unique t € T such that sts = s and
tst = t; t is called the inverse of s and is denoted by s~!. Moreover, S in this
case has a faithful representation (called the Preston-Vagner representation)
ps : S — Jg by partial permutations via partial right multiplication [10, 18].
Thus we can view finite inverse semigroups as involution closed subsemi-
groups of J,, and we shall draw our intuition from there. Later we shall give
a new interpretation of the Preston-Vagner representation for finite inverse
semigroups in terms of their semigroup algebras.

Another way to think of inverse semigroups is via so-called rook matrices.
An n xn rook matrixz is a matrix of zeroes and ones with the constraint that
if we view the ones as rooks on an n x n chessboard, then the rooks must
all be non-attacking. In other words a rook matrix is what you obtain from
a permutation matrix by replacing some of the ones by zeros. One might
equally well call these partial permutation matrices and it is clear that the
monoid of n X n rook matrices R, called by Solomon the rook monoid [42],
is just the symmetric inverse monoid. If o € J,, the corresponding element
of R, has a one in position i,j if i0 = j and zero otherwise. In R, the
involution is given by the transpose. It follows that any representation of
an inverse semigroup S by rook matrices is completely reducible over any
subfield of C since if one uses the usual inner product, then the orthogonal
complement of an S-invariant subspace will be S-invariant (as is the case
for permutation representations of groups). If o € J,,, then by the rank of
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o, denoted rk(c), we mean the cardinality of the range of o; this is precisely
the rank of the associated rook matrix.

Let M, (K) be the monoid of n x n matrices over a field K. Let B be
the Borel subgroup of invertible n x n upper triangular matrices over K.
Then one easily verifies that the Bruhat decomposition of Gl (K) extends
to My (K) via R,: that is My(K) = |,cp BrB. Renner showed more
generally that, for any reductive algebraic monoid, there is a Bruhat de-
composition involving the Borel subgroup of the reductive group of units
and a finite inverse monoid R, now called the Renner monoid [26, 31, 32].
Another example of a Renner monoid is the signed symmetric inverse mon-
oid Z/2Z I,. Solomon defined a Hecke algebra in this context [41] and
Putcha [28] studied the relationship of the Hecke algebra with the algebra
of the Renner monoid.

2.2. Idempotents and order. If S is a semigroup, then we denote by
E(S) the set of idempotents of S. Observe that the idempotents of J,, are
the partial identities 1x, X C [n]. Also the equality

1xly = lxny = lyly (2.1)

holds. Thus E(J,) is a commutative semigroup isomorphic to the Boolean
lattice B, of subsets of [n] with the meet operation. In general, if S <7,
is an inverse semigroup, then E(S) is a meet subsemilattice of B,, (it will
be a lattice if S is a submonoid). The order can be defined intrinsically by
observing that
e<f < ef=e, fore, feE(S). (2.2)
The ordering on idempotents extends naturally to the whole semigroup:
let’s again take J,, as our model. We can define ¢ < 7, for 0,7 € J,,, if 0 is
a restriction of 7. This order is clearly compatible with multiplication and
o < 7 implies 0=! < 771, Thus if S < J,, is an inverse semigroup, it too
has an ordering by restriction. Again the order can be defined intrinsically:
it is easy to see that if s, € S, then

s<t <= s=et, somee € E(S) <= s=1tf, someec E(S). (2.3)
If one likes, one can take (2.3) as the definition of the natural partial order
on S [10, 18].

Let us use the notation dom(co) for the domain of o € J,, and ran(o) for
the range. If o € J,,, then (recalling that J,, acts on the right of [n])

oot = 1d0m(o) (24)
0710 = Lian(o)- (2.5)

Thus if s is an element of an inverse semigroup, then it is natural to think
of ss7! as the “domain” of s and s~'s as the “range” of s and so we shall
write

ss~! = dom(s)

1

2.6
s~ s =ran(s) (2:6)
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This means that we are going to abuse the distinction between a partial iden-
tity and the corresponding subset. So if S < J,,, we shall write = € dom(s)
to mean z belongs to the domain of s. With this viewpoint it is natural
to think of s as an isomorphism from dom(s) to ran(s). So let us define
e, f € E(S) to be isomorphic if there exists s € S with dom(s) = e and
ran(s) = f: that is e = ss7!, f = s~!s. Following long standing semigroup
tradition, going back to Green [13, 10, 18], we shall write e D f. One can
extend this relation to all of S by defining s D ¢ if dom(s) is isomorphic to
dom(t) (or equivalently ran(s) D ran(t)). One can easily verify that D is
an equivalence relation on S. With a bit more work, one can verify that if
S is a finite inverse semigroup, then s D t if and only if s and ¢ generate
the same two-sided ideal [10, 18]. The equivalence classes with respect to
the D-relation are called D-classes, although connected components in this
context would be a better word.

Let S <737, and let e € E(S). Then e is the identity of a subset X C [n].
It is then clear that the set

Ge ={s €S| dom(s) = e =ran(s)}

is a permutation group of degree rk(e). Actually G. makes perfectly good
sense via (2.6), and is a group, without any reference to an embedding of S
into J,. It is called the mazimal subgroup of S at e. It is straightforward to
see that if e, f € E(S) are isomorphic idempotents, then G, = G. In fact if
s € S with dom(s) = e, ran(s) = f, then conjugation by s implements the
isomorphism. It was first observed by Munn [22, 23, 10] that the represen-
tation theory of S is in fact controlled by the representations of its maximal
subgroups. We shall see this more explicitly below.

Recall that an order ideal in a partially ordered set P is a subset I such
that © <y € I implies € I. If p € P, then p! denotes the principal order
ideal generated by p. So

pt={zeP|z<p}

As usual, for pi,ps € P, the closed interval from p; to ps will be denoted
[p1,p2].

It is easy to see that if S is an inverse semigroup then the idempotent
set E(S) is an order ideal of S: any restriction of a partial identity is a
partial identity. So if e, f € E(S), then the interval [e, f] in S and in E(S)
coincide. Also one can verify that if s,¢ € S, then the following intervals are
isomorphic posets:

[s,t] = [dom(s),dom(t)] = [ran(s), ran(t)]. (2.7)

3. INCIDENCE ALGEBRAS AND MOBIUS FUNCTIONS

Let (P,<) be a finite partially ordered set and A a commutative ring
with unit. The incidence algebra of P over A, which we denote A[P], is the
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algebra of all functions f : P x P — A such that

fla,y) #0 = =z <y
equipped with the convolution product

(frg)(zy) = > f(@,2)9(2,y).
r<z<y
In other words you can think of A[P] as the algebra of all P x P upper
triangular matrices over A, where upper triangular is defined relative to the
partial order on P.

With this product and pointwise addition A[P] is an A-algebra with unit
the Kronecker delta function § [14, 43]. An element f € A[P] is invertible
if and only if f(x,z) is a unit of A for all x € P [14, 43]. One can define the
inverse inductively by

o wx) = fz, x)_l
fHay) = —f(a,2) Z f(z,2) z,y), for x <y. (3.1)

r<z<y

The zeta function ¢ of P is the element of A[P] that takes on the value
of 1 whenever x < y and 0 elsewhere. It is invertible over any ring A and its
inverse is called the Mébius function. It only depends on the characteristic;
the characteristic zero version is called the Mobius function of P and is de-
noted p, or pp if we wish to emphasize the partially ordered set. From (3.1),
it follows that u(z,y) depends only on the isomorphism class of the interval
[z,y]. In particular, for an inverse semigroup S, the Mobius function for S
is determined by the Mobius function for E(S) via (2.7). The following is
Rota’s Mébius Inversion Theorem [14, 43].

Theorem 3.1 (Mdbius Inversion Theorem). Let (P, <) be a finite partially
ordered set and G be an Abelian group. Suppose that f : P — G is a function

and define g : P — G by
=> fly)

y<z

=> 9y, »

y<z

Then

Returning to our motivating example J,,, the Mobius function for 9, is
well known [14, 43]: if Y C Z, then
psw, (Y, Z) = ()77
Hence, for J,, the M&bius function is determined by
1, (s,1) = (= 1)) (32)
for s < t.

The semilattice of idempotents of any Renner monoid R is the face lattice
of a rational polytope [26, 32]. Such a partially ordered set is Eulerian [43]
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and so has a well-defined rank function. This rank function extends to R
and in this situation the Mdbius function is given by (3.2).

4. INVERSE SEMIGROUP ALGEBRAS

Let A be a commutative ring with unit. Solomon [40] assigned to each
partially ordered set P an A-algebra called the Mobius algebra of P. When
P is a semilattice, he used Mobius inversion to show that the Mobius algebra
is isomorphic to the semigroup algebra of P. In [44] we extended this to
arbitrary finite inverse semigroups. We review the construction here from a
different viewpoint; further details can be found in [44].

4.1. The groupoid algebra. Let S be a finite inverse semigroup. We
define an A-algebra called the groupoid algebra of S over A for reasons
to become clear. Let us denote by G(S) the set {|s] | s € S}, a formal
disjoint copy of S. To motivate the definition of the groupoid algebra, let
us point out that there is another way to model partial bijections: allowing
composition if and only if the domains and ranges line up. The groupoid
algebra encodes this. So let AG(S) be a free A-module with basis G(S) and
define a multiplication on AG(S) by setting, for s,t € S,

s)lt] = {LstJ if ran(s) = dom(t) 1)

0 else.

It is easy to check that (4.1) extends to an associative multiplication on
AG(S). In fact, the set G(S) with the above multiplication (where 0 is
interpreted as undefined) is a groupoid in the sense of a small category [19]
in which all arrows are invertible; see [18] for details. We shall use this fact
and its consequences without further comment. In particular, we use that if
|s][t] is defined, then dom(st) = dom(s) and ran(st) = ran(t) c.f. [18]. The
algebra AG(S) is termed the groupoid algebras of S [44].
Define temporarily, for s € S, an element vy € AG(S) by

ve= > [t].

t<s

Then by Mobius inversion:

() = Y il ).
t<s

Hence {vs | s € S} is a basis for AG(S). The following result from [44] can
be viewed as a coordinate-free form of the Schiitzenberger representation [37]
or Preston-Vagner representation [18]. We include the proof for complete-
ness. The proof here includes a small detail that was unfortunately omitted
from [44]. Nonetheless, the proof is more compact, as we don’t obtain it from
considering explicitly the direct sum of Schiitzenberger representations, as
was done in [44].

Lemma 4.1 ([44]). Let s,t € S. Then vsvs = vgt.
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Proof. First we compute

v = | Y151 [ o1

s'<s t'<t

= > |s't].

s'<s, t'<t, ran(s’)=dom(t’)

Since the natural partial order is compatible with multiplication if s’ < s
and t' < t, it follows that s't’ < st. Thus to obtain the desired result it
suffices to show that each u < st can be written uniquely as a product s't’
with ' < s, ¢ <t and ran(s’) = dom(t'). Note that u < st implies that
uu~tst = u = stu" .

To obtain such a factorization v = s't’ we must have dom(s’) = dom(u)
and ran(t’) = ran(u). That is we must have s’ = uu™'s and t' = tu~lu.
Clearly s't' = uu™tstu~'u = vu~'u = u. Let’s check that ran(s’) = dom(t').
First observe that (s')~! = tu~!. Indeed,

s'(tu™ s = (wutstu ) u s = wuTls = 8
(tu™)s' (tu™Y) = tu N uu L st)u ™t = tu T uu Tt = tu L
Similarly, one can verify that (#')~! = u~!s. Thus we see
()7L = tut(wuts) = (tutu)uts = /(¢) 7L,
as desired. ]

As a consequence, it follows that AG(S) = AS and from now on we
identify AS with AG(S) by identifying s with vs. In particular we shall drop
the notation AG(S). So the viewpoint is that we have two natural bases for
the semigroup algebra AS: the usual basis and the basis {|s| | s € S}. Let
us make this precise.

Theorem 4.2 ([44]). Let A be a unital algebra and S a finite inverse semi-
group. Define, for s € S,

[s) = 3 tuft. ). (1.2
t<s
Then {[s] | s € S} is a basis for AS and the multiplication with respect to
this basis is given by (4.1).

It is worth remarking that Theorem 4.2 remains valid for infinite inverse
semigroups S so long as one assumes descending chain condition on the
set of idempotents of S. We now give a new proof of the semisimplicity
of KS for S a finite semigroup and K a subfield of C by comparing the
linear representations associated to the two bases of K.S. If we use the
usual basis {s | s € S}, then the associated linear representation is just
the regular representation of S. What we now wish to show is that if we
use the basis {|s] | s € S}, then we obtain the rook matrix representation
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associated to the Preston-Vagner representation pg : S — Jg. In particular,
these two representations will be equivalent and so, since the latter (as
observed earlier) is completely reducible, we shall obtain that the regular
representation of K.S is completely reducible, whence KS is a semisimple
algebra.

Let us recall the definition of pg : S — Jg. For s,t € S,

) st s7ls <tt!
S =
ps undefined else.

Our claim in the above paragraph is then an immediate consequence of the
following proposition.

Proposition 4.3. Let S be a finite inverse semigroup and A a commutative
ring with unit. Then for s,t € S,

1]t = {Lst] s7ls <tt1

0 else.

Proof. By Mébius inversion, ¢t =, . |u]. So

[s]t=1s] ) _lu]

u<t

= ls]lul.

u<t

Now [s]|u] = |su] if s7!'s = uu™! and is zero else. There can be at most
one element u < t with s7's = uu~! [18]. Now if u < t and s~ 1's = uu™!,
then s™'s < tt=1. Conversely, if s7's < tt7!, define v = s~ 'st < t. Then
u <t and

uut = s sttt s Tls = 57 s,

Moreover, su = s(s~'st) = st. Thus

sl = ls]lu) =

u<t

{LstJ s7hs <ttt

0 else,

completing the proof of the proposition. O

Corollary 4.4. Let S be a finite inverse semigroup and K any field. Then
the regular representation of S and the Preston-Vagner representation of S
are equivalent as linear representations. In particular, if K is a subfield of
C, then KS is semisimple.

4.2. Decomposition into matrix algebras over group rings. We now
turn to decomposing K S into matrix algebras over group algebras. Let S be
a finite inverse semigroup with D-classes D1,..., D,. Recall these are the
equivalence classes corresponding to isomorphic idempotents. Let AD; be
the A-span of {|s] | s € D;}. The following result is immediate from (4.1)
and Theorem 4.2.
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Theorem 4.5. Let A be a unital algebra and let S be a finite inverse semi-
group with D-classes Dy, ...,D,. Then AS = @,_, AD;.

For each i, fix an idempotent e; of D; and let G, be the corresponding
maximal subgroup. Since the idempotents of D; are isomorphic, this group
does not depend on the choice of e; up to isomorphism. Let n; = |E(D;)|,
that is n; denotes the number of idempotents in D;. We recall the argument
from [44] (essentially due to Munn [22, 23, 10]) that AD; = M,,,(AG.,). We
view n; X n; matrices as indexed by pairs of idempotents of D;. Fix, for each
e € D;, an element p, € S with dom(p.) = e; and ran(p.) = e. We take
De; = €;. Define a map ¢ : AD; — M,,,(AG.,) on a basis element |s| € AD;
with dom(s) = e and ran(s) = f by

¢(ls)) = pesp;  Ee s (4.3)

where E, ; is the standard matrix unit with 1 in position e, f and zero in all
other positions. Observe that p,35p]71 € G, by construction. It is straight-
forward [44] to show that ¢ is an isomorphism and to write down its inverse.
The reader should compare (4.3) to the calculation of the fundamental group
of a graph.

As a consequence of the above isomorphism, we obtain the following re-
sult, which is implicit in the work of Munn [23, 22, 10] and was made explicit
in [44].

Theorem 4.6. Let S be a finite inverse semigroup with representatives
e1,...,er of the isomorphism classes of idempotents. Let n; be the num-
ber of idempotents isomorphic to e;. Let A be a commutative ring with unit.
Then AS = @;_, M,,(AG,).

This decomposition implies the well known fact that the size of S is
Sl n?|Ge,|. One may also deduce the following theorem of Munn [23, 10].

Corollary 4.7 (Munn). Let K be a field and S a finite inverse semigroup.
If the characteristic of K is 0, then KS is semisimple. If the characteristic
of K is a prime p, then KS is semisimple if and only if p does not divide
the order of any mazximal subgroup of S.

We mention that Solomon [42] gives the exact decomposition obtained
above for the special case of J,, (this decomposition was obtained indepen-
dently by V. Dlab in unpublished work). In [44] we went on to describe
explicitly central idempotents and central primitive idempotents. However,
the author, somewhat embarrassingly, missed that the above decomposi-
tion allows one to obtain a formula for character multiplicities (Solomon
also seems to have missed this [42] since he uses a different approach to
obtain multiplicity formulas for J,; we shall compare the two approaches in
Section 7). The goal of the next few sections is to rectify this.
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5. CHARACTER FORMULAS FOR MULTIPLICITIES

In this section we assume that K is a field of characteristic zero. The
most interesting case is when K = C, the complex field. Fix a finite inverse
semigroup S and, for each D-class Dy, ..., D, of S, fix an idempotent e¢; and
set G; = Gg,. Let again n; be the number of idempotents in D;.

From Theorem 4.6 it is clear that the irreducible representations of S
over K correspond to elements of the set [§;_, Irr(G;), where Irr(G;) is the
set of irreducible representations of G; (up to equivalence). Namely, if ¢
is an irreducible representation of G;, then we can tensor it up to KD; =2
M,,,(KG;) and then extend to K S by making it zero on the other summands.
Let us call this representation ¢*. If y is the character of GG associated to
v, denote by x* the character of S associated to ¢*. Note that deg(¢*) =
n;deg(y). Thus over an algebraically closed field we see, as in the group case,
that the size of S is the sum over all inequivalent irreducible representations
of S of the squares of the degrees of the irreducible representations.

Let G be a finite group and 9, : G — K be a functions. We define on
the space of K-valued functions on G the usual bilinear form given by

1 _
(.06 = 17 > (g Halg).

geG

If x is an irreducible character of G and « is any character of G, then stan-
dard group representation theory says that (x,a)g = md where m is the
multiplicity of x as a constituent of « and d is the degree over K of the divi-
sion algebra of K G-endomorphisms of the simple K G-module corresponding
to x.

Let us consider now an irreducible representation of M, (K G). We identify
G with G - Eq ;. If we have a character § of M, (KG) and an irreducible
character x of GG, then clearly

(X, 0la)e = md (5.1)

where m is the multiplicity of x* in # and d is the dimension of the associated
division algebra to y.

We now wish to generalize the above formula to our finite inverse semi-
group S. Given a character 6 of S and an idempotent f € S, define 6; by
0r(s) = O(fs). If idempotent e € E(S), then 6y restricts to a K-valued
function on G, (for which we use the same notation); it need not in general
be a class function. Now if y is a K-valued function on G, define

(X7 0)5 = Z(X?Hf)Gelu’(f7 6). (52)
f<e

Of course, if S is a group this reduces to the usual formula. Here is the main
new result of this paper.

Theorem 5.1. Let S be a finite inverse semigroup and e € E(S). Let 6 be
a character of S and let x be an irreducible character of G.. Denote by d the
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dimension of the division algebra associated to x and by m the multiplicity
of the induced irreducible character x* of S in 0. Then

060)s =D (.00 c.u(f,e) =md

f<e

Proof. Our discussion above about matrix algebras over group algebras and
the explicit isomorphism we have constructed between KS and the direct
sum of matrix algebras over maximal subgroups tells us how to calculate
multiplicities using the basis {[s| | s € S} for KS. Namely (5.1) is trans-
formed via our isomorphism to:

md=—— 3" x(g~)0(1g)) (5.3)
|(;e|g€Ge
= |Z Do tu(t,g) (5.4)
g€Ge t<g
SR D IR CaRD SO (55
g€Ge t<g

But recall that the order ideal g can be parameterized as

{fg| f < dom(g) = e}
and that, for f < dom(g),

pu(fg,9) = p(dom(fg),dom(g)) = p(f,e).
Thus the right hand side of (5.5) is equal to

Yo xlg™h) D 0(fa)ulf.e)

‘G | geGe f<e
Z Z 9 1)05(9) | u(f.e)
f<e géG
= (. 05)c.ulfe)
f<e
::(X79)S-
Thus we obtain (y,#)s = md, as desired. O

Of course if K is algebraically closed, or more generally if x is an ab-
solutely irreducible representation, then (x,€)s is the multiplicity of x* in
0. This lets us generalize the following well-known result from groups to
inverse semigroups.

Corollary 5.2. Let K be a field of characteristic 0 and let S be a finite
inverse semigroup. Then two representations of S are equivalent if and only
if they have the same character.
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Proof. Since K S is semisimple, two representations are equivalent if and
only if they have the same multiplicity for each irreducible constituent. But
Theorem 5.1 shows that the multiplicities of the irreducible constituents
depend only on the character. O

6. APPLICATIONS TO DECOMPOSING REPRESENTATIONS

In this section we use the formula from Theorem 5.1 to calculate multi-
plicities in different settings. For the case of J,, our formula looks different
than that of [42], but of course gives the same answer. In fact, we shall
see that our formula is easier to use than Solomon’s and at the same time
applies more generally. Throughout this section we assume that K is an
algebraically closed field of characteristic zero.

6.1. Tensor powers. Let us begin with S = J,. We choose as our set
of isomorphism class representatives the idempotents 1j,; with r < n. We
identify the maximal subgroup at 1j,) with &, (where & is the trivial group
and the empty set is viewed as having a unique partition). If u is a partition
of r, let x* denote the irreducible character of &, associated to u [36]. Then,
for 6 a character of J,,, we obtain the following multiplicity formula (which
should be contrasted with [42, Lemma 3.17)):

(X 0)3, = Y (10 01y )e, (6.1)
XClr]

Solomon decomposes the tensor powers of the rook matrix representation
of J, using his formula. We do the same using ours, but more generally. In
particular, we can handle wreath products of the form G S with G a finite
group and S < J, a finite inverse semigroup containing all the idempotents
of J,. This includes, in addition to the symmetric inverse monoid, the signed
symmetric inverse monoid.

First we need a standard lemma about Boolean algebras whose proof we
leave to the reader. We use z¢ for the complement of = in a Boolean algebra.
We continue to use multiplicative notation for the meet in a semilattice.

Lemma 6.1. Let B be a Boolean algebra and x € B. Then B = xl x (2¢)!
via the maps

y — (yz, yx©)
yVzei(y,2)

To apply Lemma 6.1 we use the well known fact [43] that if Py, P, are
finite partially ordered sets, then

ppy <Py ((2,Y), (u,v)) = pp, (T, u)pp, (Y, v). (6.2)

Combining Lemma 6.1 and (6.2) we obtain:

Corollary 6.2. Let B be a Boolean algebra and fix x € B. Then for
a,be B, u(a,b) = plax, bx)p(axc, bx).
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In the case of B,,, Corollary 6.2 just asserts that if X C [n] is fixed, then
for Y C Z, (—1)/Z1=IV1 = (—1)l2nX[=IYnX] . (_1)l2nXe=[ynXe|

We shall also need the following reformulation of the fact that p is the
inverse of (:

1 z==2
> ulyz) = {O (6.3)
veger r <z

If s € S <7,, then Fix(s) denotes the set of fixed points of s on [n]. Of
course, Fix(s) < dom(s).

Proposition 6.3. Let S < J, and 0P be the character of the p''-tensor
power of the rook matriz representation of S. Let e € E(S) and x € Irr(G.).
Suppose that {X C dom(e) | 1x € E(S)} is closed under the operations of
union and relative complement, i.e. X — dom(e)\ X. Suppose further that,
for all g € Ge, 1gix(g) € E(S). Then

1
= g jdes00 > rk(f)Pulf,e) (6.4)

f<e

(Xa ep)S

Proof. We begin by computing:
(60)s =Y (.0 a.nlfre)

f<e

=3 G S M Uaus.e) (6.5)

f<e ¢ gea

_ ’G} > oxlg™) D0 (fg)u(f.e)

geG f<e

So let us analyze the term 3, 0P(fg)u(f.e). Setting h = lpiyy) € E(S)
and h® = 1gom(e)\Fix(g) € F(S), we can rewrite 0P(fg) as follows:

0°(fg) = [Fix(fg)I” = [Fix(glaom(s))|" = [Fix(g) N dom(f)|” = rk(hf)".

The above equation, together with Corollary 6.2 and the fact that e! is a
Boolean algebra (via our hypotheses), allows us to rewrite our sum:

Y P(fou(fre)= > rk(@)Pu(w, h)u(y, h°)

f<e z<h, y<he
= rk(z)Pu(z,h) > ply, he)
z<h 0<y<hc
But by (6.3),

> wly,h) =0

0<y<he

unless h¢ = 0, or equivalently, unless e = h. In this latter case, we then have
that dom(e) = Fix(g) and hence g = e. Thus the right hand side of (6.5)
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becomes:
= GMO (Pl
c f<e
= ‘G1|deg(x) S k()P u(f, e):
N f<e
This proves (6.4) O

We wish to obtain Solomon’s result [42, Example 3.18] in a more general
form, in particular for wreath products. If G is a finite group and S C 7,
we can define their wreath product G 1S as an inverse semigroup of partial
permutations of G x [n]. It consists of all partial permutations that can be
expressed in the form (f,0) where o € S, f : [n] — G and

(9f(i),i0) if ic is defined
undefined else.

(g7i)<fa U) = {

It is easy to verify that G 1.5 is an inverse subsemigroup of Jgx (] = J|Gjn-
The reader should consult the text of Eilenberg [12] for more on wreath
products of partial transformation semigroups. We remark that the repre-
sentation in the form (f, o) is not unique if o is not totally defined. Alter-
natively, G1.S can be described as all matrices with entries in G U {0} that
can be obtained by replacing ones in the rook matrices from S by arbitrary
elements of G. So, for example, the signed symmetric inverse monoid Zs? 7,
consists of all signed rook matrices.

Suppose now that S < J,, contains all the idempotents of J,,. Then the
idempotents of G S are precisely the identities at the subsets of the form
G x X with X C [n]. Hence, E(G1S) = %B,, and so if Y C X, then

M(lGxY7 1G’><X) = (_1)‘X|7|Y|~

The maximal subgroup of G1.S at G x X is isomorphic to the wreath product
G Gx where Gx is the maximal subgroup of S at X. In particular, for
G 1J,, we see that the maximal subgroup at G x [r] is G1&,. So for the
signed symmetric inverse monoid, the maximal subgroups are the signed
symmetric groups of appropriate ranks. Clearly if X C [n], then the set of
subsets of the form G x Y with Y C X is closed under union and relative
complement. Thus to verify that Proposition 6.3 applies to G S, we must
show that if (f,s) represents an element g of G Gx, then Fix(g) is of the
form G x Y with Y C X. But Fix(g) = G x (1f~! NFix(s)), which is of the
required form.

Let S(p,r) be the Stirling number of the second kind [43]. It is given by

S(p.r) = :!kz;o(—l)r"“ (1)
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Then we obtain the following generalization of [42, Example 3.18], where
S =17, and G is trivial.

Theorem 6.4. Let S < J,, contain all the idempotents and let G be a finite
group. Let 0P be the character of the p-tensor power of the representation of
G3n < J\gpn by rook matrices. Let X C [n] with |X| =1 and let Gx be the
associated maximal subgroup of S. Let x € Irr(G1Gx). Then

1
,0P)g = ————de r!S(p,r). 6.6
(X, 0")s GGy g()r!S(p, ) (6.6)
In particular, for S =73,, we obtain
1
P\, —
(X, 0%)s = |G‘T,_pdeg(x)5(p, r). (6.7)

Proof. Since rk(1gxy) = |G||Y|, we calculate, using Proposition 6.3:

VR S _ )XY p
0 8)s = Emae g(x)yzg;(( 1) (IGIIY1)

_ 1 e . _1\r—k r »
= GG 80 2 (-1 (k)k

k=0

! deg(x)r!S(p, ).

IR
In particular, if Gx = &,, (6.6) reduces to (6.7). O

Specializing to the case that G is trivial we obtain:

Corollary 6.5. Let S <73, with E(S) = E(J,). Let X C [n] with | X|=r
and let Gx be the mazximal subgroup of S with identity 1x. Let x be an
irreducible character of Gx. Then the multiplicity of x* in the p-tensor
power 6P of the rook matriz representation of S is given by

(X’ GP)S =

In particular, if S = J,, X = [r] and x* is the irreducible character cor-
responding to a partition \ of [r], then the multiplicity of (x*)* in 6P is
AS(p,r) where fx is the number of standard Young tableaur of type A
(c.f. 136]).

Two other examples for which the formula from Corollary 6.5 is valid are
%B,, and for the inverse semigroup of all order-preserving partial permuta-
tions of [n]. In both these cases all the maximal subgroups are trivial. So
the formula then comes down to saying that if e is an idempotent of rank r
in either of these semigroups, then the multiplicity of the unique irreducible
representation associated to e in 6P is simply r!1S(p, 7).
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6.2. Exterior powers. We continue to take K to be an algebraically closed
field of characteristic zero. Solomon showed [42, Example 3.22] that the
exterior powers of the rook matrix representation of J,, are irreducible and
are induced by the alternating representations of the maximal subgroups.
The proof is quite involved: he makes heavy use of the combinatorics of
Ferrer’s diagrams and the theory of symmetric functions. Here we obtain a
more general result with a completely elementary proof.

Let us use Ax for the alternating group on a finite set X. If S < 7J,, and
G is a maximal subgroup with identity e, then define, for g € Ge,

sene(9) = —1 else

{1 VS Q[dom(e)

That is, sgn.(g) is the sign of g as a permutation of dom(e). Then the
map sgn, : G. — K is an irreducible representation (it could be the trivial
representation if Ge C Agom(e))-

Theorem 6.6. Let S < J, and let 0""P denote the character of the pth-
exterior power of the rook matrix representation of S. Suppose that S con-
tains all the rank p idempotents of J,,. Let G, be a maximal subgroup and
x € Irr(Ge). Then

1 rk(e) = =
(Xa eAp)S — r (6) b, X Sgie
0 else.

In particular, under these hypotheses 0”'P is an irreducible character if and
only if all rank p idempotents of S are isomorphic. So for J,, all the exterior
powers are irreducible.

Proof. Let V' be the module affording the rook matrix representation and
{e1,...,en} be the standard basis; so a basis for AP V' is the set

{eil/\---/\eip\1§i1<---<ip§n}.
If s € S, then
(€iy A---Nej,)s=ejs N Aejs.

This will be a non-zero multiple of e;; A -+ Ae;, if and only if Xs = X,
where X = {e;,,...,¢e;,}. In this case,

(€iy A--- Aeiy)s = sgny(s[x) (e A Aeg,).
Thus
0P (s) = > sgny (sly). (6.8)

Y Cdom(s),|Y|=p,Y s=Y
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We now compute for x € Irr(G.):

(0")s =D 177 D xlg )0 (Fo)u(fre)

f<e | e| g€Ge

Z N0 (fg)ulfe).

€Ge f<e

Using (6.8), we obtain

S0 (fgulfe) =Y > sgny ((f9)ly) | u(fe)

f<e f<e \YCdom(f),|Y|=p,Y fg=Y

=Y 3 seny (gly)) | (£, e)

f<e Ygdom(f)JYl:p)Yg:Y

= > sguy (gly) | Y ulf.e)

Y Cdom(e),|Y|=p,Y g=Y ly<f<e

An application of (6.3) then shows that >, _, pu(f,e) is zero unless
ly =e, in which case it is one. So if rk(e) # p, (x,0"?)s = 0. Other-
wise, (6.9) becomes

(. 0")s = — > x(g7 sene(g) = (x,sen.)e,

This establishes the first part of the theorem. The second part is immediate
from the first. (|

6.3. Direct products. Let us consider a direct product S x T of two inverse
semigroups S,T. Then E(S x T) = E(S) x E(T). Moreover, the natural
order on S x T is the product ordering. Hence, by (6.2),

NSXT((S’ t)v (8/7 t/)) = /~LS(57 SI)MT(t’ t/)‘

The D-relation on S x T is the product of the D-relations on S and T and
the maximal subgroup at an idempotent (e, f) is Ge x G¢. So if: K is a
commutative ring with unit; eq,...,es, respectively fi,..., fi, represent the
D-classes of idempotents of S, respectively T'; and n;, respectively m;, is
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the number of idempotents in the D-class of e;, respectively f;, then

K(SxT) @Mmm] (Ge, x Gy,))
N@Mmm (KG., ® KGy,)

NEB (K Ge,) ® My, (KGy,))

gKS@KT.

If K is a field, then an irreducible character of G,; x Gy, is of the form x ®@n
where x € Irr(Ge,), n € Irr(Gy,;) and (x ® n)(g, k) = x(g)n(h) [39]. So if 0
is a character of S x T, then (assuming characteristic zero) the intertwining
number is given by

(x®m,0)sxr = Y > xlgTm(hb(eg, FR)us e, e)ur(f, £;)-

e<e;, f<fi g€Ge; ,heG,

6.4. Decomposing partial permutation representations. Let S < J,
be a partial permutation inverse semigroup of degree n. We wish to decom-
pose the associated rook matrix representation into irreducible constituents.
If S is not transitive, then we can clearly obtain a direct sum decomposition
in terms of the transitive components, so we may as well assume that S is
a transitive partial permutation semigroup. One could obtain the decom-
position below from semigroup theory folklore results: one argues that in
this case the rook matrix representation is induced from the permutation
representation of the maximal subgroup G of the 0-minimal ideal of S via
the Schiitzenberger representation and hence by [34] and [17] it decomposes
via the representations induced from those needed to decompose the as-
sociated permutation representation of G. We shall prove this in a more
combinatorial way using our multiplicity formulas. Let us first state the
result precisely.

Theorem 6.7. Let S < J,, be a transitive inverse semigroup. Let e € E(S)
be an idempotent with associated mazimal subgroup G.. Let x € Irr(Ge)
and let O be the character of the rook matrix representation of S (that is the
fized-point character). Then

(6.10)

(x,0|c.)a. if e has minimal non-zero rank
(x,0)s =
0 else.

Moreover, all idempotents of minimal non-zero rank are isomorphic.

This theorem says that decomposing 6 corresponds to decomposing |q,
where e is an idempotent of minimal non-zero rank. Before proving the
theorem, we consider some of its consequences. The following corollary (well
known in the semigroup representation theory community) is quite useful.
See the work of Zalcstein [46] for an analogue.
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Corollary 6.8. Suppose that S < J,, is a transitive inverse semigroup con-
taining a rank 1 transformation. Then the rook matriz representation of S
is trreducible and is induced from the trivial representation of the mazximal
subgroup corresponding to a rank one idempotent.

Proof. The maximal subgroup at a rank 1 idempotent e is trivial and the
restriction of the fixed-point character 6 to e is the character of the trivial
representation of {e} since §(e) = rk(e) = 1. Theorem 6.7 immediately gives
the result. O

The above result then leads to the following corollary identifying the rep-
resentation of an inverse semigroup .S induced by the trivial representation
of a maximal subgroup.

Corollary 6.9. Let S be a finite inverse semigroup and let D be a D-class
of S. Then S acts by partial permutations on the idempotents E(D) of D
via conjugation as follows:

o5 s les e < dom(s)
| undefined else

fore € E(D) and s € S. The associated rook matrix representation of S is
the irreducible representation corresponding to the trivial representation of
the maximal subgroup of D.

Proof. We first show that the action is well defined. Suppose e € D and e*
is defined. Then
s lessTles = sTlees = s les
as e < ss~t. Thus e® € E(S). Also
dom(es) = ess te =e
ran(es) = s lees = s les,

showing that e® € D. The reader can verify directly that e < dom(st) if and
only if e < dom(s) and e® < dom(¢) and that in this case (e®)! = est.

To complete the proof it suffices by Corollary 6.8 to show that S acts
transitively and that some element of D acts as a rank one partial transfor-
mation. If e, f € D, then there exists s € D with dom(s) = e, ran(s) = f.
Hence

ef =5 les=stssls=sls=ran(s) = f
establishing transitivity. If e, f € D and e # f, then efe = ef ¢ D (as
idempotents in a D-class of a finite inverse semigroup are incomparable [18]).
Hence we may conclude that e acts as as the rank one partial identity that
fixes e and is undefined elsewhere. This completes the proof. O

The above representation is really the right letter mapping representa-
tion of Rhodes [16] in disguise and its irreducibility follows from the results
of [34]. The direct sum of the above representations over all D-classes is the
celebrated Munn representation [18].
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The proof of Theorem 6.7 requires some preliminary results that form
part of the body of semigroup theory folklore. We begin with the proof of
the final statement.

Proposition 6.10. Let S < J,, be a transitive inverse semigroup. Let e, f
be idempotents of minimal non-zero rank. Then e D f.

Proof. If e = f, then there is nothing to prove. Assume that e # f. Choose
x € dom(e), y € dom(f). By transitivity there exists s € S such that
xs = y. We claim that dom(esf) = e, ran(esf) = f and so e D f. Indeed,
x € dom(esf) C dom(e). Minimality then gives that dom(esf) = e. The
argument that ran(esf) = ran(f) is similar. O

We shall need that the domains of the minimal rank non-zero idempotents
partition [n].

Lemma 6.11. Let S < 7, be a transitive inverse semigroup. Then the
domains of the minimal rank non-zero idempotents partition [n].

Proof. We first prove disjointness. Let ¢ € dom(e) N dom(f) with e and f
minimal rank non-zero idempotents. The i € dom(ef) and so 0 < rk(ef) <
rk(e),rk(f). Thus e = ef = f, as required. Now we show that any i € [n]
belongs to the domain of some idempotent e of minimal non-zero rank. Let
f be any idempotent of minimal non-zero rank and let j € dom(f). By
transitivity there is an element s € S with js = i. Then i € dom(s™!fs)
and 0 < rk(s71fs) < rk(f). It therefore suffices to show that s=!fs is
idempotent. Since j € dom(f) N dom(s), it follows by the minimality of f
that f < dom(s). Thus s~!fs is an idempotent (c.f. Corollary 6.9). O

6.4.1. Proof of Theorem 6.7. We shall use the notation from the statement
of Theorem 6.7. Define h : S — Z by setting

h(s)=>_0(t)u(t,s). (6.11)

We need a key technical lemma.
Lemma 6.12. The function h : S — Z is given by the formula:

h(s) = 0(s) if s has minimal non-zero rank
~ o else.

Proof. Let M be the set of elements of S of minimal non-zero rank and let
M¢ be the complement of M. Recall that §(t) = |Fix(¢)| for t € S. In
particular #(0) = 0. If s € M, then from 6(0) = 0 and (6.11) we may deduce
h(s) = 6(s), as desired. So assume s ¢ M, ie. s € M°.

Mobius inversion (Theorem 3.1) gives us

0(s)=> nt)= > nwB)+ Y. D« (6.12)

t<s teM, t<s teMe, t<s
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By the case already handled, for t € M,
h(t) = 0(t) = |Fix(t)].

Let t,t € M with t,t’ < s and suppose that Fix(¢) N Fix(t') # 0. In
particular, dom(¢) N dom(¢') # (. Since dom(t), dom(¢') are minimal rank
non-zero idempotents, Lemma 6.11 tells us that dom(¢) = dom(#’). Since
they are both restrictions of s, we conclude that ¢ = ¢. Hence distinct t € M
with ¢ < s have disjoint fixed-points sets implying

Yoo ony= > [Fix@)|=| (J Fix)]. (6.13)

teM, t<s teM, t<s teM, t<s

We claim

U Fix(t) = Fix(s).

teM, t<s

Clearly the left hand side is contained in the right hand side. Conversely,
if x € Fix(s), then by Lemma 6.11 there is a (unique) minimal non-zero
idempotent f such that z € dom(f). Hence x € Fix(fs), fs € M and
fs < s. Thus the sum in (6.13) is |Fix(s)| = 6(s). Putting this together
with (6.12), we obtain

0= > A (6.14)

teMe, t<s

The formula (6.14) is valid for any element s € M¢. Therefore, Mobius
inversion in M€ (with the induced ordering) and (6.14) imply h(s) = 0 for
any s € M€, as desired. O

We may now complete the proof of Theorem 6.7. One calculates

(X? 9)5 = Z(X7 Hf)GeM(€7 f)

f<e

- |c; DINOEIIEHIIR
! geGe f<e

- = DIRCRIIONOR
“l geGe t<g

= |(; | > x(g Hhlg)
“l geG.

= (x, hla.)a. -

But h|g, = 0 if e is not of minimal non-zero rank and is 6|, otherwise by
Lemma 6.12. This establishes Theorem 6.7. g
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7. THE CHARACTER TABLE AND SOLOMON’S APPROACH

In this section we generalize [42, Section 3] to arbitrary finite inverse
semigroups. If s is an element of a finite semigroup, then s* denotes its
unique idempotent power. We set s*T1 = 55, The element s“*! belongs to
the unique maximal subgroup of (s). It is well known that any character x
of S has the property that x(s) = x(s**!) [20, 34]. Indeed, if s” = s*, then
52" = s". So if p is the representation affording y, then p(s) satisfies the
polynomial 2™ (x™ —1). It follows that p(s) and p(s)"*! have the same trace
by considering, say, their Jordan canonical form over the algebraic closure.
Thus x(s) = x(s"+) = x(*+1).

Let S be a finite inverse semigroup. Let e and f be isomorphic idempo-
tents. Then g € G. and h € Gy are said to be conjugate if there exists s € §
such that dom(s) = e, ran(s) = f and g = shs~!. Note that if e = f, this
reduces to the usual notion of conjugacy in G.. Conjugacy is easily verified
to be an equivalence relation. Let x be a character of S and suppose that g
and h are conjugate, say g = shs™!' with s as above. Then

x(g9) = x(shs™') = x(hs™'s) = x(h)

since s's = ran(s) = f. Here we use that tr(AB) = tr(BA) for matrices.

Finally define, for s,t € S, s ~ t if s**T! is conjugate to t“*1. It is easy
to see that this is an equivalence relation, which we call character equiva-
lence. The discussion above shows that the characters of S are constant on
character equivalence classes. Let eq,...,e, represent the distinct isomor-
phism classes of idempotents and set G; = G¢,. Then there is a bijection
between character equivalence classes and the (disjoint) union of the conju-
gacy classes of the GG;. Namely, each character equivalence class intersects
one and only one maximal subgroup G; and it intersects that subgroup in a
conjugacy class. We use 5 for the character equivalence class of s € S.

One can the define (c.f. [20, 24, 34]) the character table C of a finite
inverse semigroup S to have rows indexed by the irreducible characters of S
over the complex field C and columns indexed by the character equivalence
classes. The entry in the row of a character x and the column of a character
equivalence class 5 gives the value of x on 5. The table C is square since
both sides are in bijection with the union of the conjugacy classes of the G;.
In order to arrange the table in the most convenient way possible, let us
recall that there is a preorder on the idempotents of any inverse semigroup
S defined as follows [18]: e < f if there is an idempotent ¢’ with e D ¢’ < f.
This is the same as saying there are elements s,t € S with e = sft. For
a finite inverse semigroup, e =< f and f =< e if and only if e D f [18].
In particular, if eq,...,e, are as above, then < induces a partial order on
{e1,...,en}. Reordering if necessary, we may assume that e; < e; implies
i < j. It is easy to check (and well known) that if x is an irreducible
character coming from a maximal subgroup G; and g € G is such that
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x(g) # 0, then e; < e;. Indeed, for the character not to vanish, g must have
a restriction in the D-class of e;.

Instead of labelling the rows by irreducible characters of S we label them
by | Irr(G;) and similarly instead of labelling the columns by character
equivalence classes, we label them by the conjugacy classes of the G;. So
if x € Irr(G;) and C is a conjugacy class of G, then C, ¢ is the value of
x* on the character equivalence class containing C'. If we group the rows
and columns in blocks corresponding to the ordering Gy, ...,G,, then the
character table becomes block upper triangular. More precisely, we have

Xy .- * *
c_ . : .

0 anl *

0 0 Xn

where X, is the character table of G;. In particular, the matrix C is invertible
(as character tables of finite groups are invertible). Notice that Solomon’s
table [42] differs from ours cosmetically in how the rows and columns are
arranged.

Define a block diagonal matrix

Y = diag(Xy,...,Xy) (7.1)
Then there are unique block upper unitriangular matrices A and B such that
C=YA and C =BY. (7.2)

So to determine the character table of S, one just needs Y (that is the
character tables of the maximal subgroups) and A or B. We aim to show that
A is determined by combinatorial data associated to S. Solomon explicitly
calculated this matrix for J,, but it seems to be a daunting task in general.
If g € G;, we use C’; to denote the conjugacy class of g in G;.

Proposition 7.1. Let h € G; and g € Gj. Then ACZ’

ci 18 the number of
h*~9

restrictions of g that are conjugate to h in S.
Proof. Let g € G; and x be an irreducible character coming from G;. For

each idempotent f D e;, choose py with dom(py) = e;, ran(py) = f. Given
h € G, let ay; i be the number of restrictions of g conjugate to h in S
h'9

(this number can easily be verified to depend only on C,i and Cg).
Then, by the results of [44] or direct calculation,

Cocs = > X(ps(fo)ry")

f<e;,fDeig='fg=f

= Z X(h)aci,cg
Ch
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where the last sum is over the conjugacy classes C’,i of G;. But
Z X<h)%;,cg = Z Yy.cilei ci-
ci ci

As Y is invertible, a quick glance at (7.2) allows us to deduce the equality
AC;-L’C‘; = agi ¢ A8 required. O

Solomon computed A explicitly for J,. He showed that if the conjugacy
class of 0 € &, corresponds to the partition a of r and the conjugacy class
of 7 € &, corresponds to the partition § of £ where «, 8 have respectively
a;, b; parts equal to ¢, then

rcees = (5) =TI(5,)
>1

Similarly we can calculate B. If h € G;, denote by zp the size of the

centralizer of h in G;. So the equality |C}| = E’Z' holds.

Proposition 7.2. If x,0 are irreducible characters of G;, respectively G,
then

Byo = D % Ag csX(CO(C)) (7.3)
CiCi

where C’fl runs over the conjugacy classes of G; and CZ runs over the con-
Jugacy classes of G.

Proof. Define for 1 < ¢ < n the matrix Z; = X;TFXZ-. By the second orthogo-
nality relation for group characters, Z; is a diagonal matrix whose entry in
the diagonal position corresponding to a conjugacy class C}L of G; is zp,. Let
W = diag(Z1,...Z,). Then YIY = W. So from (7.2), we see that

B = YAY ! = yaw1yT,

Comparing the y, 6 entry of the right hand side of the above equation with
the right hand side of (7.3) completes the proof. O

For J,,, Solomon gave a combinatorial interpretation for the entries of B in
terms of Ferrer’s diagrams [42, Proposition 3.11]. We now turn to the ana-
logue of Solomon’s multiplicity formulas for J,, [42, Lemma 3.17], in terms
of A and B, for the general case. It is not clear how usable these formulas
are since one needs quite detailed information about the inverse semigroup
S to determine these matrices. Our previous computations with our multi-
plicity formula (5.2) often just used knowledge of the idempotent set, while
Solomon’s approach requires much more. It also explains why partitions,
Ferrer’s diagrams and symmetric functions come into Solomon’s approach
for the tensor and exterior powers of the rook matrix representation of J,,
but they play no role in our approach. We retain the notation above.
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Theorem 7.3. Let x be an irreducible character of G; and 6 a character of
S. Then the following two formulas are valid:

(x,0)s = Zx . ZACJ ci (g)- (7.4)
i

where the first sum is over the conjugacy classes C}L of G; and the second
over all conjugacy classes Cy of all the Gj; and

6Os=>. > B .0lc)e, (7.5)
J=1¢elrr(Gy)

Proof. For an irreducible character ¢ of G, denote by m,, the multiplicity
of ¢¥* in #. So 6 = Zw my1p*. Hence, for a conjugacy class Cj of Gj,

meﬁ mecw ci

where the sum runs over all the irreducible characters of all the G;. Using
this, we obtain:

(G0)s =D mydyy meZcM]cC;’X _Zc ! o) (76)
%

CJ

where the last sum runs over the conjugacy classes C’g oftheGj,5=1,...,n.
Setting W = Y'Y again (as in the proof of Proposition 7.2), we compute:

1 _ —I\pn/—1IN\/T
c%x_(A W), = ZACJCZzh x(h)

where the last sum runs over the conjugacy classes C’}'l in G;. This, in
conjunction with (7.6) implies (7.4). Also, for g € G},

Cor = WYTBT, =201 > w(9)ByL. (7.7)
! Yeln(G,)

This last equality uses that Y7 is block diagonal. Combining (7.7) with (7.6)
and the fact that as Cj runs over all conjugacy classes of G,

32 M(9)0(g) = (8, 0)c,

e

where 1) is the conjugate character of v, gives (7.5). This completes the
proof of the theorem. O
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8. SEMIGROUPS WITH COMMUTING IDEMPOTENTS AND GENERALIZATIONS

There is a large class of finite semigroups whose representation theory
is controlled in some sense by an inverse semigroup. For instance, every
irreducible representation of an idempotent semigroup factors through a
semilattice; for a readable account of this classical fact for non-specialists,
see [9]. This section will require a bit more of a semigroup theoretic back-
ground than the previous ones; the reader is referred to [10] for basics about
semigroups and [16] for results specific to finite semigroups. The book of
Almeida [2] contains more modern results.

8.1. Semigroups with commuting idempotents. Let us first begin with
a class that is very related to inverse semigroups: semigroups with commut-
ing idempotents. Every inverse semigroup has commuting idempotents, as
does every subsemigroup of an inverse semigroup. However, not every finite
semigroup with commuting idempotents is a subsemigroup of an inverse
semigroup. It is a very deep result of Ash [5, 6] that every finite semigroup
with commuting idempotents is a quotient of a subsemigroup of a finite in-
verse semigroup (Ash’s original proof uses Ramsey theory in an extremely
clever way [5]; this result can also be proved using a theorem of Ribes and
Zalesskii about the profinite topology on a free group [35, 15]).

Elements s,t of a semigroup S are said to be inverses if sts = s and
tst = t. Elements with an inverse are said to be (von Neumann) regular.
Denote by R(S) the set of regular elements of S. A semigroup in which all
elements are regular is called, not surprisingly, regular. Regular semigroups
are very important: a connected algebraic monoid with zero has a reductive
group of units if and only if it is regular [26, 32]; the semigroup algebra
of a finite regular semigroup is quasi-hereditary [29]. It is known that a
semigroup S is an inverse semigroup if and only if it is regular and has
commuting idempotents [18, 10]. More generally it is known that if the
idempotents of a semigroup commute, then the regular elements have unique
inverses [10]. We give a proof for completeness.

Proposition 8.1. Suppose S has commuting idempotents and t,t" are in-
verses of s. Thent =1'.

Proof. Using that st,ts, st’,t's are idempotents we obtain:
t =tst = ts(t'st')st = t'stst'st
= t's(tst)st' =t'st’ =+t
This establishes the uniqueness of the inverse. O

If S is a semigroup with commuting idempotents and u € R(S), then we
denote by u~! the (unique) inverse of u. The following is a standard fact
about semigroups with commuting idempotents.

Proposition 8.2. Let S be a finite semigroup with commuting idempotents.
Then the set R(S) of regular elements of S is an inverse semigroup.
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Proof. The key point is that R(S) is a subsemigroup of S. Indeed, if
a,b € R(S), then we claim (ab)~! = b~'a~!. Observing that aa™!, a 'a,
bb~! and b~ b are idempotents, we compute:

ab(b~ta™Yab = a(bb')(a ta)b = a(a"ta) (bbb = ab.

Similarly one verifies b~!a=!(ab)b~'a~! = b~'a~!. Since the inverse of any
regular element is regular, R(.S) is closed under taking inverses and hence is
a regular semigroup with commuting idempotents and therefore an inverse
semigroup. U

Our next goal is to show that if S has commuting idempotents and K is
a field of characteristic zero, then K.S/Rad(KS) = KR(S) and the isomor-
phism is the identity on K R(S). This means that we can use our results
for inverse semigroups to obtain character formulas for multiplicities of ir-
reducible constituents in representations of S.

Proposition 8.3. Let S be a semigroup with commuting idempotents. Let
u € R(S) and s € S. Then the following are equivalent:

(1) wuts = u;
()u—es wztheeE(S)
(3) su™tu = u;

()u—sfwzthfeE( ).

Proof. Clearly (1) implies (2). For (2) implies (1), suppose that u = es with
e € E(S). Then eu = ees = es = u, so

w=uu"tu=uu"les = ecuu"'s = uu"ls.

The equivalence of (3) and (4) is dual.

To prove that (1) implies (3), assume uu~'s = u. We show that su~'u is
an inverse for u~'. Then the equality su~'u = u will follow by uniqueness
of inverses in R(S) (Proposition 8.2). Indeed

1

(su™tw)u ™ (su™tu) = su ™t (uuts)u e = suT uuT e = suT .
Also, using v™! = v tuu!,
v su tw) e = u  (we s = v tun T = w L
The implication (3) implies (1) is proved similarly. O

Let S be a semigroup with commuting idempotents. Define, for s € S,
st ={ue R(S)|uuts =u}.

In other words, st is the set of elements for which the equivalent conditions
of Proposition 8.3 hold. Notice that if s is regular, then st just consists of all
elements below s in the natural partial order on R(.S), whence the notation.
We can now establish an analogue of Lemma 4.1.

Lemma 8.4. Let v : S — KR(S) be given by v(s) = > ,c.ilt]. Then v is
an onto homomorphism that restricts to the identity on R(S).
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Proof. The observation before the proof shows that if s € R(S), then

v(s) = ZM =5

via Mo6bius inversion and Theorem 4.2.
For arbitrary s,t € S, we have that

v(s)v(t) = > luv].

uestwet!, ran(u)=dom(v)

First we show that if u € s!, v € t} and ran(u) = dom(v) then uv € (st)!.

Indeed dom(uv) = dom(u). Hence uv(uv)™t = vu~!. Also u=tu =vv~! so

(wv) (uv) " tst = wut st = ut = u(u"tu)t = wwv Tt = uw.

To complete the proof, we must show that every element u of (st)! can
uniquely be written in the form s't’ with s’ € s, ¢ € t! and ran(s’) =
dom(#’). The proof proceeds exactly along the lines of that of Lemma 4.1.
Namely, to obtain such a factorization v = s't’ we must have dom(s’) =
dom(u) and ran(t') = ran(u), that is we are forced to set s’ = uu~'s and
t' = tu~'u. Then one shows, just as in the proof of Lemma 4.1, that s is
regular with inverse tu~! and ¢ is regular with inverse u~'s. Hence s’ € st
and ¢ € t! (the latter requires Proposition 8.3). The proofs that s't' = u
and ran(s’) = dom(t’) also proceed along the lines of the proof of Lemma 4.1
and so we omit them. (|

Our current aim is to show that the induced map v : KS — KR(S)
has a nilpotent kernel. In any event v splits as a K-vector space map and
so KS = KR(S) @ kerv as K-vector spaces. Clearly then ker v has basis
B={s—v(s)|s€ S\ RS} Indeed, the number of elements in B is the
dimension of ker v and these elements are clearly linearly independent since
the unique non-regular element in the support of s — v(s) is s itself. Notice
that via v any irreducible representation of R(S) extends to S. We shall
prove the converse. Our method of proof will show that ker v is contained
in the radical of KS. First we need some definitions.

An ideal of a semigroup S is a subset I such that SI,1S C I. We then
place a preorder on S by ordering elements in terms of the principal ideal
they generate. That is, if s € S, let J(s) be the principal ideal generated by
s. Define s <z tif J(s) C J(t). We write s J t if J(s) = J(¢). This is an
example of one of Green’s relations [13]. There are similar relations, denoted
R and L, corresponding to right and left principal ideals, respectively. The
J-relation on a finite inverse semigroup S coincides with what we called D
earlier [18]. That is for s,t € S, we have s J t if and only if dom(s) is
isomorphic to dom(t). It is known that in a finite semigroup the following
are equivalent for a J-class J [10, 16]:

e J contains an idempotent;
e J contains a regular element;
e Every element of J is regular.
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Such a J-class is called a reqular J-class. Any inverse of a regular element
belongs to its J-class. If s,t are J-equivalent regular elements, then there
are (regular) elements x,y,u,v (J-equivalent to s and t) such that zsy =t
and utv = s [10, 16]. Hence if S has commuting idempotents, then the
J-classes of R(S) are precisely the regular J-classes of S. The following
proof uses a result of Munn [23] that is exposited in [10]. See [34, 33, 3] for
refinements.

Theorem 8.5. Let S be a finite semigroup with commuting idempotents and
let p: S — My, (K) be an irreducible representation. Then:

(1) plr(s) is an irreducible representation;
(2) kerv C ker p.

Proof. Let J be a <7-minimal [J-class of S on which p does not vanish.
It is a result of Munn [10, Theorem 5.33] (see also [3]) that J must be a
regular [J-class, say it is the J-class of an idempotent e and that p must
vanish on any J-class that is not <gz-above J [10, 34, 3]. Let I = J(e) \
J. Then I is an ideal of J(e) on which p vanishes and so pl;.) factors
through a representation p of the quotient J° = J(e)/I. Munn proved [10,
Theorem 5.33] that p is an irreducible representation of J°. Since J is a
regular J-class and J = J(e)/I = (J(e) N R(S))/(I N R(S)), it follows
that p is also induced by p|je)nr(s). It is then immediate that p|ps) is
an irreducible representation since any R(S)-invariant subspace is (J(e) N
R(S))-invariant. Moreover, since p|p(s) is induced by p, it must be an
irreducible representation of K R(S) associated to the direct summand of
KR(S) spanned by {|s] | s € J}, which we denote KJ (recall that J is a
D-class).

Now let s € S. We show that p(s) = p(v(s)). Since elements of the form
s — v(s) span ker v, this will show that kerv C ker p. If s is not <z-above
J, then p(s) is zero. Since each element of s! is < 7-below s, p(v(s)) = 0.
Suppose that s 27 J. Consider 1; = 3 cp,y[f]. This is the identity
element of K J and hence is sent to the identity matrix under p, as p|r(g) is
induced by first projecting to K J. Therefore p(s) = p(1;s). It thus suffices
to show that p(sl;) = p(v(s)). Since, for t € J, every summand but ¢ of
|t] is strictly <g-below J, we see that p(|t]) = p(t), for t € J. Now for
f € E(J) either: fs <z J, and hence p(|f]s) = 0; or fs € J, and so
fs € sb. Conversely, if t € JN st then t = tt~!s and tt~! € E(J). Thus

o= 3 alfl= Y = 3 e (81)
feE(]),fsed feE(J),fsed testng
Suppose t € st. If t ¢ J, then [¢] is not in KJ and so p(|t]) = 0. Thus

pw(s) = > pllth= > pld) (8.2)

tesinJg tesing

Comparing (8.1) and (8.2) shows that p(1ys) = p(v(s)), establishing that
ker v C ker p. O
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Corollary 8.6. Let S be a finite semigroup with commuting idempotents
and K a field. Definev: KS — KR(S) ons€ S by

v(s) =) _[t].

test

Then v is a retraction and with nilpotent kernel. Hence KS/Rad(KS) =
KR(S)/Rad(KR(S)).

In particular, if the characteristic of K is 0 (or more generally if the
characteristic of K does not divide the order of any maximal subgroup of
S), then ker v = Rad(KS). Hence dim(Rad(KS)) = |S \ R(S)| and a basis
for Rad(KS) is given by the set {s —v(s) | s e S\ R(S)}.

Proof. Theorem 8.5 shows that kerv is contained in the kernel of every
irreducible representation of K.S and hence ker v is a nilpotent ideal. From
this the first paragraph follows. In the context of the second paragraph, we
have that K R(S) is semisimple and so has no nilpotent ideals. Thus ker v
is the largest nilpotent ideal of KS and hence is the radical. The remaining
statements are clear. U

It follows that the irreducible representations of S are in bijection with the
irreducible representations of its maximal subgroups up to [J-equivalence
(actually this is true for any finite semigroup [10, 34]). We can use our
multiplicity formulas for inverse semigroups verbatim for semigroups S with
commuting idempotents.

Theorem 8.7. Let S be a finite semigroup with commuting idempotents
and K a field of characteristic zero. Let x be an irreducible character of
a maximal subgroup G with identity e and let d be the dimension of the
associated endomorphism division algebra. Then if 0 is a character of S
and m is the multiplicity of the irreducible representation of S associated to
X as a constituent in 6, then

md = Z(Xvef)GM(fa e)

f<e
where p is the Mébius function of E(S).

It follows that a completely reducible representation of a finite semigroup
with commuting idempotents is determined by its character. In general the
irreducible constituents are determined by the character.

8.2. Multiplicities for some more general classes of semigroups.
We now want to consider a wider class of semigroups whose irreducible
representations are controlled by inverse semigroups. First we recall the
notion of an LI-morphism. A finite semigroup S is said to be locally trivial
if, for each idempotent e € S, eSe = e. A homomorphism ¢ : S — T is
said to be an LI-morphism if, for each locally trivial subsemigroup U of T,
the semigroup ¢~ !(U) is again locally trivial. The following result, showing
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that LI-morphisms correspond to algebra morphisms with nilpotent kernel,
was proved in [3].

Theorem 8.8 ([3]). Let K be a field and let ¢ : S — T be a homomor-
phism of finite semigroups. If ¢ is an LI-morphism, then the induced map
©: KS — KT has nilpotent kernel. The converse holds if the characteristic
of K 1is zero.

Therefore, if S is a finite semigroup with an LI-morphism ¢ : S — T
to a semigroup 7' with commuting idempotents, then we can conclude that
KS/Rad(KS) = KR(T)/Rad(KR(T)) (equals KR(T) if char(K) = 0). In
particular we can use our multiplicity formula for inverse semigroups to
calculate multiplicities for irreducible constituents for representations of S
in characteristic zero. For instance, if .S is an idempotent semigroup, then
one can find such a map ¢ with T a semilattice. This is what underlies
some of the work of Brown [8, 9], as well as some more general work of
Putcha [29]. See also [44].

Let us describe those semigroups with such a map ¢. This class is well
known to semigroup theorists and it would go too far afield to give a com-
plete proof here, so we restrict ourselves to just describing the members
of the class. First we describe the semigroups with an LI-morphism to a
semilattice L. This class was first introduced by Schiitzenberger [38] in the
context of formal language theory. It consists precisely of those finite semi-
groups S such that R(S) = E(S), that is those finite semigroups all of whose
regular elements are idempotents. This includes of course all idempotent
semigroups. The semilattice L is in fact the set U(J) of regular [J-classes
ordered by <7. The map sends s € S to the J-class of its unique idem-
potent power. See [44] for details. The class of such semigroups is usually
denoted DA in the semigroup literature (meaning that regular D-classes are
aperiodic subsemigroups). It was shown in [3] that this class consists pre-
cisely of those finite semigroups whose semigroup algebra in characteristic
zero is basic.

Now if ¢ : § — T is an LI-morphism, then it is not to hard to show
that if U < S is a subsemigroup, then ¢|y is again an LI-morphism. Sup-
pose that ¢ : § — T is an LI-morphism of finite semigroups where 7' is a
semigroup with commuting idempotents. Then E(T) is a semilattice and
(E(S)) maps onto E(T) via ¢. Hence (FE(S)) € DA. Let us denote by
EDA the collection of all finite semigroups S such that E(S) generates a
semigroup in DA; this includes all semigroups whose idempotents form a
subsemigroup (in particular the class of so-called orthodox semigroups [10]).
It is well known to semigroup theorists that if S € EDA, then S admits
an LI-morphism ¢ : § — T to a semigroup 7T of partial permutations. In
particular, T has commuting idempotents. The transitive components of T’
correspond to the action of S on the right of a regular R-class of S modulo a
certain equivalence relation corresponding to identifying elements that differ
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by right multiplication by an element of the idempotent-generated subsemi-
group; the reader can look at [45] to infer details. Alternatively, one can
easily verify that each generalized group mapping image of .S corresponding
to a regular J-class acts by partial permutations on its minimal ideal [16].
The key point is that ¢ is explicitly constructible and hence the multiplicity
formulas for calculating irreducible constituents for representations of 7' can
be transported back to S. The congruence giving rise to ¢ is defined as fol-
lows. Let S € EDA and s,t € S. Define s =t if, for each regular J-class J
of S and each z,y € J, one has either xsy = xty or both xsy, xty ¢ J [16, 3].
The details are left to the reader.

Just to give a sample computation, let S € DA and suppose that the map
v :S — M,(K) is an irreducible representation. The maximal subgroups
of S are trivial. If J is a regular J-class, then the (unique) irreducible
representation of S associated to J is given by

)1 s=gJ
pJ(S)_{O else

(see [44]). To obtain a formula for the multiplicity of p; in ¢, we must
choose an idempotent e for each regular [J-class J. Then the multiplicity
of pj in ¢ is given by

> rk(eleseses))u( S, J) (8.3)
J'<gJ, Jeu(J)

where p is the Mobius function of the semilattice U(J). This generalizes the
multiplicity results in [8, 9, 44| for random walks on minimal left ideals of
semigroups in DA.

It follows that a completely reducible representation of a semigroup from
EDA is determined by its character and that in general the irreducible
constituents are determined by the character.

8.3. Random walks on triangularizable finite semigroups. We can
now answer a question that remained unsettled in [44]. In that paper we
calculated, for a certain class of finite semigroups, namely those admitting
an LI-morphism to a commutative inverse semigroup, the eigenvalues for
a random walk on a minimal left ideal. This generalized the work of Bidi-
gaire et al. [7] and Brown [8, 9]. We showed that there was an eigenvalue
corresponding to each irreducible representation of the semigroup (and gave
a formula for the idempotent) but at the time we could only prove that
the multiplicity of the eigenvalue was the same as the multiplicity of the
corresponding irreducible representation as a constituent in the linear rep-
resentation induced by the left action on the minimal left ideal. We could
only calculate the multiplicities explicitly if the semigroup belonged to DA.
With our new tools we can now handle the general case.

Let us call a finite semigroup S triangularizable if it can be represented
faithfully by upper triangular matrices over C. These were characterized
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in [3] as precisely those semigroups admitting an LI-morphism to a commu-
tative inverse semigroup. Equivalently, they were shown to be those finite
semigroups in which all maximal subgroups are abelian and such that each
regular element satisfies an identity of the form z™ = x. Moreover, it was
shown that every complex irreducible representation of such a semigroup is
of degree one [3]. See also [44] for more. The most important examples are
abelian groups and idempotent semigroups, including the face semigroup of
a hyperplane arrangement [8, 9].

Let S be a fixed finite triangularizable semigroup. We assume that S has
a left identity for convenience (one could always adjoin an identity). Let
@ : S — T be its LI-morphism to a commutative inverse semigroup. The
semigroup 7" has a unique idempotent in each D-class and the corresponding
maximal subgroup is abelian. The lattice of idempotents of T is isomorphic
to the set U(S) of regular J-classes of S. Fix an idempotent e; for each
J € U(S). The maximal subgroup G, will be denoted G ;. We recall the
description of the irreducible characters of S. Suppose G is a maximal
subgroup and x is an irreducible character of G;. Then the associated
irreducible character x* : S — C is given by

>, J
(5) = x(esses) s=>g
0 else.

(c.f. [44]).

Suppose one puts a probability distribution p on S. That is we assign
probabilities ps to each s € S such that ) _gps = 1. We view p as the
element p = > _gpss € CS. Let L be a minimal left ideal of S (what follows
is independent of the choice of L [44]). The associated random walk on L is
then the Markov chain with transition operator the |L| x |L|-matrix M that
has in entry £1, /o> the probability that if one chooses s € S according to the
probability distribution p, then sf; = 5. It is easy to see that if one takes
the representation p afforded by CL (viewed as a left CS-module), then
M is the transpose of the matrix of p(p) [8, 9]. Now since our semigroup
has only degree one irreducible representations, a composition series for CL
puts p in upper triangular form with the characters of S on the diagonal,
appearing with multiplicities according to their multiplicities as constituents
of p. Hence there is an eigenvalue A\, of M associated to each irreducible
character x of a maximal subgroup Gy of S (where J runs over U(.5)), given
by the character sum

Ay =D psx(s) = Y psx(essey).

ses s>qgJ

Of course, depending on p it could happen that different characters will give
the same eigenvalue.

For s € S, let Fixy(s) be the set of fixed-points of s acting on L. Then
the character x, of p simply counts the cardinality of Fixy(s). It is now a
straightforward exercise in using (5.2) to verify that the multiplicity of x*
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p, and hence the multiplicity of A, as an eigenvalue of M, is

LS e S [Fixa(esges)lu( ) (8.4)

Gl 9€Gy J1<Jd, J'eu(s)

where p is the Mobius function of U(S).

The case where S is an abelian group, (8.3) can be found in the work of

Diaconis [11]. In this situation, L = S and the multiplicities are all one. On
the other hand, if the semigroup is idempotent, then (8.3) and (8.4) reduce

to

the results of Brown [8, 9]. If the maximal subgroups are trivial, one

obtains the results of [44]. Compare also with (8.3).
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