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ABSTRACT

In many matching markets—such as athlete recruitment or academic
admissions—participants on one side are evaluated by attribute
vectors known to the other side, which in turn applies individual
salience vectors to assign relative importance to these attributes.
Since saliences are known to change in practice, a central question
arises: how robust is a stable matching to such perturbations?
First, we formalize robustness as a radius within which a sta-
ble matching remains immune to blocking pairs under any admis-
sible perturbation of salience vectors (which are assumed to be
normalized). Given a stable matching and a radius, we present a
polynomial-time algorithm to verify whether the matching is stable
within the specified radius. We also give a polynomial-time algo-
rithm for computing the maximum robustness radius of a given
stable matching. Further, we design an anytime search algorithm
that uses certified lower and upper bounds to approximate the most
robust stable matching, and we characterize the robustness-cost
relationship through efficiently computable bounds that delineate
the achievable tradeoff between robustness and cost. Finally, for
each stable matching, we show that the salience profiles preserving
its stability form a product of low-dimensional polytopes within
the simplex. This characterization enables efficient volume compu-
tation, with approximations available in higher dimensions, linking
robustness analysis in matching markets to convex geometry.
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1 INTRODUCTION
1.1 Background and Motivation

Stable matching is a foundational model in market design [27]. It
underpins real-world allocation systems such as college admis-
sions [15], medical residency programs [28], school choice [2],
roommate allocation [5], student-project-resource-allocation [18],
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and kidney exchange [21, 29]. In the classic bipartite matching
problem, two sets of agents must be paired, with each agent having
preferences over potential partners on the other side. A matching is
considered stable if no pair of agents would both prefer each other
to their assigned partners. Traditionally, the model assumes that
agents’ preferences are fixed, complete, and independent [17].

However, evidence from behavioral science challenges these
assumptions [34]. Human preferences are not arbitrary; they are
often dynamic, evolving with context, experience, and time. This
raises an important question: if preferences change, can a previously
stable matching dissolve (i.e., become unstable)?

Prior research has shown that stable matchings, when prefer-
ences are independent of one another, are surprisingly fragile to
changes in preferences. Even when preferences are altered in very
small ways, stable matchings that remain stable despite such per-
turbations - that is, matchings that are robust to preference changes
- turn out to be exceedingly rare [7, 13]. We present some results in
an extended version of this paper [26] to reinforce this point.

However, as noted above, agents’ preferences are not arbitrary. In
this paper, we focus on settings where agents on one side evaluate
potential counterparts through salience-weighted computations,
where each agent assigns salience weights to the observable at-
tributes of potential counterparts [31], reflecting their perceived
importance. Crucially, the salience of attributes, and thus the agents’
preferences, may shift over time [8, 9].

For instance, in college admissions, applicants are characterized

by attributes such as Scholastic Aptitude Test (SAT) scores and GPA,
which are known to colleges. Each college assigns varying levels
of importance to these attributes and ranks applicants accordingly.
This motivates a shift in perspective. Rather than thinking about
robustness in terms of small swaps in a ranked list, we propose
viewing it through the lens of attribute salience. Robustness then be-
comes a geometric question: how far can these weights shift, within
some tolerance, while still preserving stability? In this sense, ro-
bustness can be viewed as a second-order stability property - a form
of “stability of stability” that captures whether stable outcomes
persist under changes in preferences.
Model overview. We study balanced two-sided markets where
side A has static strict preferences and side B induces strict lists
by salience-weighted scores. Each agent a € A has a vector u(a)
with m non-negative attribute values, for a constant number m of
attributes. Let Aj;—1 denote the (m—1)-dimensional probability sim-
plex consisting of all the normalized vectors with m non-negative
components. Each agent b € B has a salience vector s(b) € Ap—1,
and b ranks each a € A by the scalar product s(b)-u(a) along with
a given tie-breaking rule.

The model is hybrid: continuous in salience space yet ordinal in
realized lists, letting us bring geometric tools to classical structures


https://doi.org/10.65109/IQTL2250
https://doi.org/10.65109/IQTL2250
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.65109/IQTL2250

of stable matchings (e.g., deferred acceptance, the lattice of stable
matchings, and rotations [15, 17]). The set of all stable matchings
forms a distributive lattice ordered by the preferences of one side,
ranging from the B-optimal to the A-optimal outcome. Within this
lattice, rotations represent minimal cyclic exchanges of partners that
move monotonically from one stable matching to another, and serve
as the fundamental units in our robustness analysis. Robustness in
this framework is quantified geometrically by a radius r in an £,
norm, capturing the maximum perturbation under which stability
persists. In practice, decision makers rarely alter all salience weights
simultaneously, motivating a support budget k that limits how many
coordinates of s(b) may change at once.

1.2 Summary of Contributions

While previous work on the robustness of stable matchings (e.g.,
[13]) considered swapping entries in preference lists, our work con-
siders robustness when preference lists are modified by perturbing
salience vectors. We study some fundamental questions under this
notion of robustness. Our primary contributions are listed below.

1. A new notion of robustness using salience. When a salience vec-
tor s(b) of an agent b € B is perturbed to §(b), the distance r
between s(b) and §(b) under some £, metric is the radius of the
perturbation. Such perturbations could change the preference list
of b and may cause a matching to become unstable. We define a
stable matching p to be (k, r, p)-robust if it remains stable when
at most k < m components of the salience vector of an agent are
modified and the radius of this perturbation under the £, metric is
at most r. We examine several algorithmic and geometric problems
based on this notion of robustness.

2. Algorithm for robustness verification. Given a stable matching

/1, a non-negative real number r, a non-negative integer k < m and
avalue p € {1,2, oo}, we present an algorithm to verify whether y is
(k, r, p)-robust. For fixed m, our algorithm runs in polynomial time
as the verification problem reduces to solving a polynomial number
of convex programs (linear program (LP) or second-order cone
program (SOCP) feasibility checks), each solvable in polynomial
time (see e.g., [4, 10]).

3. Algorithm for finding the maximum robustness radius. Extend-

ing the ideas used to solve the verification problem, we show that
for any given a stable matching y, the maximum radius r*(y) such
that p is (k, r*(u), p)-robust can be computed in polynomial time
for fixed m and any p € {1, 2, co}.

4. Finding the most robust stable matching. Given the feature vec-

tors of agents in A and the salience vectors of agents in B, we show
that lower and upper bounds on the maximum robustness radius r*
of a most robust stable matching can be computed efficiently. Using
these bounds, we present an anytime search algorithm that finds a
stable matching whose robustness radius is within the computed
bounds. This search algorithm relies on several concepts associated
with stable matchings (e.g., deferred acceptance, rotation poset;
see [17, 23] or [26] for definitions of these concepts).

5. Robustness-cost tradeoffs. We also examine an extension of
robustness that incorporates a cost function capturing welfare,
fairness, or other priorities relevant to applications. We provide a
polynomial-time algorithm for finding a stable matching whose

robustness radius exceeds a given threshold while minimizing the
cost among all matchings meeting that robustness requirement.

6. Describing the robustness region of a given matching. We use

the term salience profile to denote the matrix S € R™ ™, where
the b-th row is the salience vector s(b) T. Given a matching , the
robustness region of ;1 consists of all salience profiles S under which p
remains stable. We show that this robustness region factors as a
product of n low-dimensional polytopes within the simplex, fully
characterizing its geometry. Reference [26] further derives how the
volume of this region can be computed in polynomial time.

1.3 Related Work

Foundations and structure. We rely on the classical lattice and
rotation frameworks of stable matchings [17, 23], which provide
the structural basis for our analysis. Polyhedral characterizations,
in particular Rothblum’s stable-marriage polytope [30], provide
the geometric foundation for our optimization formulations of
robustness and radius computation.

Robustness under ordinal perturbations. A major line of re-
search explores robustness under ordinal perturbations. Chen et
al. [13] formalize d-robustness via Kendall-r distance (adjacent
swaps) and develop polynomial algorithms to find and optimize
d-robust matchings using the rotation partially ordered set (poset),
with hardness emerging in the presence of ties. Mai and Vazi-
rani [22] extend this perspective by considering robustness to un-
certainty in the preference lists themselves, developing algorithms
that preserve stability under bounded perturbations of linear or-
ders. In sharp contrast, Boehmer et al. [7] show that on large ran-
dom instances, a stable matching typically fails to survive even
a single adjacent swap. Earlier work introduced the notion of su-
permatches [16], defining robustness in terms of repairability: a
matching is robust if small disruptions (i.e., a limited number of
pair breakups) can be fixed by a nearby stable matching. More
recent rotation-based presolver algorithms [11] use the rotation
poset to efficiently identify matchings with maximal robustness
under such ordinal formulations. In contrast, our work introduces a
continuous, attribute-based notion of robustness, where stability is
preserved against perturbations of agents’ salience weights rather
than discrete swaps in their ordinal preference lists.

Behavioral motivation. Beyond purely ordinal models, prior work
links matching behavior to context-dependent salience of attributes
in behavioral decision theory [6]. Similarly, many real-world match-
ing systems implicitly rely on attribute-based evaluations. For exam-
ple, in New York City’s centralized high-school match [1], programs
assess applicants using transparent, multi-criteria rubrics (e.g., test
performance, attendance, or neighborhood priority), and different
schools emphasize these features to varying degrees — effectively
corresponding to distinct salience vectors.

Preference evolution and dynamic settings. Another line of
work studies how preference profiles evolve over time. Echenique
et al. [14] provide experimental evidence on decentralized match-
ing processes with endogenously changing choices. Other recent
models, such as Bredereck et al. [12] and Alimudin and Ishida [3],
explore algorithmic adaptation of stable matchings under dynam-
ically changing preference profiles. Similar adaptive-weight dy-
namics also appear in multi-agent learning, where agents adjust



feature weights over fixed attribute spaces to adapt to changing en-
vironments or interaction patterns (e.g., [19, 24]). Our framework
complements these approaches by capturing preference change
as a structured geometric perturbation in salience space, bridging
dynamic evolution and robust stability within a unified model.
Algorithmic and empirical perspectives beyond stability. Sev-
eral works study matching beyond classical stability. These include
facilitation mechanisms that advise agents to relax constraints [32],
multi-round models focusing on general welfare [33], and online
matching with delays prioritizing competitive guarantees over sta-
bility [35]. Empirical studies of reciprocal recommenders further
highlight behavioral heterogeneity [20], while [25] introduce a for-
mal model of loyalty in random matching markets, analyzing how
endowment-driven acceptance thresholds interact with competi-
tion and stability.

Roadmap. We begin by defining the attribute-salience model and
introducing our notation (Section 2). We then study the robustness
of a given matching (Section 3) and show how to compute its maxi-
mum robustness radius (Section 4). Next, we develop algorithms
for finding a stable matching that attains the maximal robustness
radius (Section 5) and derive bounds on the relationship between
robustness and cost (Section 6). Finally, we explore the geometric
structure of robustness regions (Section 7).

2 MODEL AND NOTATION

We define the attribute-salience matching setup (agents, prefer-
ences, attributes of A, salience of B), robustness notions, and nota-
tional conventions used throughout this paper. A complete numeri-
cal example illustrating all the definitions is provided in [26].
Agents and matchings. Let A = {a1,...,an} and B = {b1,...,bs},
with |A| = |B| = n, be two disjoint sets of agents. A matching is a
bijection y1 : A — B; write y~1(b) for b’s partner in A.

Side A: static preferences. Each agent a € A has a permanent,
strict, complete order over B that never changes. We use the nota-
tion b >4 b’ to indicate that a prefers b to b’.

Attributes of A. For each agent a € A, there is a vector of at-
tributes u(a) that characterizes a’s properties. These attributes are
observable to the agents in B. The vector u(a) consists of m > 2
observable attributes. Throughout this paper, we assume that m is
a fixed constant. In our notation, u(a) = (u1(a),...,um(a)) € RT,.

Side B: salience vectors. Each agent b € B evaluates candidates
by assigning weights to the observable attributes of A. Formally,
we represent these priorities by a salience vector

s(b) = (51(B), ., sm (b)) € Aoy = {s(b) € RT + Y si(b) = 1}.

1

We denote the salience profile of side B by the n X m matrix
S = (s(b))pep € (Am—1)", which collects the salience vectors of all
agents in B. Agent b € B assigns to each a € A the score s(b)-u(a) =
>, si(b) uj(a). Agents in B rank candidates by decreasing score,
breaking ties using a fixed, public, agent-specific strict order <zie.
Thus, each b € B induces a strict total order over A. We write
a >, a’ when b prefers a over a’.
Ordinal ranks of A and B. For each agent a € A, let rank,(b) €
{1,...,n} denote the position of b in a’s strict preference list (with
a lower value indicating a more preferred agent). For each agent

b € B, letranky(a) € {1,..., n} denote the position of a in b’s strict
list induced by the salience rule (sorting A by decreasing s(b)- u(-)
and breaking ties by <%€). Thus b >, b’ iff rank, (b) < rank, ("),
and a >, @’ iff ranky, (a) < rankg(a’).

Blocking pairs and stability. A pair (a,b) € A X B is a blocking
pair for a matching pifb =, p(a) and a >=p p~!(b). A matching
i is stable when no blocking pair exists.

Radius parameters and worst-case perturbations. Fix a support
budget k € {1,...,m}, aradius r > 0, and a norm p € {1, 2, co}.
We allow a single agent b € B to modify up to k components of its
salience vector. Formally, b selects additive perturbations § € R™
with support Q C [m], |Q| < k, satisfying s;(b) + §; > 0 for all
i € Q,and defines T := 31" (si(b) + §;) > 0. The perturbed vector

s(b)+d
T

is then normalized as §(b) = € Am-1. The perturbation

radius, computed post-normalization, is [|$(b) — s(b)||p. We use S
to denote the modified profile.

A matching p is said to be (k, r, p)-robust if it remains stable under
all perturbations of the above form satisfying this bound for every
agent b € B. Note that y is (k, 0, p)-robust iff y is stable at the
salience profile S.

Pre- vs. post-normalization. An equivalent description replaces
T by its reciprocal A = 1/T > 0. In this post-normalized view,
perturbations are specified by a vector §(b) € Ay,—1 and a scalar
A > 0 such that

$i(b) = Asi(b) (i¢Q),  [I8(b) =s(b)llp <.

Thus pre- and post-normalization are simply two parameterizations
of the same admissible set, and they yield the same robustness
radius. Throughout the paper, we adopt the post-normalized form
for clarity and consistency.

Score margin. To quantify how strongly b prefers its current part-
ner over another candidate a, we define the attribute-gap vector
A(bsa| p) = u(p™"' () — u(a).

Given a salience profile S, the corresponding score margin is
ys(bsa | p) = s(b) - A(bsa | p).

The value ys(b;a | p) is positive when b prefers its current
partner y~!(b) to a under profile S. When p and/or S are clear from
the context, we write simply y(b; a).

Base radius. The base inner radius r’s (p) is a baseline robustness
guarantee: it denotes a perturbation level that is sufficient to keep p
stable. By construction r®¢ (i) < r*(y), and it depends only on
score margins and dual-norm attribute gaps, independent of the
support budget k (see Section 5.1).

Stability region. For a given matching p, the stability region P,
is the set of all salience profiles under which p is stable. Formally,
Pu € (Am-1)"; see Section 7 for the explicit polyhedral form and
product structure of P,

Remark (k = m — 1 vs. k = m). Since unchanged coordinates
automatically adjust to preserve normalization, varying m — 1 coor-
dinates already spans all feasible perturbations. A higher support
size k = m matters only in boundary cases where the support itself
changes (e.g., m = 2, (1,0) — (0, 1)).



3 VERIFICATION FOR A GIVEN MATCHING

Given a salience profile S = {s(?) },p and a matching y, the verifi-
cation problem asks whether y remains stable under every admissi-
ble perturbation of the salience vector of a single agent b € B under
the worst-case perturbation model. The main result of this section
is that the verification problem can be solved in polynomial time.

For b € B, let Hy(b) := {a € A: b >4 p(a)} be the set
of A-agents who prefer b to their current partner. We can now
formalize the verification task more precisely by defining the ro-
bustness verification problem, which captures the requirement that
no new blocking pair can emerge under bounded perturbations of
the salience profile.

Definition 3.1 (Robustness Verification (RV)). Given a stable match-
ing 1, attributes {u(a)}q4e4, salience profile S, norm p € {1, 2, oo},
support budget k < m, and radius r > 0, decide if, for all b € B,
a € H,(b), and post-normalized perturbations §(b) € Ap,-1, the
score margin satisfies the condition y¢(b;a) > 0.

Robustness verification ensures that no blocking pair can arise
under any admissible perturbation of the salience vectors. The next
lemma expresses this condition as a local check: for each b and each
possible perturbation direction, stability holds iff all resulting score
margins remain nonnegative.

Lemma 3.1. For any integers m and k with k < m, a value p €
{1,2, 00}, and a rational value r > 0, a stable matching p is (k,r,p)-
robust if and only if, for every b € B, a € H,(b), and support set
Q C [m] with |Q| < k, no admissible perturbation §(b) yields a
negative score margin, i.e., ySA(b; a) <0.

PRrOOF. (Only if.) Assume p is (k, r, p)-robust. Assume otherwise
that there exist b € B, a € H,(b), and an admissible perturba-
tion 8(b) with [8(b) — s(b)|lp < r such that yg(b;a) < 0. Then
(a, b) becomes a blocking pair after the perturbation, contradicting
robustness. Hence no such perturbation exists.

(If) Conversely, assume that for all b € B, a € H,,(b), and sup-
ports Q with |Q| < k, every admissible perturbation §(b) satisfies
vs(b;a) = 0. Thus each b still weakly prefers its partner over any
a € H,(b), and strict tie-breaking ensures no new blocking pair
can arise. Therefore p is (k,r, p)-robust. O

Having reduced the condition to finitely many checks, we now
establish that the overall verification task admits a polynomial-time
algorithm.

THEOREM 3.2 (POLYNOMIAL-TIME VERIFICATION VIA SUPPORT ENU-
MERATION). Let m and k < m be fixed constants, p € {1,2, o}, and
r > 0. Verifying whether a given stable matching i is (k, r, p)-robust
can be done in polynomial time.

Proor. The key idea is to translate each potential blocking
deviation into a convex feasibility problem that tests whether a
perturbation within distance r can violate stability. In particu-
lar, using Lemma 3.1, we reduce RV to testing the infeasibility
of O(n?m*) convex optimization instances: a linear program (LP)
when p € {1, oo}, or a second-order cone program (SOCP) when
p = 2. Since m and k are constants and the infeasibility of convex
instances can be determined in polynomial time [4, 10], We obtain
a polynomial-time algorithm for RV.

Explicit LP/SOCP formulations. For each b € B, a € H,(b), and
support Q C [m] with |Q| < k, we test whether there exists an
admissible perturbation §(b) € Ap,—1 satisfying [|8(b) —s(b)|lp < r
that makes (a, b) a blocking pair, i.e., violates stability. Each feasibil-
ity check is a convex program - an LP when p € {1, oo} or an SOCP
when p = 2. For illustration, the LP for p = oo is shown below; the
formulations for p = 1 and p = 2 follow by modifying only the
distance constraint, as described thereafter.

(a) p = oo (box distance) - LP feasibility for (a, b, Q)
find §(b), 1 >0

st. Z§,~(b) =1, §(b) >0,

$i(b) = Asi(b) (i ¢ Q),

3(b) - Abia | ) <0,

—r <3i(b) —si(b) <r (Vi).
Variables: $(b) € RT(, A € Rxo.

The formulations for p = 1 and p = 2 differ only in the way the
distance constraint ||§(b) — s(b)|p < r is enforced. For p = 1, this
constraint is linearized by introducing additional variables z; > 0
with z; > $;(b) — si(b) and z; > s;(b) — §;(b) for all i, together
with }}; z; < r, yielding an LP. For p = 2, the distance constraint is
replaced by the second-order cone constraint ||§(b) — s(b)||2 < r,
resulting in an SOCP. All other constraints remain unchanged.

Collectively, these feasibility programs cover all potential de-
viations across agents and supports. Each instance tests whether
a perturbation of magnitude at most r exists that makes (a, b) a
blocking pair. If all are infeasible, y is (k, r, p)-robust; otherwise,
a feasible instance yields a blocking witness. Since LP and SOCP
infeasibility can be decided in polynomial time by interior-point
methods [4, 10], and since m and k are constants, the overall runtime
is polynomial in n. O

When k = m (full-support moves), support enumeration vanishes
and the procedure reduces to O(n?) independent LP/SOCP checks
indexed by (a, b).

Remark 3.1 (Strict vs. non-strict inequalities). We use non-strict in-
equalities (<) in the LP/SOCP formulations for solver compatibility.
Strict tie-breaking ensures that this is equivalent to strict stability,
since every unperturbed score margin y(b; a | p) is positive.

4 MAXIMUM RADIUS OF A MATCHING

Having established how to verify robustness for a given radius r,
we now turn to the complementary task: determining the largest ra-
dius for which stability still holds. In other words, for a given stable
matching y, support size k, and norm p, we ask: what is the maxi-
mum perturbation radius under which pi remains robust? This value
quantifies the exact tolerance of ;i to worst-case changes and serves
as a natural definition of robustness. Intuitively, the robustness
radius is determined by the weakest link: the smallest perturbation,
over all potentially blocking pairs (a, b) and admissible supports Q,
that makes b prefer a over its current partner p~(b).

Definition 4.1 (Pairwise thresholds and robustness radius). For
each (a,b,Q), let ™ (b;a | Q) denote the optimal value of the



corresponding LP (for p € {1, o}) or SOCP (for p = 2). Aggregating
over all admissible supports, define ™" (b; a) by

P (p:g) := min rF™(bya | Q).
Oc[m]
1Q1<k
The maximum robustness radius of y is then
r*(u) ==sup{r >0: pis (k,r,p)-robust} = inig PR ).,
acH, (b)

The following lemma provides the basis for our polynomial-time
algorithm for computing the maximum radius.

Lemma 4.1. For each fixed m and k withk < m, any norm p €
{1,2, o0}, and a stable matching p, each term r™" (b; a) from Defini-
tion 4.1 can be computed in polynomial time.

Proor. For a given a, b, and support Q C [m], r™(b;a | Q) is
obtained by minimizing the radius r over admissible perturbations
of s(b) supported on Q that make (a, b) a blocking pair. Formally,
each r™1(b; a | Q) is the optimal value of a convex optimization
instance, that is: a linear program (LP) when p € {1,000}, or a
second-order cone program (SOCP) when p = 2.

The explicit LP/SOCP formulations for all cases are provided in
[26]. Their construction is identical to the verification instances of
Section 3, except for the following modifications:

(1) the radius r is now a decision variable,

(2) the objective is to minimize r, and

(3) the additional constraint r > 0 is included.

Since the feasibility of each convex optimization instance is
decidable in polynomial time and there are O(mk) supports per
pair (a,b) for given k < m, each r™"(b;a) can be computed in
polynomial time. When k = m, support enumeration collapses to
a single program per (a, b), so the complexity reduces to the time
needed to solve one convex program. O

Building on Lemma 4.1, we can now establish the main result of
this section.

THEOREM 4.2 (POLYNOMIAL-TIME COMPUTATION VIA PAIRWISE
THRESHOLDS). Let m and k < m be fixed constants, and let p €
{1,2, co}. For any stable matching p, the robustness radius r*(y) is
computable in polynomial time.

Proor. For any stable matching 1, the robustness radius r* ()
is given by Definition 4.1. As shown above, for each pair (a, b),
the value ™" (b;a) can be computed by solving O(m*) convex
optimization instances. Since there are O(n?) pairs r*(y) can be
found by solving O(n?mk) convex instances. Since m and k are
fixed, and each convex instance can be solved in polynomial time,
the theorem follows. As explained earlier, the number of convex
instances reduces to O(n?) when k = m. O

5 FINDING THE MOST ROBUST MATCHING:
BOUNDS AND ANYTIME SEARCH

In the previous sections, we assumed that a matching had already
been selected and examined its robustness properties. However,
it is often more advantageous to identify in advance the most
robust stable matching. Therefore, our next goal is to select the
stable matching with the largest robustness radius, namely p* €

arg max,e s p *" (1), where SM denotes the set of all stable match-
ings of the market and r*(p) is the exact robustness radius from
Section 4. A challenge arises because the size of SM can be ex-
ponential in n. A classical way to explore this space is via the
rotation poset [17, 23], which compactly represents exponentially
many stable matchings and supports polynomial-time traversal and
optimization under structural criteria (see Section 5.1 for details).
Unfortunately, r*(p) itself does not align with the rotation-poset
structure: perturbations that create blocking pairs need not cor-
respond to a single rotation or any set of rotations. To address
this misalignment, we introduce the base inner radius pbase (p), a
conservative proxy satisfying rP2€(y) < r*(p). This proxy can be
expressed in closed form from local score margins and dual gaps,
and its constraints align with the rotation poset, enabling efficient
search for highly robust matchings. While r*(y) can be computed
by solving O(n?m¥) convex optimization instances, r’5¢ can be
found in O(n®m) time.

In this section, Section 5.1 recalls the classical rotation-poset ma-
chinery and defines rP®¢, together with its structural and compu-
tational properties. In Sections 5.2-5.4, we tackle the main problem
of finding the most robust stable matching, combining lower/upper
bounds with an anytime search.

5.1 Rotations and the base inner radius

Classical background. We recall standard notions from stable
matching; full details appear in [26] (see also [17, 23]). B-proposing
DA (deferred acceptance) returns a B-optimal matching pp. The
set of stable matchings forms a distributive lattice with pg4 =
1 = up. A rotation p exposed at u is a cyclic sequence of pairs
((a1,b1), ..., (ay,by)) whose elimination yields another stable match-
ing i/ = elim(y, p). Along a rotation, the B-side weakly improves
and the A-side weakly worsens. Rotations admit a partial order;
every stable y can be written as i = elim(p4, D) for a unique down-
set D; there are O(nz) rotations in total, and the rotation poset can
be built in O(n?) time.

Deterministic inner radius from score margins. Set p € {1, 2, 0o}
and let p* denote its dual norm, defined by 1/p + 1/p* = 1. Recall
the concept of score margin y(b;a | i) from Section 2, which cap-
tures how strongly b prefers its partner over a. Together with the
partner-dependent dual gap Uy (b) := mMaX g ,-1(p) lu(p=1(b))-
u(a’) || p*, we obtain the base inner radius:

base . . y(b;a)
rP2€ () = (1 = épyee) min min —. (1)
H base/ (e p ap (b)»pa Upx(b)
Here ¢p,5 € (0,1) is a small fixed constant used only to ensure
strict feasibility of inequalities. We also assume that the attribute
vectors {u(a) : a € A} are not all identical in their attributes, so

that Uy« (b) > 0 for every b € B.

Lemma 5.1 (Margin = radius). Ifr < r"€(y), then y remains
stable under all £, perturbations of radiusr.
PRroOF. For each b and a # p~1(b), write

8(b) - (u(u™' (b)) —u(a)) = y(bsa) + (3(b) = s(b)) - A(bsa | p).
By Holder’s inequality [10, App. A.1.6]), |(§(b)—s(b))-A(b;a | p)| <
18(6) —s(B)llp I1A(Dsa | p)llpx < r Upx (). Hence the perturbation
term is at least —rUp,« (b). Thus the residual margin is > y(b;a) —



rUp(b). When r < rbase () this remains positive, hence stability
is preserved O

As an immediate consequence, we obtain the following corollary.

Corollary 5.2 (Base inner radius). Ifr < rP€(y), then y remains
stable under all perturbations §(b) with ||8(b) —s(b)||p < r for every
b € B. Equivalently, r*(y) > rbase(y).

5.2 A polynomial-time computable lower bound
via B-optimal matching

To search for the most robust stable matching, it is essential to
start from a guaranteed baseline. A natural choice is the B-optimal
matching pp, the outcome of B-proposing deferred acceptance. By
construction, each b € B receives its most preferred attainable
partner among all stable matchings (a classical property of ug) [23].
This maximizes the score margins y(b;a) against less-preferred
candidates, and hence yields the largest base inner radius P25 (;)
across the lattice of stable matchings.

Since pp is itself a stable matching, its robustness radius directly
yields a lower bound:

LB :=r" < max r*(p). 2
(uB) e () (2)

Proposition 5.1 (Polynomial-time LB). The lower bound LB =
r*(up) is computable in polynomial time by solving O(n? ('%)) LP/socp
instances from Section 4, which reduces to O(n*) when k = m.

This gives a tractable starting point: although pp need not maxi-
mize robustness, its radius is efficiently computable and provides a
guaranteed baseline against which all further improvements can
be evaluated.

5.3 A relaxation-based global upper bound

To upper-bound maxy, r*(p), we relax integrality, working with
the stable-marriage polytope conv(S M) [30]. This polytope is the
convex hull of incidence matrices X# € {0,1}4*B that encode
stable matchings y, where XZ » = 1if a is matched to b under p and
0 otherwise.

Although the convex hull may have exponentially many vertices
(since the number of stable matchings can be exponential in n),
the stable-matching polytope admits a compact linear description
of polynomial size [30]. Hence, all computations over this convex
relaxation remain tractable. Thus, instead of a single integral match-
ing, we allow fractional convex combinations of stable matchings,
which yields a tractable convex relaxation.

For each b € B, define the fractional partner attribute vector

a, = Z Xap u(a), X € conv(SM).
acA

Intuitively, G, averages the attribute vectors of b’s partners across
the mixture X. Robustness of radius r > 0 requires that even under
post-normalized £, perturbations of radius r, each b prefers 1, to
every alternative a € A.

Case k = m. When perturbations may reweight all m coordinates,
Holder’s inequality yields the exact no-blocking constraint

s(b)- (1~ u(@) 2 r||(u@) - 5y),

Vae A beB, (3)

p*’

where (-)+ denotes coordinate-wise positive part. Unlike the ab-
solute value, negative coordinates are set to zero, capturing only
attributes where a dominates @. The right-hand side represents
the largest margin loss that b could suffer if a perturbation concen-
trates all weight on attributes where a is stronger than . Thus, if
(3) holds, b cannot be tempted by a under any £, perturbation of
radius r.

Case k < m. When perturbations may alter at most k coordinates
of s(b), the worst-case loss is smaller. Let v = u(a) — 4 and let
U[1] = U[2] = *** 2 U[,] denote the coordinates of v, sorted in
nonincreasing order. The maximum reduction in margin under

¢p radius r and support budget k is then r - ||(o[17, ..., 9[£]) e
Accordingly, the no-blocking constraint becomes

s(b)-(ap —u(a) > r“(u(a)—ﬁb)i") . VYacA beB (4

|p*

where (~)_$_k) denotes the vector formed by the k largest positive
coordinates of u(a) — @y (zeros elsewhere). This is the k-aware
support norm, which interpolates between the unrestricted case
(k = m) and the degenerate case k = 1.

Feasibility and optimization. Checking feasibility of (3)—(4) re-
duces to convex optimization: linear programming for p € {1, co}
and second-order cone programming for p = 2, both solvable in
polynomial time. We therefore define the relaxation-based upper
bound as

UB := max{r >0: 3X € conv(SM) satisfying (3) or (4)}. (5)

THEOREM 5.3 (RELAXATION-BASED UB). UB is computable to ad-
ditive accuracy eup in polynomial time via bisection with LP/SOCP
feasibility tests. Moreover, max e spm (1) < UB. Ifthe optimizer
X* is integral (i.e., corresponds to some stable matching y* ), then
UB = r*(p*) and the maximizing stable matching u* is recovered
explicitly, certifying exact optimality.

Proor. Feasibility for a fixed r is a convex program, an LP for
pe{1,c0} and an SOCP for p=2, and thus solvable in polynomial
time. Bisection on r yields an additive eyp-approximation in polyno-
mial time. Since conv(S M) contains all integral stable matchings,
max,cspm 7 (1) < UB. If the optimal X* is integral, it corresponds
to a stable matching p* achieving equality. O

Local frontier bounds. Beyond the global value UB, the same
relaxation can be restricted to sublattices of SM defined by down-
sets D in the rotation poset. This yields local bounds UB(D) that
refine UB during the anytime search. Formally, UB(D) is obtained
by adding the rotation constraints of D to the global relaxation, so
the feasible region only shrinks. These refinements are computable
in polynomial time without recomputing from scratch, and they
integrate directly into the anytime search (Section 5.4), where they
ensure that the global LB/UB relation continues to hold.

5.4 Anytime search on the rotation poset

We now describe an anytime search procedure that combines the
lower bound from pp and the relaxation-based upper bounds to
progressively narrow the gap between them.



Algorithm. We maintain a priority queue of nodes D in the ro-
tation poset, each corresponding to a downset of rotations and
its associated stable matching up = elim(ug, D). The queue is in
descending order of UB(D) values, so that at each step we explore
the matching whose sublattice still allows the largest possible ro-
bustness radius.

(1) Initialization. Insert the root node D = @ (corresponding
to p14) into the queue, and set LB « r*(up).
(2) Node extraction. Remove from the queue the node D with
the largest UB(D).
(3) Pruning. If UB(D) < LB, discard D, since no matching
reachable from it can improve the current best robustness.
(4) Exact evaluation. Compute r*(up) exactly (via the LP/SOCP
formulations from Section 4) and update LB if improved.
(5) Expansion. For each rotation p exposed at D, form D’ =
D U {p}, compute UB(D’), and insert it into the priority
queue.
The search continues until either LB = UBgptier (certifying exact
optimality) or until a predefined expansion budget is reached, after
which the best matching found so far is returned.

THEOREM 5.4 (ANYTIME CORRECTNESS). At all times,

LB < maxr*(p) < UBgoptier < UB.
u

LB increases monotonically while UBgqniier decreases monotonically.
If some frontier node attains an integral relaxation, exact optimality
is certified: LB = UBgopntier = ' (1).

Proor. Each node D corresponds to a downset of rotations and a
stable matching pp. Since UB(D) is derived from a relaxation of the
exact feasibility region, we have r*(up) < UB(D) < UB for all D.
LB records the best exact radius found so far and can only increase,
while UBgoniier = maxp UB(D) over the active nodes can only
decrease as nodes are expanded or pruned. Thus the stated inequal-
ities and monotonicity follow. If an integral relaxation is reached, it
corresponds to a stable matching p* with LB = UBgontier = 7 (1),
certifying exact optimality. O

Although this anytime search is not polynomial-time in the
worst case, it always maintains certified bounds [LB, UBgoptier]
on the optimum. Both bounds evolve monotonically (LB increases,
UBf;ontier decreases), so the procedure converges toward the true
optimum and can be stopped at any point with provable bounds
on the achieved robustness.

6 ROBUSTNESS-COST TRADEOFFS

In the previous section, we studied robustness alone, aiming to
find a stable matching with the largest radius. A natural next step
is to combine robustness with a cost function which can model
welfare, fairness, or other priorities in applications. Fixing a ro-
bustness at a given value 7 > 0, we ask for the minimum cost
achievable under this requirement. Formally, for separable costs
C(i) = XaeA Cap(a) and robustness requirement 7 > 0, the target
isC*(r) = min{C(p) : r*(p) > 1}.

Direct optimization under r*(p) is computationally difficult,
since the exact radius does not align with the rotation-poset struc-
ture. Instead, we develop polynomial-time proxy quantities that
yield certified (i.e., provable) upper and lower bounds on C*(7).

6.1 Upper bound via the base radius

The base radius P25 () (Section 5.1) is computable in closed form
and always satisfies pbase (1) < r*(p). Requiring rbase(1) > ris
equivalent to insisting that each b € B is matched only to candidates
a for which y(b;a) /Uy« (b) 2 7, where Uy« (b) is the dual-norm
attribute gap defined in Section 5.1. In terms of the standard rotation
poset, this condition simply prunes all stable matchings that violate
the base-radius threshold, leaving a distributive sublattice over
which optimization can be carried out.

THEOREM 6.1 (POLYNOMIAL-TIME BASE FRONTIER). Foranyt > 0,
the minimum-cost stable matching with r®€(y) > t is computable
in polynomial time. Hence

C* (1) < CYB(r) := min{C(p) : r"®¢(y) > r}.

Proor. Fix 7 > 0. For any stable matching i, the constraint
rbase (1) > 7 requires that every eliminated rotation p satisfy

(ar’rbli)rép [s(6)- (T, — u(@) — 7ll(u(a) = Gp)+llp« | >0,

where (-)4+ denotes the coordinate-wise positive part. Hence, the

set of rotations that can be eliminated while maintaining stability

at level 7 forms a downward-closed subset of the rotation poset.
We assign each rotation a modified weight

Ac(p)= min [s(bKay-u(@)—7[[(w(@)=ap)sllpr]- > cap.
(ab)ep (abrep

Minimizing C(y) subject to r?25¢(y) > 7 is therefore equivalent to
finding a maximum-weight closure in the rotation poset. By the
classical reduction of maximum-weight closure to a single s—t min-
cut [17], an optimal stable matching for each fixed 7 can be com-
puted in polynomial time.

Distinct threshold values of 7 arise only when some base con-
straint becomes tight, i.e., s(b)- (0, — u(a)) = r{|(u(a) — p)+|lp*-
Since there are O(n?) score margins (a, b) and O(n) rotations in
the poset, the number of breakpoints is O(n®). Sweeping over these
values yields the exact (rb2se C) frontier. o

6.2 Lower bound via relaxation

To obtain a lower bound, we again work with Rothblum’s stable-
marriage polytope conv(SM) introduced in Section 5.3, but now
augment it with vulnerability cuts: for each cross pair (a,b’) and
(@, b) that could block within radius 7, we add the constraint
Yab + Yarp < 1. Here y,p, € [0, 1] denotes the standard assignment
variable, and conv(S M) admits a polynomial-size linear descrip-
tion [30]. Formally, we solve

min Z Cab Yab
ab

sty € conv(SM),

Every z-robust stable matching p induces a feasible point in this
relaxation, so the LP optimum C'B(7) is a valid lower bound.

y satisfies all vulnerability cuts for 7.

Proposition 6.1 (LP lower bound). Every stable p withr*(p) >t
induces a feasible LP solution. Therefore C*(r) > C'B(z).

The vulnerable set changes only at O(n?) thresholds, since each
arises from a cross pair (a, b’), (a’,b). Thus, at most O(n4) distinct



LPs need to be solved. Each such LP carries O(m*) additional con-
straints from the support budget; hence, C*B(7) can be computed
by solving a total of O(n*mk) LP instances.

6.3 Certified tradeoff bounds

For each robustness target 7, our two constructions yield C*B(7) <
C*(r) < CYB(1). Here CYB(1) comes from requiring the base
radius r?25€ (1) > r, which produces an explicit stable matching and
a constructive upper bound. The lower bound CB(r) arises from
the LP relaxation with vulnerability cuts, giving a valid numerical
bound that coincides with a true stable matching whenever the LP
optimum is integral. Varying 7 reveals the robustness-cost tradeoft:
stricter robustness raises the minimum cost, and the bounds capture
this relationship.

7 GEOMETRY OF THE ROBUSTNESS REGION

Up to this point, we examined robustness under a fixed salience
profile S. When both a matching p and a profile S are given, we
asked whether y remains stable under a given perturbation radius
and computed its exact robustness radius. When only S is given,
we searched for the most robust matching and studied the tradeoff
between robustness and cost. We now take the dual view: fix a
matching p and characterize, geometrically, its robustness region
— the set of all salience profiles under which y remains stable. A
quantitative analysis of the volume of this region appears in [26].

While the robustness radius captures the most fragile pertur-
bation direction (the minimal deviation that breaks stability), the
robustness region reveals the full multidimensional structure of
stability: its geometry indicates which perturbation directions are
tolerated, and its volume (analyzed in [26]) quantifies the total range
of salience profiles for which y remains stable. This allows us to
compare matchings not only by their most fragile direction, but
also by the overall extent of their stability region in salience space.
This contrasts with Rothblum’s stable-marriage polytope - a poly-
tope in matching space whose vertices are stable matchings. Our
robustness region instead lives in the salience space and forms the
profile polytope of pu.

From Section 2, the robustness region #,, of a matching  is
defined by the set of salience profiles under which no blocking pair
arises. Equivalently, stability reduces to the linear inequalities

s(b) - (u(u~ (b)) —u(a)) = 0  VbeB acH(b), (6)

where H),(b) is the set of candidate blockers as introduced in Sec-
tion 3.

Lemma 7.1 (Factorization). The robustness region factorizes across

B: Py = [lpep Pu(b), where each P, (b) is the polytope
Pu(b) = {s€Am-1:s- (u(p~(b)) —u(a)) =0, Va e Hyu(b)}.

Proor. This lemma follows directly from the fact that each sta-
bility constraint involves only the salience vector s(b) of a single
agent b. O

Proposition 7.1 (Polyhedral structure). Each factor P, (b) is a
convex polytope in Ap,—1 defined by at most |H,,(b)| < n — 1 linear
inequalities. Therefore Py, is a polytope in (Am—-1)" defined by O(n?)
inequalities in total.

Figure 1: Example of #,(b) for m = 3: the shaded polygon
inside the simplex Aj.

Proor. Each inequality in (6) is linear in s(b) and together with
the simplex constraints s(b) > 0, }; s; = 1, they define a bounded
convex polyhedron. Hence #(b) is a polytope, i.e., a bounded in-
tersection of finitely many half-spaces inside the simplex. Summing
over all b, the total number of inequalities is O(n?). O

Illustration. Figure 1 shows an example of a $,(b) for a single
agent b when m = 3. The simplex A; is visualized as an equilateral
triangle in the plane, where each interior point corresponds to
a valid salience vector of b. In this example, H,(b) = 4, so four
potential blocking agents induce linear indifference constraints,
drawn as dashed lines. The shaded 2-dimensional polytope (i.e.,
polygon) is their feasible intersection, consisting of all salience

vectors for which b does not deviate from p.
Testing whether S € P, is simply the standard stability check

for p under the salience profile S, a polynomial-time check over
all O(n?) pairs. This observation motivates a geometric analysis
of the full stability region. A complete analysis of the polyhedral
structure and volume computation of #, is provided in [26].

8 SUMMARY AND CONCLUSIONS

We introduced a new notion of robustness for stable matchings
based on attributes and salience vectors. We presented polynomial-
time algorithms for several problems in this context, including
verifying whether a given matching remains stable for a specified
radius, computing its maximum stability radius, and approximating
the most robust stable matching through efficiently computable
bounds. We also extended the framework to incorporate costs,
deriving computable upper and lower bounds that relate robustness
to the cost of stability. Finally, we showed that the robustness region
of a given matching factorizes as a product of low-dimensional
polytopes within the simplex. Overall, our results establish a unified
geometric and algorithmic foundation for analyzing stability under
structured preference perturbations and open several promising
directions for further study.
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