C≀≀√⌉∇⊣⊔⟩⊑⌉ }≀⊣↕↖∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ⊒⟩⊔⟨≀⊓⊔ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\ ⟩\ ↕⊣∇}⌉↖∫⌋⊣↕⌉ ⊣}⌉\⊔↖∫†∫⊔⌉⇕∫

O\\ S⟨⌉⟨≀∇† ⊣\⌈ S⊣∇⟩⊔ K∇⊣⊓∫ ∞

A⌊∫⊔∇⊣⌋⊔↙ A {∇⊣⇕⌉⊒≀∇‖ {≀∇ ⌋≀≀√⌉∇⊣⊔⟩⊑⌉ }≀⊣↕↖∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ⟩\ ↕⊣∇}⌉↖ ∫⌋⊣↕⌉ ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ⟩∫ √∇⌉∫⌉\⊔⌉⌈ ⟩\ ⊔⟨⟩∫ √⊣√⌉∇⇔ {≀⌋⊓∫⟩\} ≀\ ⊣ ↕≀⊒ ⌋≀⇕√↕⌉§⟩⊔† √⟨†∫⟩⌋∫↖≀∇⟩⌉\⊔⌉⌈ ⊣√√∇≀⊣⌋⟨↙ T⟨⌉ ⇕⊓↕⊔⟩↖⊣}⌉\⊔ ∫†∫⊔⌉⇕∫ ⊒⟩⊔⟨ ⊒⟨⟩⌋⟨ ⊒⌉ ⌈⌉⊣↕ ⊣∇⌉ ⇕≀⌈⌉↕⌉⌈ ⌊† ⊣ √⟨†∫⟩⌋∫↖≀∇⟩⌉\⊔⌉⌈ ⇕≀⌈⌉↕↙ A⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ ⇕≀⌈⌉↕⇔ ⊣}⌉\⊔↖∫†∫⊔⌉⇕∫ ⟩\⟨⌉∇⟩⊔ √⟨†∫⟩⌋⊣↕ √∇≀√⌉∇⊔⟩⌉∫⇔ ⊣\⌈ ⊔⟨⌉∇⌉{≀∇⌉ ⊔⟨⌉ ⌉⊑≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ∫†∫⊔⌉⇕∫ ⟩∫ ∫⟩⇕⟩↕⊣∇ ⊔≀ ⊔⟨⌉ ⌉⊑≀↕⊓⊔⟩≀\ ≀{ √⟨†∫⟩⌋⊣↕ ∫†∫⊔⌉⇕∫↙ T≀ ⌉\⊣⌊↕⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕⇔ ⊒⌉ √∇≀⊑⟩⌈⌉ ⊣ ⌈⌉⊔⊣⟩↕⌉⌈ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⌊⌉ ⊓∫⌉⌈ ⌊† ⊣ ∫⟩\}↕⌉ ⊣}⌉\⊔ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ∫†∫⊔⌉⇕↙ T⟨⌉ ⇕≀⌈⌉↕ ⊣\⌈ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊣∇⌉ ⊣√√∇≀√∇⟩⊣⊔⌉ {≀∇ ↕⊣∇}⌉↖∫⌋⊣↕⌉ D⟩∫⊔∇⟩⌊⊓⊔⌉⌈ P∇≀⌊↕⌉⇕ S≀↕⊑⌉∇ ∫†∫⊔⌉⇕∫⇔ ⟩\ ⊒⟨⟩⌋⟨ ⊣}⌉\⊔∫ ⊔∇† ⊔≀ ⟩\⌋∇⌉⊣∫⌉ ⊔⟨⌉ ⌊⌉\⌉⊘⊔∫ ≀{ ⊔⟨⌉ ⊒⟨≀↕⌉ ∫†∫⊔⌉⇕↙ T⟨⌉ ⌋≀⇕√↕⌉§⟩⊔† ⟩∫ ⊑⌉∇† ↕≀⊒⇔ ⊣\⌈ ⟩\ ∫≀⇕⌉ ∫√⌉⌋⟩⊘⌋ ⌋⊣∫⌉∫ ⟩⊔ ⟨⊣∫ √∇≀⊑⌉\ ⊔≀ ⌊⌉ ≀√⊔⟩⇕⊣↕↙ T⟨⌉ ⊣\⊣↕†∫⟩∫ ⊣\⌈ ⊣∫∫⌉∫∫⇕⌉\⊔ ≀{ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊣∇⌉ √⌉∇{≀∇⇕⌉⌈ ⊑⟩⊣ ⊔⟨⌉ ⊒⌉↕↕↖‖\≀⊒\ ⌊⌉⟨⊣⊑⟩≀∇ ⊣\⌈ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ ∫†∫⊔⌉⇕ ⊒⟨⟩⌋⟨ ⇕≀⌈⌉↕∫ ⊔⟨⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ∫†∫⊔⌉⇕↙

∞ INTRODUCTION M⊓↕⊔⟩↖⊣}⌉\⊔ ∫†∫⊔⌉⇕∫ ⊣∇⌉ ⌈⌉∫⟩}\⌉⌈ ⟩\ ≀∇⌈⌉∇ ⊔≀ ∫⊣⊔⟩∫{† }≀⊣↕∫↙ G≀⊣↕↖ ∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ⇕⊣† ∇⌉∐⊓⟩∇⌉ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⊣⇕≀\} ⊔⟨⌉ ⊣}⌉\⊔∫⇔ ⌊⊓⊔ ⌋≀≀√⌉∇⊣↖ ⊔⟩⊑⌉ }≀⊣↕↖∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ⇕⊣† ⌊⌉ ⌊⌉\⌉⊘⌋⟩⊣↕ ⌉⊑⌉\ ⟩{ ⊔⟨⌉ ⊣}⌉\⊔∫ ⌋⊣\ √⌉∇{≀∇⇕ }≀⊣↕∫ ⌊† ⊔⟨⌉⇕∫⌉↕⊑⌉∫↙ T∇⊣⌈⟩⊔⟩≀\⊣↕ ⊔⊣∫‖↖⊣↕↕≀⌋⊣⊔⟩≀\ ⇕⌉⊔⟨≀⌈∫ ∪∞∋⊎ ∇⌉∐⊓⟩∇⌉ ⌋≀≀∇⌈⟩\⊣⊔⟩≀\ ⊑⟩⊣ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\ ∪∋⊎↙ H≀⊒⌉⊑⌉∇⇔ ⟩\ ⊑⌉∇† ↕⊣∇}⌉ ⊣}⌉\⊔↖ ⌋≀⇕⇕⊓\⟩⊔⟩⌉∫ ⊔⟨⌉∇⌉ ⊓∫⊓⊣↕↕† ⌋⊣\\≀⊔ ⌊⌉ ⌈⟩∇⌉⌋⊔ ⌋≀\\⌉⌋⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ ⊣↕↕ ≀{ ⊔⟨⌉ ⊣}⌉\⊔∫⇔ ⊣∫ ∫⊓⌋⟨ ⊣ ⌋≀\\⌉⌋⊔⟩≀\ ⟩∫ ⊔≀≀ ⌋≀∫⊔↕†↙ T⟨⌉∇⌉{≀∇⌉⇔ ⊒⟨⌉\ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊣}⌉\⊔∫ ⟩\⌋∇⌉⊣∫⌉∫⇔ ⊔⟨⌉ ⌋≀⇕√↕⌉§⟩⊔† ≀{ ⇕≀∫⊔ ≀{ ⊔⟨⌉ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⇕⌉⊔⟨≀⌈∫ ⌊⌉⌋≀⇕⌉∫ ⊓\⌊⌉⊣∇⊣⌊↕⌉↙ T≀ ∇⌉∫≀↕⊑⌉ ⊔⟨⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⌉§√↕≀↖ ∫⟩≀\ ≀{ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⇕⌉⌋⟨⊣\⟩∫⇕∫ ⟩\ ↕⊣∇}⌉↖∫⌋⊣↕⌉ ⊣}⌉\⊔↖⌉\⊑⟩∇≀\⇕⌉\⊔∫⇔ ⊣ ⌈⟩{{⌉∇⌉\⊔ ⊣√√∇≀⊣⌋⟨ ⇕⊓∫⊔ ⌊⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈↙ I\ ⊔⟨⟩∫ √⊣√⌉∇ ⊒⌉ ⊣√√↕† ⇕⌉⊔⟨≀⌈∫ {∇≀⇕ ⌋↕⊣∫∫⟩⌋⊣↕ ⇕⌉⌋⟨⊣\⟩⌋∫ ⊔≀ ⇕≀⌈⌉↕ ↕⊣∇}⌉↖∫⌋⊣↕⌉ ⊣}⌉\⊔↖∫†∫⊔⌉⇕∫↙ T⟨⌉ √⟨†∫⟩⌋∫↖≀∇⟩⌉\⊔⌉⌈ ⇕⌉⊔⟨≀⌈∫ ⊣∇⌉ ⊓∫⌉⌈ ⊔≀ ⌋≀\∫⊔∇⊓⌋⊔ ⊣ ⌊⌉\⌉⊘⌋⟩⊣↕ ⌋≀≀√⌉∇⊣⊔⟩⊑⌉ }≀⊣↕↖∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⌊⌉ ⊓∫⌉⌈ ⌊† ⊔⟨⌉ ∫⟩\}↕⌉ ⊣}⌉\⊔ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ∫†∫⊔⌉⇕↙ A↕⊔⟨≀⊓}⟨ ⊔⟨⌉∇⌉ ⊣∇⌉ ⇕⊣\† ⌈⟩{{⌉∇⌉\⌋⌉∫ ⌊⌉⊔⊒⌉⌉\ √⊣∇⊔⟩⌋↕⌉∫ ⊣\⌈ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ∫†∫⊔⌉⇕∫⇔ ⊒⌉ ⊒⟩↕↕ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊓∫⟩\} ⊔⟨⌉ √⟨†∫⟩⌋∫↖≀∇⟩⌉\⊔⌉⌈ ⊣√√∇≀⊣⌋⟨ ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ ⇕≀⌈⌉↕ ⊔⟨⊣⊔ ⌉\⊣⌊↕⌉∫ {⌉⊣∫⟩⌊↕⌉ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⊣\⌈ }≀⊣↕↖∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ⟩\ ⊑⌉∇† ↕⊣∇}⌉ ⊣}⌉\⊔↖ ∫†∫⊔⌉⇕∫↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊔⟨⌉ √∇⌉∫⌉\⊔⌉⌈ ⊣√√∇≀⊣⌋⟨ ∇⌉⌈⊓⌋⌉∫ ⊔⟨⌉ ⌋≀⇕√↕⌉§⟩⊔† ≀{ ⊔⟨⌉ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⇕⌉⌋⟨⊣\⟩∫⇕ ⊣\⌈ √∇≀⊑⟩⌈⌉∫ ⌊⌉\⌉⊘⌋⟩⊣↕ ∇⌉∫⊓↕⊔∫↙ T⟨⟩∫ ∇⌉∫⌉⊣∇⌋⟨ ⌈⟩∫⌋⊓∫∫⌉∫ ∫†∫⊔⌉⇕∫ ≀{ ⊣}⌉\⊔∫ ⊔⟨⊣⊔ ⟨⊣⊑⌉ }≀⊣↕∫ ⊒⟨⟩⌋⟨ ⊔⟨⌉† ⇕⊓∫⊔ {⊓↕⊘↕↕ ⊣\⌈ ∇⌉∫≀⊓∇⌋⌉∫ ⊔⟨⊣⊔ ⊔⟨⌉† ⌋⊣\ ⊓∫⌉ ⟩\ ≀∇⌈⌉∇ ⊔≀ {⊓↕⊘↕↕ ⊔⟨⌉∫⌉ }≀⊣↕∫↙ T⟨⌉ {⊓↕⊘↕↕⇕⌉\⊔ ≀{ }≀⊣↕∫ ⟩∫ ⌈≀\⌉ ⌉⟩⊔⟨⌉∇ ⌊† ∫⟩\}↕⌉ ⊣}⌉\⊔∫ ≀∇ ⌊† }∇≀⊓√∫ ≀{ ⊣}⌉\⊔∫⇔ ⊑⟩⊣ ⌋≀≀√⌉∇⊣⊔⟩≀\↙ W⌉ {≀⌋⊓∫ ≀\ ⌋⊣∫⌉∫ ⊒⟨⌉∇⌉ ⊣⊓⊔≀\≀⇕≀⊓∫ ⊣}⌉\⊔∫ ⊒≀∇‖ ⊣∫ ⊣ D⟩∫⊔∇⟩⌊⊓⊔⌉⌈ P∇≀⌊↕⌉⇕ S≀↕⊑⌉∇∫ ⇐DPS⇒ ∞ D⌉√⊔↙ ≀{ M⊣⊔⟨ ⊣\⌈ C≀⇕√↙ S⌋⟩⌉\⌋⌉⇔ B⊣∇ I↕⊣\ U\⟩⊑↙⇔ R⊣⇕⊣⊔ G⊣\⇔ ▽∈∃′′ I∫∇⊣⌉↕⇔ {∫⟨⌉⌋⟨≀∇†⇔ ∫⊣∇⟩⊔}ℵ⌊⟩⇕⊣⌋∫↙⌋∫↙⌊⟩⊓↙⊣⌋↙⟩↕⇔ T⌉↕¬ ⇓∃∈↖∋↖▽∋∞∀∀∌↙ K∇⊣⊓∫ ⟩∫ ⊣↕∫≀ ⊣{⊘↕⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⊔⟨⌉ I\∫⊔↙ {≀∇ A⌈⊑⊣\⌋⌉⌈ C≀⇕√↙ S⊔⊓⌈⟩⌉∫⇔ U\⟩⊑↙ ≀{ M⊣∇†↕⊣\⌈↙ T⟨⟩∫ ⊒≀∇‖ ⟩∫ ∫⊓√√≀∇⊔⌉⌈ ⟩\ √⊣∇⊔ ⌊† ⊔⟨⌉ NSF ⊓\⌈⌉∇ }∇⊣\⊔ N≀↙ IRI↖∃△∈∋∃ ⊣\⌈ ⊔⟨⌉ I∫∇⊣⌉↕⟩ S⌋⟩⌉\⌋⌉ M⟩\⟩∫⊔∇† }∇⊣\⊔ N≀↙ ∉∀∀↙

∫†∫⊔⌉⇕ ⊣\⌈ ⊔∇† ⊔≀ ⟩\⌋∇⌉⊣∫⌉ ⊔⟨⌉ ⌋≀⇕⇕≀\ ≀⊓⊔⌋≀⇕⌉ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕↙ A ⊑⊣∇⟩⌉⊔† ≀{ ⊣↕}≀∇⟩⊔⟨⇕∫ {≀∇ ⊣}⌉\⊔↖⌋≀≀√⌉∇⊣⊔⟩≀\ ⊣∫ ⊣ DPS ∫†∫⊔⌉⇕ ⟨⊣⊑⌉ ⌊⌉⌉\ √∇⌉∫⌉\⊔⌉⌈ ∪∈⊎↙ H⌉∇⌉ ⊒⌉ ⊣∇⌉ ⌋≀\⌋⌉∇\⌉⌈ ⊒⟩⊔⟨ ⊑⌉∇† ↕⊣∇}⌉ ∫†∫⊔⌉⇕∫ ≀{ ⊣}⌉\⊔∫ ⊒⟨⌉∇⌉ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\ ⟩∫ ↕⟩⇕⟩⊔⌉⌈ ⊣\⌈ \⌉}≀⊔⟩⊣⊔⟩≀\ √∇≀⌋⌉∫∫⌉∫ {≀∇ ⌉∫⊔⊣⌊↕⟩∫⟨⟩\} ⌋≀≀√⌉∇⊣⊔⟩≀\ ⊣∇⌉ ⊔≀≀ ⌋≀⇕√↕⌉§↙ T⟨⌉ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣⊔ ⊒⌉ √∇≀↖ ⊑⟩⌈⌉ {≀∇ ⊔⟨⟩∫ √∇≀⌊↕⌉⇕ ⟩∫ ⌊⊣∫⌉⌈ ≀\ ⊣ √⟨†∫⟩⌋∫↖≀∇⟩⌉\⊔⌉⌈ ⊣√√∇≀⊣⌋⟨ ⊒⟨⟩⌋⟨ ⌉\⊣⌊↕⌉ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⊒⟩⊔⟨≀⊓⊔ \⌉}≀⊔⟩⊣⊔⟩≀\ ⊣\⌈ ⊒⟩⊔⟨ ↕⟩⇕⟩⊔⌉⌈ ⌋≀⇕⇕⊓\⟩↖ ⌋⊣⊔⟩≀\ ∪△⊎↙ W⌉ ⌉⇕√⟨⊣∫⟩‡⌉ ⊔⟨⊣⊔ ≀⊓∇ ⇕≀⌈⌉↕ √∇≀⊑⟩⌈⌉∫ ⊣ }≀≀⌈ ∫≀↕⊓⊔⟩≀\ {≀∇ ⌋⊣∫⌉∫ ⊒⟨⌉∇⌉⟩\ ⇕⊣\† ⊣}⌉\⊔∫ ⊣\⌈ ⇕⊣\† }≀⊣↕∫ ⊣∇⌉ √∇⌉∫⌉\⊔↙ E§⊣⇕√↕⌉ ∞↙∞ A ∫⟩⇕√↕⌉ ⌉§⊣⇕√↕⌉ ⟩∫ ⊣ ∫†∫⊔⌉⇕ ⟩\ ⊒⟨⟩⌋⟨ ⊣}⌉\⊔∫ ⇕⊓∫⊔ ⌊↕≀⌋‖ ⟨≀↕⌉∫ ≀{ ⊑⊣∇⟩≀⊓∫ ∫⟩‡⌉∫ ⟩\ ⊣ √↕⊣\⊣∇ ∫⊓∇{⊣⌋⌉↙ E⊣⌋⟨ ⟨≀↕⌉ ⊔≀ ⌊⌉ ⌊↕≀⌋‖⌉⌈ ⟩∫ ⊣ }≀⊣↕⇔ ⊣\⌈ ⊔⟨⌉ ⊘↕↕⟩\} {≀∇ ⌊↕≀⌋‖⟩\} ⟨≀↕⌉∫ ⟩∫ ⊔⟨⌉ ∇⌉∫≀⊓∇⌋⌉ ≀{ ⊔⟨⌉ ⊣}⌉\⊔∫↙ T⟨⌉ √⊓∇√≀∫⌉ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⟩∫ ⊔≀ ⌊↕≀⌋‖ ⊣∫ ⇕⊓⌋⟨ ⟨≀↕⌉↖⊣∇⌉⊣ ⊣∫ √≀∫∫⟩⌊↕⌉↙ S≀⇕⌉ ⟨≀↕⌉∫ ⌋⊣\\≀⊔ ⌊⌉ ⌊↕≀⌋‖⌉⌈ ⌊† ⊣ ∫⟩\}↕⌉ ⊣}⌉\⊔ ⊣\⌈ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⟩∫ \⌉⌋⌉∫∫⊣∇†↙

∞↙∞ A∫∫⊓⇕√⊔⟩≀\∫⇔ \≀⊔⊣⊔⟩≀\∫ ⊣\⌈ ⌋≀\⌋⌉√⊔∫ W⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⊣}⌉\⊔∫ ⊒⟩⊔⟨ ⊒⟨⟩⌋⟨ ⊒⌉ ⌈⌉⊣↕ ⟨⊣⊑⌉ ⊔⟨⌉ ⊣⌊⟩↕⟩⊔† ⊔≀ √⌉∇⌋⌉⟩⊑⌉ ⊔⟨⌉ ⊑⟩∇⊔⊓⊣↕ ∈⌈⟩∫√↕⊣⌋⌉⇕⌉\⊔ ⟩\ ⊔⟨⌉ }≀⊣↕↖∫√⊣⌋⌉⇔ ⊣\⌈ ⌋⊣\ √⌉∇⌋⌉⟩⊑⌉ ⊔⟨⌉ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ≀⊔⟨⌉∇ ⊣⌈|⊣⌋⌉\⊔ ⊣}⌉\⊔∫ ⊣\⌈ }≀⊣↕∫↙ T⟨⟩∫ ⇕⊣† ⌊⌉ ⌈≀\⌉ ⌊† ∫⌉\∫≀∇∫ ⟩\⊔⌉}∇⊣⊔⌉⌈ ⟩\⊔≀ ⊔⟨⌉ ⊣}⌉\⊔∫↙ W⌉ ⊣↕∫≀ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⌉⊣⌋⟨ ⊣}⌉\⊔ ‖\≀⊒∫ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⊔†√⌉∫ ≀{ ∇⌉∫≀⊓∇⌋⌉∫ ⊔⟨⊣⊔ ≀⊔⟨⌉∇ ⊣}⌉\⊔∫ ⇕⊣† ⟨⊣⊑⌉⇔ ⌊⊓⊔ ⇕⊣† ⌊⌉ ⊓\⌋⌉∇⊔⊣⟩\ ⊣∫ ⊔≀ ⊔⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ ∇⌉∫≀⊓∇⌋⌉↖⟨≀↕⌈⟩\}∫ ≀{ ⊣\† ≀⊔⟨⌉∇ ⟩\⌈⟩⊑⟩⌈⊓⊣↕↙ T⟨⌉∫⌉ ⊔⊒≀ ⊣∫∫⊓⇕√⊔⟩≀\∫ ⊣∇⌉ \⌉⌋⌉∫∫⊣∇† ∫⟩\⌋⌉ ⊔⟨⌉ ⊣}⌉\⊔∫ ⊣∇⌉ ⌉§√⌉⌋⊔⌉⌈ ⊔≀ √∇≀√⊣}⊣⊔⌉ {∇≀⇕ ∫⊔⊣⊔⌉ ⊔≀ ∫⊔⊣⊔⌉ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ }≀⊣↕↖∫√⊣⌋⌉ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ∫⊓∇∇≀⊓\⌈⟩\} ⊣}⌉\⊔∫⇔ }≀⊣↕∫ ⊣\⌈ ≀⌊∫⊔⊣↖ ⌋↕⌉∫↙ I\ ≀∇⌈⌉∇ ⊔≀ ⌉\⊣⌊↕⌉ ∫⊓⌋⟨ √∇≀√⊣}⊣⊔⟩≀\⇔ ∫≀⇕⌉ ‖\≀⊒↕⌉⌈}⌉ ∇⌉}⊣∇⌈⟩\} \⌉⟩}⟨⌊≀⊓∇∫ ⟩∫ \⌉⌋⌉∫∫⊣∇†↙ W⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⌉⊣⌋⟨ ⊣}⌉\⊔ ⟨⊣∫ ⊣ √⌉∇{≀∇↖ ⇕⊣\⌋⌉ ⌋⊣√⊣⌊⟩↕⟩⊔† ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ⇕⌉⊣∫⊓∇⌉⌈ ⊓∫⟩\} ∫⊔⊣\⌈⊣∇⌈ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔ ⊓\⟩⊔∫↙ T⟨⌉ ∫⊔⊣\⌈⊣∇⌈ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔ ⊒⟩↕↕ ⌊⌉ ⊓∫⌉⌈ ⊣∫ ⊣ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉ ⊒⊣† ≀{ ⇕⌉⊣∫⊓∇⟩\} ⊔⟨⌉ ⊣}⌉\⊔∫≃ ∫⊓⌋⌋⌉∫∫ ⟩\ {⊓↕⊘↕↕⟩\} }≀⊣↕∫↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊒⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ∫⌋⊣↕⟩\} ⇕⌉⊔⟨≀⌈ ⊒⟨⟩⌋⟨ ⟩∫ ⊓∫⌉⌈ ⊔≀ ∇⌉√∇⌉∫⌉\⊔ ⊔⟨⌉ ⌈⟩∫√↕⊣⌋⌉⇕⌉\⊔∫ ≀{ ⊔⟨⌉ ⊣}⌉\⊔∫ ⟩\ ⊔⟨⌉ }≀⊣↕↖∫√⊣⌋⌉ ⊣\⌈ ⊔≀ ⌉⊑⊣↕⊓⊣⊔⌉ ⊔⟨⌉ ⇕⊓⊔⊓⊣↕ ⌈⟩∫⊔⊣\⌋⌉∫ ⌊⌉⊔⊒⌉⌉\ }≀⊣↕∫ ⊣\⌈ ⊣}⌉\⊔∫ ⊒⟩⊔⟨⟩\ ⊔⟨⟩∫ ∫√⊣⌋⌉↙ T⟨⟩∫ ⊣∫↖ ∫⊓⇕√⊔⟩≀\ ⟩∫ \⌉⌋⌉∫∫⊣∇† ∫⟩\⌋⌉ ⊑⟩∇⊔⊓⊣↕ ⌈⟩∫⊔⊣\⌋⌉∫ ⇐≀∇ √⟨†∫⟩⌋⊣↕ ⌈⟩∫⊔⊣\⌋⌉∫⇒ ⊣∇⌉ ⊣ ∫⟩}\⟩⊘⌋⊣\⊔ {⊣⌋⊔≀∇ ⟩\ ⊔⟨⌉ ⇕≀⌈⌉↕ ⊒⌉ √∇⌉∫⌉\⊔↙ W⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ }≀⊣↕↖ ∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ⌋⊣\ ⌊⌉ ⊣⌋⟨⟩⌉⊑⌉⌈ √∇≀}∇⌉∫∫⟩⊑⌉↕†↙ T⟨⊣⊔ ⟩∫⇔ ⊣ }≀⊣↕ ⇕⊣† ⌊⌉ √⊣∇⊔⟩⊣↕↕† ∫⊣⊔⟩∫⊘⌉⌈ ⊣⊔ ≀\⌉ ⟩\∫⊔⊣\⊔⇔ ⊣\⌈ ⟩⊔∫ ∇⌉⇕⊣⟩\⟩\} \≀\↖∫⊣⊔⟩∫⊘⌉⌈ √⊣∇⊔ ⇕⊣† ⌊⌉ ⌋≀⇕√↕⌉⊔⌉ ⊣⊔ ⊣\≀⊔⟨⌉∇ √≀⟩\⊔ ⟩\ ⊔⟩⇕⌉↙ T≀ √∇⌉∫⌉\⊔ ≀⊓∇ ⇕≀⌈⌉↕⇔ ⊒⌉ ∇⌉⊑⟩⌉⊒ ⌋≀\⌋⌉√⊔∫ ⊣\⌈ \≀⊔⊣⊔⟩≀\∫ {∇≀⇕ √⟨†∫⟩⌋∫↙ T⟨⌉ ⌈⟩∫√↕⊣⌋⌉⇕⌉\⊔ ⊑⌉⌋⊔≀∇ ≀{ ⊣ √⊣∇⊔⟩⌋↕⌉ i is denoted by ⃗r i▷ ⃗vi denotes the velocity and ⃗a i denotes the acceleration▷ The kinetic energy of a particle i is represented by k i and the potential is rep resented by V ▷ The potential is a spatial function and therefore is 2Since the goalspace is not necessarily physical we do not assume physical distances and therefore call them virtual▷ © ∞∃∃ ̸O↙ S⟨⌉⟨≀∇† ⊣\⌈ S↙ K∇⊣⊓∫ ECAI ∃↙̸ ∞∈⊔⟨ E⊓∇≀√⌉⊣\ C≀\{⌉∇⌉\⌋⌉ ≀\ A∇⊔⟩⊘⌋⟩⊣↕ I\⊔⌉↕↕⟩}⌉\⌋⌉ E⌈⟩⊔⌉⌈ ⌊† W↙ W⊣⟨↕∫⊔⌉∇ P⊓⌊↕⟩∫⟨⌉⌈ ⟩\ ∞∃∃ ̸⌊† J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ L⊔⌈↙

∫≀⇕⌉⊔⟩⇕⌉∫ ⌋⊣↕↕⌉⌈ ⊣ ⊘⌉↕⌈ ≀{ √≀⊔⌉\⊔⟩⊣↕ ≀∇ ⊣ √≀⊔⌉\⊔⟩⊣↕↖⊒⌉↕↕↙ F≀∇⌋⌉∫ ⌋⊣\ ⌊⌉ ⌈⌉∇⟩⊑⌉⌈ {∇≀⇕ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕↙ E⊣⌋⟨ √⊣∇⊔⟩⌋↕⌉ iφs mass is denoted by mi its displacement is denoted by the displacement vector ⃗r i its momentum by ⃗p i and the force that acts on it is denoted by ⃗Fi▷

1▷2 Adapting physics to DAI DAI Physics identifying the environments locating particle models where physicsoriented models and their properties are appropriate, matching particle properties to agents◁goals selecting the matterstates identifying states of matter and that can be used to model the particle behavior within automatedagentsφ systems▷ developing algorithms for using mathematical formulation to agentsφ goalsatisfaction, predict and describe the properties adjusting to the physics system and evolution of the selected for validity of the algorithm particle model analysis of the complexity theoretical and simulationbased and properties of the analysis of physical particle algorithm systems behavior Table 1▷ Distributed AI and Physics for DPS environments

In the DAI environments that we consider there is a large set of agents and a large set of goals they need to satisfy▷ Each agent has capabilities and should move toward satisfying goals▷ We use a physics model that consists of particles which represent the agents and the goals and to develop a distributed cooperative goal satisfaction mechanism▷ The αrst step in applying the physics model to DAI is the match between particles and their properties agents and their capabilities and goals and their properties ↼see table 1↽▷ The next step is to identify the state of matter for modeling a community of agents and goals▷ The mathematical formulation that is used by physicists either to describe or to predict the properties and evolution of particles in these states of matter will serve as the basis for the development of algorithms for the agents▷ However several modiαcations of the physics model are necessary to provide an efαcient algorithm for automated agents▷ In our model agents and goals are modeled by dynamic particles and static particles respectively▷ The match between particle prop erties and agent◁goal properties is described in table 2▷ We model goalsatisfaction by a collision of dynamic particles with static parti cles▷ However the properties of particlecollisions are different from the properties of goalsatisfaction and several adjustments are needed in order to provide the agents with efαcient algorithms▷ These modi αcations are described in detail in this paper▷

1▷3 Related work The pathplanning and robotnavigation ↼PPRN↽ research 3have used potential αelds as a means for planning the path e▷g▷ in ♭16 8 7♯▷ This approach appears to be closely related to our research▷ However there are several signiαcant differences between the pathplanning and robotnavigation problem and our taskallocation and agent coordination problem and the techniques that are used for solving these problems▷ The differences are as follows. 1▷ In PPRN research the main objective is planning an optimal path for the robots to navigate from an initial location to the destination▷ 3 A comprehensive overview of these can be found in ♭9♯

Automated Agents Physics Model community of agents satisfying goals nonionic liquid system agent dynamic particle goal static particle agentφs capabilities particleφs mass agentφs ↼virtual↽ location in agentsgoals space location of particle goal satisfaction staticdynamic collision algorithm for goals allocation formal method for calculating the evolution of displacement

Table 2▷ The match between the physics model components and the largescale automated agents environments

Our main objective however is to solve a task allocation problem with aspects of agentcoordination in a multiagent environment▷ 2▷ While we discuss the multiagent case with potentially hundreds of agents the type of planning research that is involved with potential functions usually discusses the single robot case▷ In cases where the morethanone robot case is discussed the number of robots is considered very small as opposed to the agentsystems we discuss▷ 3▷ In cases where the PPRN research addresses the multirobot plan ning problem e▷g▷ in ♭5 10 1 15♯ the potential αeld concept is not employed▷ In such cases the behavior of groups and formations of robots are discussed given a set of speciαc strategies according to which the robots act▷ Among these strategies you may αnd some in which robots follow a leader or some predeαned geometric pat terns▷ In our multiagent model however the agentsφ strategy is based on the physical potentialwell concept▷ 4▷ Although both the PPRN and our research use potential αelds for problem representation and resolution the type of potential functions and the way of using them is different as follows. • T⟨⌉ √≀⊔⌉\⊔⟩⊣↕ {⊓\⌋⊔⟩≀\∫ ⌉⇕√↕≀†⌉⌈ {≀∇ √⊣⊔⟨↖√↕⊣\\⟩\} ⊣∇⌉ ⊣∇⊔⟩⊘↖ ⌋⟩⊣↕↙ T⟨⌉ ≀\↕† ⌉§√⌉⌋⊔⌉⌈ ∇⌉∫⊓↕⊔ {∇≀⇕ ∫⊓⌋⟨ √≀⊔⌉\⊔⟩⊣↕ {⊓\⌋⊔⟩≀\∫ ⟩∫ ∇≀⌊≀⊔↖⇕≀⊔⟩≀\ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ ⊘⌉↕⌈ }∇⊣⌈⟩⌉\⊔↙ I\ ≀⊓∇ ∇⌉∫⌉⊣∇⌋⟨⇔ ⊒⌉ ⌉⇕√↕≀† √⟨†∫⟩⌋⊣↕ √≀⊔⌉\⊔⟩⊣↕ {⊓\⌋⊔⟩≀\∫↙ T⟨⟩∫ ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ √⟨†∫⟩⌋⊣↕ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ⊔⟨⌉ ⊣}⌉\⊔∫ ⊔⟨⊣⊔ ⊣⌋⊔ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊔⟨⌉∫⌉ {⊓\⌋⊔⟩≀\∫↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊔⟨⌉ ⊓∫⌉ ≀{ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ {⊓\⌋⊔⟩≀\∫ ≀{ √⊣∇⊔⟩⌋↕⌉∫ ⟩\ ⊣ \≀\↖⟩≀\⟩⌋ ⊙⊓⟩⌈ ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ ⇕≀⌈⌉↕ ⊔⟨⊣⊔ √∇≀⊑⟩⌈⌉∫ ⊔⟨⌉ ∫⟩\}↕⌉ ⊣}⌉\⊔ ⊒⟩⊔⟨ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ∇⌉⊣⌋⟨⟩\} ⊣\⌈ √⌉∇{≀∇⇕⟩\} }≀⊣↕∫ ⊒⟩⊔⟨⟩\ ⊣ ↕⊣∇}⌉ ⌋≀⇕⇕⊓\⟩⊔† ≀{ ⊣}⌉\⊔∫↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊔⟨⌉ ⊓∫⌉ ≀{ ∫⊓⌋⟨ √≀⊔⌉\⊔⟩⊣↕ {⊓\⌋⊔⟩≀\∫ ⌉\⊣⌊↕⌉∫ ⊔⟨⌉ √∇⌉⌈⟩⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⌊⊓↕‖ √∇≀√⌉∇⊔⟩⌉∫ ⇐⟩↙⌉↙⇔ ⊔⟨⌉ ⌊⌉⟨⊣⊑⟩≀∇⇒ ≀{ ⊔⟨⌉ ⊣}⌉\⊔↖∫†∫⊔⌉⇕ ⊣∫ ⊣ ⊒⟨≀↕⌉↙ • I\ ⊔⟨⌉ PPRN ∇⌉∫⌉⊣∇⌋⟨⇔ ⊣\ ⊣⊔⊔∇⊣⌋⊔⟩⊑⌉ √≀⊔⌉\⊔⟩⊣↕ ⊘⌉↕⌈ ⇐⊓∫⊓⊣↕↕† ∐⊓⊣⌈∇⊣⊔⟩⌋⇒ ⟩∫ ⌉⇕√↕≀†⌉⌈ ⊔≀ ↕⌉⊣⌈ ⊔⟨⌉ ∇≀⌊≀⊔ ⊔≀ ⊔⟨⌉ }≀⊣↕⇔ ⊣\⌈ ⊑⊣∇⟩≀⊓∫ ∫⟨⊣√⌉∫ ≀{ ∇⌉√⊓↕∫⟩⊑⌉ √≀⊔⌉\⊔⟩⊣↕ ⊘⌉↕⌈∫ ⊣∇⌉ ⊓∫⌉⌈ ⊔≀ ⌋⊣⊓∫⌉ ≀⌊∫⊔⊣⌋↕⌉↖ ⊣⊑≀⟩⌈⊣\⌋⌉↙ I\ ≀⊓∇ ⊒≀∇‖⇔ ⊣↕↕ ≀{ ⊔⟨⌉ ⌉\⊔⟩⊔⟩⌉∫ ∘⊣}⌉\⊔∫ ⊣∫ ⊒⌉↕↕ ⊣∫ }≀⊣↕∫∘ ⇐⊣\⌈ ≀⌊∫⊔⊣⌋↕⌉∫⇔ ⟩{ √∇⌉∫⌉\⊔⇒ ⊣∇⌉ ⇕≀⌈⌉↕⌉⌈ ⌊† ⊔⟨⌉ ∫⊣⇕⌉ ⊔†√⌉ ≀{ √≀⊔⌉\⊔⟩⊣↕ {⊓\⌋⊔⟩≀\∅ ⟩↙⌉↙⇔ ⌊† ⊣ √⟨†∫⟩⌋⊣↕ √≀⊔⌉\⊔⟩⊣↕↖⊒⌉↕↕↙ • T⟨⌉ √≀⊔⌉\⊔⟩⊣↕↖⊒⌉↕↕∫ ⟩\ ≀⊓∇ ⇕≀⌈⌉↕ ⇕⊣† ⌋⟨⊣\}⌉ ⌈†\⊣⇕⟩⌋⊣↕↕† ⌈⊓⌉ ⊔≀ ⊔⟨⌉ {⊓↕⊘↕↕⇕⌉\⊔ ≀{ }≀⊣↕∫ ⊣\⌈ ⊔⟨⌉ ⌉§√⌉\⌈⟩⊔⊓∇⌉ ≀{ ∇⌉∫≀⊓∇⌋⌉∫↙ T⟨⟩∫ ↕⌉⊣⌈∫ ⊔≀ ⊣ ⌈†\⊣⇕⟩⌋⊣↕↕† ⊣↕⊔⌉∇\⊣⊔⟩\} √≀⊔⌉\⊔⟩⊣↕ ⊘⌉↕⌈ ⊒⟨⟩⌋⟨ ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ ⌈†\⊣⇕⟩⌋ ⊓√⌈⊣⊔⌉ ≀{ ⊔⟨⌉ ⊣}⌉\⊔∫≃ ⌊⌉⟨⊣⊑⟩≀∇↙ D†\⊣⇕⟩⌋∫ ≀{ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ ⊘⌉↕⌈ ⟩\ PPRN ∇⌉∫⌉⊣∇⌋⟨⇔ ⊒⟨⌉\ √∇⌉∫⌉\⊔⇔ ∇⌉{⌉∇ ≀\↕† ⊔≀ ⊔⟨⌉ ⌋⟨⊣\}⌉ ⟩\ ⊔⟨⌉ ↕≀⌋⊣⊔⟩≀\∫ ≀{ ∇≀⌊≀⊔∫ ⊣\⌈ ≀⌊∫⊔⊣⌋↕⌉∫⇔ ⊣\⌈ \≀⊔ ⊔≀ ⊣ ⌋⟨⊣\}⌉ ⟩\ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋ {⊓\⌋⊔⟩≀\ ⊔⟨⊣⊔ ⇕≀⌈⌉↕∫ ⊣ ∫√⌉⌋⟩⊘⌋ ⌉\⊔⟩⊔†↙ ▽↙ A\≀⊔⟨⌉∇ ⟩⇕√≀∇⊔⊣\⊔ ⌈⟩{{⌉∇⌉\⌋⌉ ≀{ ≀⊓∇ ∇⌉∫⌉⊣∇⌋⟨⇔ ⊣∫ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⊔⟨⌉ √⊣⊔⟨↖√↕⊣\\⟩\} ∇⌉∫⌉⊣∇⌋⟨⇔ ⟩∫ ⊔⟨⊣⊔ ⊒⌉ ⌈≀ \≀⊔ ∇⌉∫⊔∇⟩⌋⊔ ⊔⟨⌉ ⇕≀⌈⌉↕ ⊔≀ √⟨†∫⟩⌋⊣↕ ⊔∇⊣|⌉⌋⊔≀∇⟩⌉∫ ∘ ⊔⟨⌉ ⇕≀⌈⌉↕ ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ {≀∇ ⊣⌊∫⊔∇⊣⌋⊔ ⇕≀⊔⟩≀\△↙ △T⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊣⌊∫⊔∇⊣⌋⊔ ⇕≀⊔⟩≀\ ∫⟨⊣↕↕ ⌊⌉ ⌉§√↕⊣⟩\⌉⌈ ⟩\ ⊔⟨⌉ \⌉§⊔ ∫⌉⌋⊔⟩≀\↙ M⊓↕⊔⟩↖A}⌉\⊔ S†∫⊔⌉⇕∫ ▽△▽ O↙ S⟨⌉⟨≀∇† ⊣\⌈ S↙ K∇⊣⊓∫

I\ ∫⊓⇕⇕⊣∇†⇔ ⊔⟨⌉ PPRN ∇⌉∫⌉⊣∇⌋⟨ ⊒⟩⊔⟨ ⊣∇⊔⟩⊘⌋⟩⊣↕ √≀⊔⌉\⊔⟩⊣↕ {⊓\⌋⊔⟩≀\∫ ⌈⟩∫⌋⊓∫∫⌉∫ ⌋⊣∫⌉∫ ⊒⟨⌉∇⌉ ⊣ ∫⟩\}↕⌉ ∇≀⌊≀⊔ ≀∇ ⊣ ∫⇕⊣↕↕ \⊓⇕⌊⌉∇ ≀{ ∇≀⌊≀⊔∫ ⇕⊓∫⊔ \⊣⊑⟩}⊣⊔⌉ ⊣\⌈ ↕≀⌋⊣⊔⌉ ⊔⟨⌉⟩∇ }≀⊣↕∫↙ O⊓∇ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⊑⌉∇† ⌈⟩{{⌉∇⌉\⊔¬ ⊒⌉ ⌈⟩∫⌋⊓∫∫ ⌋⊣∫⌉∫ ≀{ ↕⊣∇}⌉↖∫⌋⊣↕⌉ ⊣}⌉\⊔↖∫†∫⊔⌉⇕∫⇔ ⊒⟩⊔⟨ ⇕⊣\† ⊣}⌉\⊔∫ ⟩\⊑≀↕⊑⌉⌈∅ ⌋⊣∫⌉∫ ⊒⟨⌉∇⌉ ⊣ ∫√⌉⌋⟩⊘⌋ ⊣}⌉\⊔ ⌈≀⌉∫ \≀⊔ ⟨⊣⊑⌉ ⊣ ∫√⌉⌋⟩⊘⌋ }≀⊣↕ ⊔≀⊒⊣∇⌈∫ ⊒⟨⟩⌋⟨ ⟩⊔ ⇕⊓∫⊔ \⊣⊑⟩}⊣⊔⌉∅ ⌋⊣∫⌉∫ ≀{ ⌋≀≀√⌉∇⊣⊔⟩⊑⌉ }≀⊣↕ ∫⊣⊔⟩∫{⊣⌋⊔⟩≀\↙ T⟨⌉∫⌉ ⊣∇⌉ \≀⊔ ⊔⟨⌉ ⊣⟩⇕ ≀{ ⊔⟨⌉ PPRN ∇⌉∫⌉⊣∇⌋⟨ ⊣\⌈ ⊔⟨⌉∇⌉{≀∇⌉ ⊣∇⌉ \≀⊔ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ⟩⊔↙ G↕⊣\⌋⌉ ⊣\⌈ H⊓⌊⌉∇⇕⊣\ ∪⊎̸ √∇⌉∫⌉\⊔ ⊣ ⌈⌉⊔⊣⟩↕⌉⌈ √⟨†∫⟩⌋⊣↕ {≀∇⇕⊣↕⟩∫⇕ ≀{ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫ ≀{ ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔⟩⊑⌉ ⊣⌋⊔⟩≀\ ≀{ ⊣ ∫†∫⊔⌉⇕ ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫↙ I\ ≀⊓∇ ⊒≀∇‖ ⊔⟨⌉ ⇕⊣⟩\ ⟩∫∫⊓⌉ ⟩∫ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ⊔⟨⌉ ∫⟩\}↕⌉ ⊣}⌉\⊔↙ S⟨≀⟨⊣⇕ ⊣\⌈ T⌉\\⌉\⟨≀↕⊔‡ ∪∞∈⊎ √∇⌉∫⌉\⊔⌉⌈ ∇⌉∫⊓↕⊔∫ ≀{ ∫⟩⇕⊓↕⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⊒⌉∇⌉ √⌉∇{≀∇⇕⌉⌈ ⟩\ ≀∇⌈⌉∇ ⊔≀ √⌉∇⌋⌉⟩⊑⌉ ⊔⟨⌉ ⌉⇕⌉∇}⌉\⌋⌉ ≀{ ⌋≀\⊑⌉\⊔⟩≀\∫ ⟩\ ⇕⊓↕⊔⟩↖⊣}⌉\⊔ ∫†∫⊔⌉⇕∫↙ I\ ≀⊓∇ ∇⌉∫⌉⊣∇⌋⟨⇔ ⊒⌉ ⌈⟩∫⌋⊓∫∫ ⌉⇕⌉∇}⌉\⊔ ⌋≀≀√↖ ⌉∇⊣⊔⟩≀\ ⊣\⌈ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ ∫≀⌋⟩⊣↕ ↕⊣⊒∫ ⊔≀ ⌊⌉ ∫⊓⌋⟨ ∘ ∘√⟨†∫⟩⌋⊣↕ ↕⊣⊒∫∘ ∘ ⊔⟨⊣⊔ ⊔⟨⌉† ⊒⟩↕↕ ⌋⊣⊓∫⌉ ⊔⟨⌉ ⌉⇕⌉∇}⌉\⊔ ⌋≀≀√⌉∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⊒⟨⌉\ ⊔⟨⟩∫ ⌋≀≀√⌉∇⊣⊔⟩≀\ ⟩∫ \⌉⌋⌉∫∫⊣∇†↙ M⊣⊔⊣∇⟩⌋ ∪∞′⊎ √∇≀√≀∫⌉∫ ⌈⌉⊘\⟩\} ⊣ ∫⌉⊔ ≀{ ⌊⊣∫⟩⌋ ⟩\⊔⌉∇⊣⌋⊔⟩≀\∫ ⊔⟨⊣⊔ ⊒⟩↕↕ ⊣↕↕≀⊒ ⊔⟨⌉ ∫⟩⇕√↕⟩⊘⌋⊣⊔⟩≀\ ≀{ }∇≀⊓√ ⌊⌉⟨⊣⊑⟩≀∇ ⊣\⊣↕†∫⟩∫↙ I\ ≀⊓∇ ⊒≀∇‖⇔ ⊒⌉ ⌋≀\⌋⌉\⊔∇⊣⊔⌉ ≀\ ⊔⟨⌉ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⟩\⊔⌉∇↖ ⊣⌋⊔⟩≀\∫ ⊣\⌈ ⊣⌈≀√⊔ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ ⟩\⊔⌉∇⊣⌋⊔⟩≀\∫ ⊣⇕≀\} √⊣∇⊔⟩⌋↕⌉∫ ⊔≀ ⇕≀⌈⌉↕ ⊔⟨⌉ ⟩\⊔⌉∇⊣⌋⊔⟩≀\∫ ⊣⇕≀\} ⊣}⌉\⊔∫ ⊣\⌈ }≀⊣↕∫↙ T⟨⌉ ⟩∫∫⊓⌉ ≀{ ⊣↕↕≀⌋⊣⊔⟩\} ⊣}⌉\⊔∫ ⊔≀ }≀⊣↕∫ ⟨⊣∫ ⊒⟩⌈⌉↕† ⌊⌉⌉\ ⌈⟩∫⌋⊓∫∫⌉⌈ ⊣⇕≀\} DAI ∇⌉∫⌉⊣∇⌋⟨⌉∇∫↙ T⟨⌉ C≀\⊔∇⊣⌋⊔ N⌉⊔ P∇≀⊔≀⌋≀↕ ∪∞∋⊎ ⊓∫⌉∫ \⌉↖ }≀⊔⟩⊣⊔⟩≀\ ⌊⊣∫⌉⌈ ≀\ ⊔⊣∫‖ ⊣\\≀⊓\⌋⌉⇕⌉\⊔∫⇔ ⌊⟩⌈∫ ⊣\⌈ ⌋≀\⊔∇⊣⌋⊔∫ {≀∇ ⊔⊣∫‖ ⊣↕↕≀⌋⊣⊔⟩≀\↙ W⟨⟩↕⌉ ⊔⟨⌉ CNP ⟩∫ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ⌉§⌋⟨⊣\}⌉ ≀{ ⟩\{≀∇⇕⊣⊔⟩≀\⇔ ⊔⟨⌉ ⇕≀⌈⌉↕ ⊒⌉ √∇⌉∫⌉\⊔ ⇕⟩\⟩⇕⟩‡⌉∫ ⊔⟨⌉ ⊔∇⊣\∫⇕⟩⊔⊔⌉⌈ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣\⌈ ⊔⟨⊓∫ ⌉\⊣⌊↕⌉∫ ↕⊣∇}⌉↖∫⌋⊣↕⌉ ∫†∫⊔⌉⇕∫ ⊔≀ ⌊⌉ ⌉{⊘⌋⟩⌉\⊔↙ A ∫⊔⊓⌈† ≀{ √↕⊣\\⟩\} ⟩\ ↕⊣∇}⌉↖∫⌋⊣↕⌉ ⊣}⌉\⊔↖∫†∫⊔⌉⇕∫ ⟨⊣∫ ⌊⌉⌉\ √∇⌉∫⌉\⊔⌉⌈ ⟩\ ∪∞⊎↙ I\ ⊔⟨⊣⊔ ∇⌉↖ ∫⌉⊣∇⌋⟨⇔ ⊔⟨⌉ }⌉\⌉∇⊣↕↖⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⊣√√∇≀⊣⌋⟨ {∇≀⇕ ⌉⌋≀\≀⇕⟩⌋∫ ∫⌉∇⊑⌉∫ ⊣∫ ⊔⟨⌉ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ⌊⊣∫⟩∫ {≀∇ ⊔⟨⌉ √↕⊣\\⟩\} ⇕⌉⌋⟨⊣\⟩∫⇕↙ W⌉ ⊣↕∫≀ ⌈⟩∫⌋⊓∫∫ ↕⊣∇}⌉↖∫⌋⊣↕⌉ ∫†∫⊔⌉⇕∫ ⊣\⌈ ⊣√√↕† ⊣\ ⊣\⊣↕†⊔⟩⌋⊣↕ ⇕≀⌈⌉↕ {≀∇ ⌈⌉∫⟩}\⟩\} ⊔⟨⌉ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈ √↕⊣\\⟩\} ⇕⌉⌋⟨⊣\⟩∫⇕⇔ ⟨≀⊒⌉⊑⌉∇ ⊒⌉ ⊓∫⌉ ⊣ √⟨†∫⟩⌋∫↖≀∇⟩⌉\⊔⌉⌈ ⊣√√∇≀⊣⌋⟨ {≀∇ DPS ∫†∫⊔⌉⇕∫⇔ \≀⊔ {≀∇ ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉ ⊣}⌉\⊔∫↙ ∈ THE PHYSICS↖ORIENTED APPROACH TO MODELING AGENTS C↕⊣∫∫⟩⌋⊣↕ ⇕⌉⌋⟨⊣\⟩⌋∫ √∇≀⊑⟩⌈⌉∫ ⊣ {≀∇⇕⊣↕ ⇕⌉⊔⟨≀⌈ {≀∇ ⌋⊣↕⌋⊓↕⊣⊔⟩\} ⊔⟨⌉ ⌉⊑≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ ⌈⟩∫√↕⊣⌋⌉⇕⌉\⊔ ⊣\⌈ ⊔⟨⌉ ⇕≀⇕⌉\⊔⊓⇕ ≀{ ⌋↕⊣∫∫⟩⌋⊣↕ √⊣∇⊔⟩↖ ⌋↕⌉∫↙ F≀∇ ⊣ √⊣∇⊔⟩⌋↕⌉ i the equations of motion are. ⃗F_i = m_i �⃗r_i = m_i⃗a_{i and} ⃗p_i = m_i �⃗r_i = m_i⃗v_{i ↼1↽} The motion of a particle depends on the αeld of potential in which it moves and the force ⃗Fi = −mi ⃗∇r_i V (⃗r). The model we present entails treating agents, goals and obstacles as particles. That is, each agent will have its equations of motion and an initial state. Note that an agent’s equations of motion do not necessarily entail real physical motion. The potential ffeld in which an agent acts represents the goals and the other agents in the environment. Subject to the potential ffeld, agents solve the equations of motion and, according to the results, progress towards the solution of goals and either cooperate or avoid confiicts with other agents. The cooperation and confiict-avoidance are emergent properties of our physics-oriented model.

An appropriate physical system must consist of a potential that, when adapted to the agent-model, will lead the agents to successful and beneffcial goal-satisfaction. The liquid model is most appropriate for our systems. As opposed to the solid state, a liquid system can evolve from its initial state into new, different states. However, unlike the gas state, a liquid is dense enough to cause frequent interaction among its particles. In non-ionic liquids the mutual potential among each pair of particles is proportional to r�^n for any n > 1▷ We have chosen a typical potential of a particle i in a nonionic liquid corresponding to its distance rij from particle j the LennardJones potential. V (⃗r)LJ_{ij} = 4ε ( r12_{ij} − ∞ r6_{ij} ) {} ⋂[]√ √}~{]∐⌈ ^]⌉]{]√[~√ ∐~~√ ∐ √[}√ ^]√∐{^~/ [√ ]⌉√⌈]{~ [∐ [~ ]{~√∐^]}{ ^~~~{ [~ √∐√]^⌈~√ ]{ [~ √√~⌉ ]√ ⌈]⌉]~^ } √[}√ ^]√∐{^~√/ ⋂∮⟩ ∑∮∏⋃∮⋃\⨆⟩⨂⋂\⋃∏⋃⋂⟩⨁ {∑⋃} ⨁⨂⟨⟩⨁ ⋂[~ ⟨∑⋃ √√~⌉ ][ []^[ ~ ^~∐⌈ ]√ ⌉}^~⌈~^ ^ ∐ √~ }~ √∐√]^⌈~√ ∐{^ ∐ √}~{]∐⌈ ⟩~⌈^/ ⋂[~ ∐~~{√ ]{ [~ ⟨∑⋃ √√~⌉ ∐√~ ⌉}^~⌈~^ ^ ^{∐⌉]^ √∐√]^⌈~√ ∐{^ [~]√ √}~{]∐⌈\~⌈⌈√/ ⋂[~ ~}∐⌈√ ∐{^ [~ }^√∐^⌈~√ ∐√~ ⌉}^~⌈~^ ^ √∐]^ √∐√]^⌈~√ []^[ ∐√~ √~√√~√~{~^ ^ ⟩~^ √}~{]∐⌈\~⌈⌈√/ ⋂[~ √√~√√}√]]}{ }~ [~ √}~{]∐⌈\~⌈⌈√ }~ [~ √∐√]^⌈~√/ ~][~√ ∐~~{√ }√ ~}∐⌈√ ∐{^ }^√∐^⌈~√/ ^}{√√^√ ∐ √}~{]∐⌈ ⟩~⌈^/ ⋂[~ √∐√]^⌈~√ ⌉}~ ∐^^}√^]{~ } [~ ⟩~⌈^ }~ √}~{]∐⌈ ∐{^ [~]√ }{ √√}√~√]~√/ ∮{ [~ ∑⋃ ⌉}^~⌈/ [~ ∐~~{⌉√ ^∐√∐^]⌈] }~ √∐]√~]{~ ~}∐⌈√ ]√ √~√√~√~{~^ ^ [~ ⌉∐√√ }~ [~ √∐√]^⌈~ [∐ ⌉}^~⌈√ ]/ ∐{^ [~√~~}√~ ^ [~ √}~{]∐⌈\~{~√~ k = mv2/2 which is a product of the mass as well▷ Particles with a greater potentialenergy model agents that can satisfy larger or more difαcult goals and subgoals▷ This means that a greater mass of a dynamic particle that models an agent ↼other properties remaining constant and thus causing a greater potential energy↽ entails a larger capability of goalsatisfaction by the agent▷ The mass of a αxed particle ↼which models a goal or an obstacle↽ represents the size of the goal or the obstacle▷ This means that in order to satisfy a greater goal which is modeled by a particle with a greater mass more efforts are necessary on the part of the agents▷ The displacement vector of a particle ⃗ri models the displacement of the agent in the goalspace▷ According to the virtual displacement of an agent its distances from other agents goals and obstacles can be calculated▷ The potential is calculated according to these distances▷ The momentum vector ⃗p i of particle i represents its physical velocity and is used for the calculation of the kinetic energy▷ In the PAS model the velocity of a dynamic particle represents the rate of movement towards the satisfaction of a goal or a part of a goal▷ Example 3▷1 Recall of the example in section 1▷ According to PAS each hole is modeled by a particle represented by a potentialwell▷ The holesize is represented by the mass▷ Due to the physical nature of the potentialwell particles surrounding a well with a greater mass will experience stronger attraction to the well▷ This property is appropriate for our purposes▷ The agents in this system are also modeled by particles represented by potentialwells which are free to move▷ The agents have a variety of masses which represent their various abilities to block holes▷ 3▷1 Virtual motion towards goalsatisfaction In the physical world the motion of particles is caused by the mutual attraction between them▷ In the agentsφ system the agents calculate the attraction and move according to the results of these calculations▷ The reaction of a particle to the αeld of potential will yield a changein its coordinates and energies▷ In our model each agent will calculate the effect of the potential αeld on itself by solving a set of differential equations▷ According to the results of these calculations it will move to a new state in the goaldomain ↼section 3▷3↽▷ MultiAgent Systems 546 O▷ Shehory and S▷ Kraus

The steep decay of the potential function beyond a short distance from the center of the potentialwell results in derived weak forces and negligible interaction▷ Physicists have shown that when the long distance interactions are neglected the results of simulations still agree with theoretical statisticalmechanics and thermodynamics ♭14 11♯▷ Therefore it is common to cut off the range of interaction by cutting off the potential function after it diminishes to from 1 to 10ϱ of its maximal value▷ The radius of interaction ↼and of the cutoff↽ is denoted by rI ▷ Agents will use numerical integration to solve the equations of motion that they must solve with respect to time▷ The integration must be iterated frequently and performed with small timesteps dt▷ We determine the size of the time differential dt relying on the experience gathered in physics simulations ♭11♯. we demand that a typical particle in the model will pass a distance of r0 in ∼ ∞′ ⊔⟩⇕⌉↖∫⊔⌉√∫ dt▷ This requirement implies that the average velocity v of a particle ↼at its initial displacement↽ directly affects dt by the relation dt = r0/v▷ 3▷2 Collision and goalsatisfaction The dynamicsof the physical system which models the computational system leads to collisions between particles▷ Two types of collisions are possible. a collision between two dynamic particles which we denote by DDC and a collision between dynamic and static particles denoted by SDC▷ In our model the DDC represents the interaction between two agents▷ In order to prevent situations where agents over lap the particles that model the agents have a mutual repulsion▷ The decision on which agents shall perform a speciαc goal will emerge from the repulsion▷ Dynamic particles that model agents shall have a potential that consists of a dominant repulsive component▷ The SDC represents agentgoal interaction▷ In such interactions we would like the static particle that models the goal to attract the dynamic particle that models the agent▷ Adopting physical concepts we use the notion of typical radius to specify the point from which the particle starts the collision▷ A typical radius σ of a particle is usually taken to be the distance from its center to the point wherein the force is zero▷ A simple calculation yields σ = 4ε6 √ ∈↙ A\ SDC ≀⌋⌋⊓∇∫ ⊒⟨⌉\ ⊣ ⌈†\⊣⇕⟩⌋ √⊣∇⊔⟩⌋↕⌉ ⟩∫ ⟩\ ⊔⟨⌉ ⊑⟩⌋⟩\⟩⊔† ≀{ ⊣ ∫⊔⊣⊔⟩⌋ √⊣∇⊔⟩⌋↕⌉↙ V⟩⌋⟩\⟩⊔† ⟨⌉∇⌉ ⇕⌉⊣\∫ ⊔⟨⊣⊔ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉⇕ ⟩∫ ⊣ {⌉⊒ ⊔†√⟩⌋⊣↕ ∇⊣⌈⟩⟩ ⇐r0↽▷ The goalsatisfaction is performed during the collision▷ An agent that reaches a goal may either completely or partially satisfy it▷ In both cases the model requires a reduction in the magnitude of the goal▷ This implies that the mass of the modeling particle shall be reduced but massreduction is not a physical property of such a collision▷ Therefore some modiαcations of the model shall be done as long as they do not affect the general evolution of the system▷ This will be possible if the model consists of a scheme for a temporal partition of the evolution of the system▷ This means that the evolution of the system will be partitioned into several time segments ↼different from dt much longer↽ and in each temporal segment the physical evolution of the system will not depend on the other segments▷ Our model requires the adjustment of the physical collision time to the goalsatisfaction time▷ The central repulsive part of the potential well will cause a gradual relaxation of the particle that will have reached the well until the particle stops▷ Time is required for the relaxation process which will model the goalsatisfaction time▷ 3▷3 A protocol for the single agent In order to cause evolution of the system towards goalsatisfaction each agent uses the information that it can gather by observation ↼e▷g▷ via sensors↽ about its neighboring agents and goals and regarding its previous state▷ According to this information the agent will construct the local αeld of potential and solve the equations of motion▷ The results of the equations of motion will enable the agent to decide what its next step towards goalsatisfaction will be▷ The exact detailed algorithm for the single agent i is as follows. Loop and perform the goalreaching and goalsatisfaction processes until the resources necessary for satisfying goals have been depleted or no goals within the interaction range rI have been observed for several timesegments▷ Goalreaching process 1▷ Advance the time counter t by dt▷ 2▷ Locate all of the agents and goals within the range rI the prede αned interaction distance▷ Denote the distance to any neighbouring entity j by rij ▷ 3▷ Calculate the mutual LennardJones potential ↼using equation 2↽ with respect to each of the agents and goals within the range▷ 4▷ Sum over all of the pairwise potentials V LJ (rij) and calculate the gradient of the sum to derive the force Fi▷ 5▷ Using F i and the previous state ⃗r i(t − dt), ⃗pi(t − dt), solve the equations of motion as described in section 2, in equations 1.

6. The results of the equations of motion will be a new pair ⃗ri(t), ⃗pi(t).

Move to the new state that corresponds to the displacement ⃗ri(t). 7. At each time-step, after moving to a new state, calculate the new kinetic energy and potential according to the new coordinates ⃗ri(t), ⃗pi(t). 8. If your distance from the center of a particle that models a goal is greater than r0 return to step 1▷ Otherwise start the goal satisfaction process▷ The goalsatisfaction process After reaching a goal the agent must satisfy all or at least parts of it. • M≀⊑⌉ ⟩\⊔≀ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕↖⊒⌉↕↕ ⊔⟨⊣⊔ ⇕≀⌈⌉↕∫ ⊔⟨⌉ }≀⊣↕ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ⌉\⊔⟩⊔⟩⌉∫ ⟩\⊑≀↕⊑⌉⌈ ⟩\ ⊔⟨⌉ √∇≀⌋⌉∫∫ ⊣\⌈ √⌉∇{≀∇⇕ ⊔⟨⌉ }≀⊣↕↙ • S⊓⌊⊔∇⊣⌋⊔ ⊔⟨⌉ ⇕⊣∫∫ ≀{ ⊔⟨⌉ √⊣∇⊔⟩⌋↕⌉ ⊔⟨⊣⊔ ⇕≀⌈⌉↕∫ ⊔⟨⌉ ⊣}⌉\⊔ {∇≀⇕ ⊔⟨⌉ ⇕⊣∫∫ ≀{ ⊔⟨⌉ √⊣∇⊔⟩⌋↕⌉ ⊔⟨⊣⊔ ⇕≀⌈⌉↕∫ ⊔⟨⌉ }≀⊣↕↙ R⌉⊔⊓∇\ ⊔≀ ∫⊔⌉√ ∞↙ T⟨⌉ ⟩⊔⌉∇⊣⊔⟩⊑⌉ ⇕⌉⊔⟨≀⌈ ⊒⟨⟩⌋⟨ ⊒⌉ √∇≀√≀∫⌉ ↕⌉⊣⌈∫ ⊔≀ ⊣ }∇⊣⌈⊓⊣↕ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⊔⟨⌉ ⊣⇕≀⊓\⊔ ⊣\⌈ ∫⟩‡⌉ ≀{ ⊔⟨⌉ }≀⊣↕∫ ⊔≀ ⌊⌉ ∫⊣⊔⟩∫⊘⌉⌈⇔ ⊣\⌈ ⊒⟩↕↕ ↕⌉⊣⌈ ⊘\⊣↕↕†⇔ ⊔≀ ⌋≀⇕√↕⌉⊔⟩≀\ ≀{ ⊔⟨⌉ }≀⊣↕∫↙ △ COMPLEXITY T⟨⌉ ⊔⟩⇕⌉ ⊔⟨⊣⊔ ⌉⊣⌋⟨ ⊣}⌉\⊔ ⌋≀\∫⊓⇕⌉∫ ⊣⊔ ⌉⊣⌋⟨ ⊔⟩⇕⌉↖∫⌉}⇕⌉\⊔ {≀∇ ⌋⊣↕⌋⊓↖ ↕⊣⊔⟩\} ⟩⊔∫ √∇≀√⊣}⊣⊔⟩≀\ ⟩\ ⊔⟨⌉ }≀⊣↕↖⌈≀⇕⊣⟩\ ⟩∫ ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊔⟩⇕⌉↖∫⊔⌉√∫ dt that comprise the timesegment multiplied by the time necessary for the calculations within the timestep▷ We denote the number of agents by N the number of goals by G the total area of the goaldomain by S the density by n and the average virtual distance between agents and goals by d▷ The average numbers of agents and goals within the range of interaction are given by. NI = N N + G nπr2_I and G I = G N + G nπr2_I ↼3↽ When the size S of the goaldomain is αxed in can be shown that the singleagent timeconsumption Ct per timesegment is. Ct ∼ (NI + GI )Itr ∼ √ N + G ↼4↽ However it may be that both the number of the agents and the size of the system have simultaneously been increased▷ In such cases we can derive Ct ∼ (NI + GI )Itr ∼ ⌋≀\∫⊔ ⇐▽⇒ M⊓↕⊔⟩↖A}⌉\⊔ S†∫⊔⌉⇕∫ ▽△ O↙ S⟨⌉⟨≀∇† ⊣\⌈ S↙ K∇⊣⊓∫

T⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊔⟩⇕⌉↖∫⌉}⇕⌉\⊔∫ {≀∇ ∫⊣⊔⟩∫{†⟩\} ⊣↕↕ ≀{ ⊔⟨⌉ }≀⊣↕∫ ⊒⟩↕↕ ⌊⌉⇔ ⟩\ ⊔⟨⌉ ⊒≀∇∫⊔ ⌋⊣∫⌉⇔ O(G). However, since all of the agents are working simultaneously on goal-reaching, Itr usually decreases. This reduction is bounded by^G_N which is the optimal number of time segments for satisfying all of the goals when N < G▷ When an agent has reached a goal other agents have also progressed toward goals▷ Therefore in the next timesegment they will have to move only the remaining distance▷ The sum of the distances during the whole goal satisfaction process is proportional to^G_N ∑_G i=1 1_{xi ▷ This sum has a} constant upper bound equal to 1 x�1. Resulting from this sum are both the convergence of the algorithm to a solution and the expected complexity of the general procedure of goal-reaching. In caseswhere equation 4 holds, this complexity is O(G^√N + G) in the worst case

and O(^G_N √ N + G) in the average case. In cases where equation 5 holds, the complexity is O(G) in the worst case and O(^G_N ) in the average case. In a case that N > G the complexity is O( √ N + G) when equation 4 holds and O(1) when equation 5 holds.

We discuss hereby the effect of the time necessary for goalsatisfaction on the performance of the algorithm. We shall differentiate between cases subject to the following parameters: size of goals; size of agents; time consumed for goal-reaching (denoted by tr ↽, time consumed for goalsatisfaction ↼denoted by t g↽▷ In cases where all of the goals are of the same size and all of the agents are such that each agent satisαes a goal with the same efforts and time consumption the complexity of the algorithm for the single agent is O(^G_N ) in the average case and O(G) in the worst case. However, tg and t r affect the multiplying constant▷ This has a signiαcant effect on the complexity in the case that t g ≫ tr where the multiplier is t_g t_r^▷ When we have goals of various sizes we must modify the analysis above▷ We denote the goal size by S g and the agent size by S a▷ The number of goals per agent μ is given by μ i = ∑ j S_{gj} S_{ai} ∑ k S_{ak}^{and} μ^w_i = ∑ j S_{gj} S_{ai}^{in the average and worst cases respectively▷ The} ratiobound in this case is 2/(1 − δ) μ where μ is the number of goals that an agent has approached during the goalsatisfaction process and δ ≪ ∞↙ T≀ ∫⊓⇕⇕⊣∇⟩‡⌉ ⊔⟨⌉ ⌋⊣∫⌉ ⊒⟨⌉∇⌉ tg ≪ tr the complexity is the number of goals per agent multiplied by the ratiobound i▷e▷ 2μ/(1 − δ)^μ▷ This analysis holds for the case where t g ∼ tr as well▷ In case that t g ≫ tr since the time consumption for goal satisfaction is much greater than the goalreaching time we shall ignore the latter▷ The goalsatisfaction time of an agent is the sum of the timeperiods consumed for the satisfaction of goals by this agent▷ This sum depends on the goal allocation which depends on the size of the agent and the sizes of the goals▷ Therefore it will be t_g t_r μ▷ 5 CONCLUSION The problem of the behavior of agents in very large agentsocieties imposes difαculties that are hard to solve even when the proposed so lutions are of loworder polynomial complexity▷ The approach which we present suggests a solution for this problem since the complexity on the side of the single agent is very low and may even be O(1). Such results are possible since we use a model whose behavior is already known. Therefore, we are not required to perform the numerous explicit calculations that would have otherwise been necessary.

The model we have presented, and the algorithm that enables the single agent to act according to the model, are methods with which the agents allocate themselves to goals in order to satisfy the goals. The agent-goal matching is an emergent result of the physicsoriented behavior of the agents. In cases where too many agents fft the requirements of the same goal, our model will disenable some of them from reaching the goal, via the property of mutual rejection. As we have shown, our algorithm leads to agent-goal allocation, it converges to a solution, its complexity is low and no communication is necessary. In addition to these properties, we have proven that the algorithm we provide performs relatively close to the optimum. Our method does not lead to the optimal allocation, but reaching an optimal allocation requires complete on-line information about all of the agents and goals comprising the system, and an exponential computation-time.

While common DAI algorithms must be checked for their validity either by a formal proof or by simulations, our model can rely on theoretical and experimental results that are already known from physics. According to these results, we can predict the evolution of the modeled agent-system, since it will evolve in the same manner as a corresponding physical system. The local interactions, which enable one to derive the global behavior of the system, assure a low computational complexity of the model. In very large-scale agentsystems, this approach provides a model that promises emergent cooperative goal-satisfaction activity. In addition, the properties of the system as a whole can be analyzed using concepts from statistical mechanics. The employment of such concepts enables us to derive the bulk properties of a system via the properties of its components. We leave this analysis for future work.

REFERENCES

[1] Q. Chen and J. Y. S. Luh. Coordination and control of a group of mobile robots. In Proc. of the 1994 IEEE international conference on Robotics and Automation, pages 2315ffi2320, 1994.

[2] E. H. Durfee. Coordination of Distributed Problem Solvers. Kluwer Academic Publishers, Boston, 1988.

[3] E. H. Durfee, V.R. Lesser, and D. D. Korkill. Coherent cooperation among communicating problem solvers. IEEE Transactions on Computers, 36(C):1275ffi1291, 1987.

[4] E. Ephrati, M. Pollack, and S. Ur. Deriving multi-agent coordination through ffltering strategies. In IJCAI95, pages 679ffi685, 1995.

[5] D. W. Gage. Command control for many-robot systems. Unmanned systems, Fall:28ffi34, 1992.

[6] N. S. Glanceand B. A. Huberman. The outbreakof cooperation. Journal of Mathematical Sociology, 17(4):281ffi302, 1993.

[7] O. Khatib. Real-time obstacle avoidance for manipulators and mobile robots. International J. of Robotics Research, 5(1):90ffi98, 1986.

[8] P. Khosla and R. Volpe. Superquadratic artiffcial potentials for obstacle avoidance and approach. In Proc. of the 1989 IEEE international conference on Robotics and Automation, pages 1778ffi1784, 1988.

[9] J. C. Latombe. Robot Motion Planning. Kluwler Academic Pub., 1991. [10] M. J. Mataric. Kin recognition, similarity, and group behavior. In Proc.

of the 15th Cognitive Science Society Conf., pages 705ffi710, 1993. [11] D. C. Rapaport. Large-scale molecular dynamics simulation using vector and parallel computers. Comp. phys. reports, 9(1):1ffi53, 1988.

[12] Y. Shoham and M. Tennenholtz. Emergent conventions in multi-agent systems: initial experimental results and observations. In Proc. of KR- 92, 1992.

[13] R. G. Smith. The contract net protocol: high-level communication and control in a distributed problem solver.IEEE Transaction on Computers, 29(12):1104ffi1113, 1980.

[14] C. Trozzi and G. Ciccotti. Stationary nonequilibrium states by molecular dynamics. II. Newton’s law. Phys. rev. A, 29(2):916ffi925, 1984.

[15] P. Wang. Navigation strategies for multiple autonomousrobots moving in formation. Journal of Robotic Systems, 8(2):177ffi195, 1991.

[16] C. W. Warren. Global path planning using artiffcial potential ffelds.

In Proc. of the 1989 IEEE international conference on Robotics and Automation, pages 316ffi321, Scottsdale, AZ, 1989.

[17] M. P. Wellman. A general-equilibrium approach to distributed transportation planning. In Proc. of AAAI-92, pages 282ffi289, 1992.

Multi-Agent Systems 548 O. Shehory and S. Kraus