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Abstract

Coverage is a fundamental problem in robotics, where one or more robots are required to visit each point in a target area at
least once. Most previous work has concentrated on finding a coverage path that would minimize the coverage time. In this
paper, we consider a new and more general version of the problem: adversarial coverage. Here, the robot operates in an
environment that contains threats that might stop the robot. The objective is to cover the target area as quickly as possible,
while minimizing the probability that the robot will be stopped before completing the coverage. This version of the problem
has many real-world applications, from performing coverage missions in hazardous fields such as nuclear power plants, to
surveillance of enemy forces in the battlefield and field demining. In this paper, we discuss the offline version of adversarial
coverage, in which a map of the threats is given to the robot in advance. First, we formally define the adversarial coverage
problem and present different optimization criteria used to evaluate coverage algorithms in adversarial environments. We
show that finding an optimal solution to the adversarial coverage problem is N"P-hard. We therefore suggest two heuristic
algorithms: STAC, a spanning-tree-based coverage algorithm, and GAC, which follows a greedy approach. We establish
theoretical bounds on the total risk involved in the coverage paths created by these algorithms and on their lengths. Lastly,
we compare the effectiveness of these two algorithms in various environments and settings.
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1. Introduction point. The objective of the robot is to cover the entire target
area (including the threat points) as quickly as possible
while maximizing its own safety. This is a proper gener-
alization of non-adversarial coverage, which is the same as
adversarial coverage in environments with no adversarial
presence, or when the objective takes into account only the
coverage time and ignores the risk factor.

In this paper, we discuss the offline version of this prob-
lem, in which a map of threats is provided in advance, so
that the coverage path of the robot can be determined prior
to its movement. We formally define the offline adversar-
ial coverage problem and show that it is N"P-complete. We
then propose two algorithms for solving it heuristically in
polynomial time. The STAC (Spanning Tree Adversarial
Coverage) algorithm splits the target area into connected
areas of safe and dangerous cells, and then covers the
safe areas before moving to the dangerous ones. The GAC

Area coverage is an important task for mobile robots, with
many real-world applications in various domains, from
automatic floor cleaning (Colegrave and Branch, 1994) and
coating in supermarkets (Endres et al., 1998) and train sta-
tions (Yaguchi, 1996) to humanitarian missions, such as
search and rescue and field demining (Nicoud and Habib,
1995). In these, a robot is given a bounded work area, pos-
sibly containing obstacles, and is required to visit every
part of it as efficiently as possible. All previous studies of
the coverage problem dealt with non-adversarial settings,
in which nothing in the environment hinders the robot’s
task. However, in many occasions, robots and autonomous
agents need to perform coverage missions in hazardous sit-
uations, such as in nuclear power plants, planetary explo-
ration, demining, and surveillance of enemy forces in the
battlefield.
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(Greedy Adversarial Coverage) algorithm follows a greedy
approach, which leads the robot from its current location to
the nearest safest location that has not yet been covered. We
show empirically, in simulations, that while the STAC algo-
rithm tends to achieve a higher expected coverage, the GAC
algorithm produces coverage paths with lower accumulated
risk. We provide optimality bounds on both algorithms, and
show that the STAC algorithm generates coverage paths that
are nearly optimal with respect to the expected coverage,
and are also close to optimal with respect to the probability
of completing the coverage in environments that consist of
contiguous areas of threats.

The paper is organized as follows. Section 2 presents
background and related work. Section 3 defines the adver-
sarial coverage problem and discusses its complexity. Sec-
tions 4 and 5 present the STAC and GAC algorithms,
respectively, and analyze them theoretically. Section 6
presents experimental results evaluating these algorithms.
Section 7 concludes with a summary and brief overview of
future work. For conciseness and better readability, some of
the proofs are deferred to appendices.

2. Background and related work

The problem of single and multi-robot coverage has been
extensively discussed in the literature and many approaches
to coverage path planning have been developed. Galceran
and Carreras (2013) provide a recent exhaustive survey
of coverage path planning methods, which are classified
according to various criteria.

First, most coverage algorithms decompose the target
space into subregions (called cells) to achieve coverage;
thus, coverage algorithms can be classified according to the
type of decomposition used. Galceran and Carreras (2013)
distinguish between approximate cellular decomposition,
where the free space is approximately covered by a grid
of equally shaped cells, and exact decomposition, where
the free space is decomposed to a set of regions, whose
union fills the entire area exactly. We use approximate
decomposition in this paper.

Independently, coverage algorithms can be classified as
either offline or online. Offline algorithms rely only on sta-
tionary information, and the map of the environment is
assumed to be known in advance. Conversely, online algo-
rithms do not assume full prior knowledge of the environ-
ment to be covered and utilize real-time sensor measure-
ments to sweep the target space. In this paper, we focus on
offline coverage.

The coverage problem is analogous to the traveling sales-
man problem, which is NP-complete even for simple
graphs, such as grid graphs (Papadimitriou, 1977). How-
ever, it is possible to find solutions to the coverage problem
that are close to optimal in polynomial or even linear time
through heuristics and abstractions (e.g. Arkin et al. (2000),
Gabriely and Rimon (2003), Grigni et al. (1995), Xu et al.
(2011)).

Our own approach builds on earlier work on coverage;
specifically, on the Spanning Tree Coverage (STC) fam-
ily of algorithms, first introduced by Gabriely and Rimon
(2001) for single robots, and extended to a number of robots
by Hazon and Kaminka (2008). The key idea in this fam-
ily of algorithms is to approximate a two-dimensional work
area using a grid, such that a Hamiltonian cycle is guar-
anteed to exist through the grid, which can be found by
generating a spanning tree in the grid graph. The orig-
inal STC algorithm generates an optimal coverage path
through the environment, which visits every cell in the grid
exactly once. However, it treats cells that are partially occu-
pied by obstacles as completely blocked. In a follow-up
paper, Gabriely and Rimon (2003) have refined this algo-
rithm to produce Spiral Spanning Tree Coverage (Spiral-
STC), which partially removes this limitation and provides
close-to-optimal coverage paths in a uniform grid-based
terrain.

The idea was broadened for a multi-robot system by
Hazon and Kaminka (2008) in the family of multi-robot
spanning tree coverage algorithms. Their solution, as well
as decreasing the total coverage time, achieved robustness
in the sense that as long as one robot works properly, cov-
erage of the terrain is guaranteed. They also showed that
in multi-robot teams redundancy might be necessary for
more efficiency. We also accept redundant coverage, but for
safety.

Elmaliach et al. (2009) extended this representation, such
that a non-uniform cost is attached to a movement between
two adjacent cells in the grid, and provided an algorithm
that finds the cyclic path covering the terrain with mini-
mum total cost. Conversely, in our work, a uniform cost
is attached to each movement in the grid, and additionally
there is a probability of survivability associated with each
cell in the grid. We believe that our methods can also be
easily extended to the case of non-uniform movement costs.

Zelinsky et al. (1993) presented the wavefront algorithm,
which is another grid-based coverage method. The method
requires a start cell and a goal cell. A distance transform
that propagates a wave front from goal to start is used to
assign a specific number to each grid element. Once the dis-
tance transform is calculated, a coverage path can be found
by beginning on the start cell and selecting the neighboring
cell with the highest label that is unvisited. The algorithm is
simple and easy to implement. However, it does not provide
any guarantees on coverage time. It also requires a defini-
tion of a goal cell, which is not needed by the previously
mentioned coverage methods.

Papers in the robotic literature that take into account the
presence of an adversary include Bortoff (2000), Likhachev
and Stentz (2007), and Zabarankin et al. (2002). These
present algorithms and methods for risk avoidance. These
works examine the path planning problem of a single robot,
to bypass and avoid the adversary’s threats. In the patrol
problem (Elmaliach et al., 2009), a multi-robot team needs
to patrol a closed area where an adversary is attempting to
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penetrate the area. The patrol problem resembles the cov-
erage problem in the sense that both require the robot or
group of robots to visit all points in the given terrain. How-
ever, while coverage seeks to minimize the number of visits
to each point (ideally, visiting it only once), patrolling often
seeks to maximize it (while still visiting all points).

The adversarial coverage problem discussed in this paper
is unique in the sense that the adversarial nature of the
environment is expressed in terms of the possibility of phys-
ically harming the robot (rather than of reducing the utility
of a robotic team, as in Hazon and Kaminka (2008)). It
has an intrinsic complexity that is not typical to the other
problems mentioned, since it presents a delicate tradeoff
between minimizing the accumulated risk and minimiz-
ing the total coverage time. Trying to minimize the risk
involved in the coverage path means making some redun-
dant steps, which in turn can make the coverage path longer,
and thus increase the risk involved, as well as the coverage
time.

Other optimization problems related to adversarial cover-
age include the Canadian traveler problem (Papadimitriou
and Yannakakis, 1989), in which the objective is to find
the expected shortest path between two nodes in a par-
tially observable graph, where some edges may be non-
traversable. In contrast, here the graph is fully observable
and the agent must visit every node in the graph (some of
them may stop the robot).

The offline adversarial coverage problem was formally
defined in our recent study (Yehoshua et al., 2013). There,
we proposed a simplistic heuristic algorithm to generate a
coverage path that tries to minimize a cost composed of
both the survivability of the robot and the coverage path
length. However, the heuristic algorithm worked only for
obstacle-free areas, and without any guarantees, or analysis
of the problem complexity.

In a follow-up paper (Yehoshua et al., 2014), we
addressed a more specific version of the adversarial cov-
erage problem, namely, finding the safest coverage path.
There we suggested two heuristic algorithms: STAC, a
spanning-tree-based coverage algorithm, and GAC, which
follows a greedy approach. We have shown that these algo-
rithms produce close-to-optimal solutions in polynomial
time. However, the heuristic algorithms could handle only
one level of threats, i.e. the environment could contain
either safe or dangerous areas, in addition to obstacles.

In this paper, we make the following contributions com-
pared with previous works:

1. We extend the heuristic algorithms to handle more than
one threat level. We analyze the total risk and the cov-
erage time of the paths generated by the algorithms as a
function of the number of threat levels.

2. We address the general adversarial coverage problem of
finding a coverage path that takes into account both the
risk and the coverage time. We analyze its complexity,
and show how the heuristic algorithms can be modified
to handle the general case.
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Fig. 1. An example map of the world. Darker shades represent
more dangerous areas.

3. We evaluate the modified algorithms for a new variety
of environment types and settings.

3. The adversarial coverage problem
formulation

The adversarial coverage problem can be defined as follows.
We are given a map of a target area 7', which contains obsta-
cles and also threats, which may stop the robot. We assume
that 7 can be decomposed into a regular square grid with
n cells. Let us denote this grid by G. G contains two types
of cell: free cells and cells that are occupied by obstacles.
Some of the free cells contain threats. In contrast to obsta-
cles that the robot cannot go through, threat locations are
places that the robot must visit, but might be stopped at.
Each free cell i is associated with a threat probability p;,
which measures the likelihood that a threat in that cell will
stop the robot. We define safe cells as cells where the threat
probability is p; = 0, while dangerous cells are those where
pi > 0. The robot can move continuously, in the four basic
directions (north, south, east, west), and can locate itself
within the work area to within a specific cell.

Figure 1 shows an example world map of size 20 x 20.
Obstacles are represented by black cells, safe cells are col-
ored white, and dangerous cells are represented by five
different shades of the same color (appearing as purple
in the paper’s online version and gray in its printed ver-
sion). Darker shades represent higher values of p; (more
dangerous areas).

The survivability of the robot can be measured in two dif-
ferent ways, which imply two different objective functions:

1. The total accumulated risk along the coverage path (i.e.
maximize the probability of covering all the cells).

2. The coverage of the target area before the robot is first
stopped (i.e. maximize the expected number of covered
cells).
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Let us now formally define these objective functions.
First, we denote the coverage path followed by the robot
by A =(ay,as, ..., ay). Note that m > n, i.e. the number of
cells in the coverage path might be greater than the number
of cells in the target area, since the robot is allowed to repeat
its steps. We define the event Sy as the event that the robot
is not stopped when it follows the path 4. The probability
that the robot is able to complete this path is

PSy= J] (1-p) (1)

i€(ay,....am)

Thus, the first objective is to find a coverage path A4 that
maximizes the probability P(S,). Note that in this objec-
tive, the order of visits of the cells is not important, as long
as the number of visits of threat points along the coverage
path is minimized (ideally, visiting each threat point only
once).

For the second objective, we denote the sequence of
newly discovered cells along the coverage path A4 by
(b1, ..., b,). Note that b; # b; for each i # j, and the number
of cells in this sequence is exactly the number of cells in the
grid (n). For each cell in the sequence b;, we will denote the
subpath in A4 that leads from the origin cell a; to it by g;.
Let the number of new cells discovered by the robot until
it is stopped be C,. Then, under the threat probability func-
tion p, the expected number of new cells that the robot visits
until it is stopped can be expressed as

EcCy= Y [J1-pm

i€(by,....bn) JELi

2)

i.e. E( Cy) is the sum of the probabilities of reaching all the
newly discovered cells along the coverage path.

Thus, the second objective is to find a coverage path A
that maximizes the expected coverage E( C4). Note that, in
this objective, the visit order of the cells is crucial, since
the robot is trying to cover as much as possible before get-
ting hit by a threat (ideally, covering all the safe cells before
visiting a single threat point).

To illustrate these definitions, let us consider the fol-
lowing simple grid, which is composed of four cells:
aii,ap,az;, and ay, with the probabilities of danger p;
specified in each cell.

0 0.1
02105

Assume that the initial location of the robot is in cell
ayy (top left corner). Since there are no obstacles in this
grid, there are coverage paths that visit each cell exactly
once. These paths have both minimum length and maxi-
mum probability of completing. In our example, there are
two such coverage paths: 4; =(ay1, a2, axn,az) and 4, =
(a1, az1,an,an). Their probability of completing is the
same and equals

P(S4)=P(S4,)=1-09-0.8-0.5=0.36

However, these paths do not have the maximum possible
expected coverage. The expected number of covered cells
in Ay is

E(Cy)=141-094+1-09-05+1-09-0.5-0.8

=1409+045+036=2.71
€)

A similar computation shows that the expected number
of covered cells in 4, is E( Cy,) = 2.56.

However, the path with the maximum expected coverage
is A3 =(ayy,a12,a11, a1, az). To compute its expected cov-
erage, we first note that the sequence of new cells discov-
ered along this path is (a1, @12, @21, a2z). Thus, the expected
coverage of A3 is

E(Ciy)=141-0941-09-1-08
+1-09-1-0.8-0.5
=1409+40.72+0.36 = 2.98

Therefore, by making one additional step, the robot is
able to raise its expected number of covered cells from 2.71
to 2.98.

In the following sections, we will use the notation S(A4)
to denote the survivability of the robot following coverage
path A. S( A) may refer to either P(S,) or E( Cy4), depending
on the context.

The robot’s task is to plan a path through 7 such that
every accessible free cell in T (including the dangerous
cells) is visited by the robot at least once. In particular,
given T, three questions may be asked:

1. What is the minimum coverage time for 7', and at what
survivability?

2. What is the maximum survivability for 7, and at what
coverage time?

3. Given required levels of survivability and coverage
time, what is the optimal coverage path?

To help answer these questions, we will define the follow-
ing weighted cost function, which takes both survivability
and coverage time factors into consideration. For a given
coverage path 4, define

J(A)=—a - S(A)+p - |4] “)

where o, B > 0 are given upfront, according to the required
balance between the risk and the time factors. |A4| is the
number of steps the robot needs to take in order to com-
plete the coverage path.! Thus, the problem is to find a
coverage path 4 that minimizes the cost function f( 4), i.e.
f(A) < f(B) for all possible coverage paths B.

When o = 0, objective (4) translates to finding a min-
imum time coverage path, regardless of the risk involved.
Achieving this objective will provide an answer to our first
question, which is equivalent to finding a solution to the
general coverage problem. This means that the coverage
problem becomes a special case of the adversarial coverage
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problem. When 8 = 0, the objective translates to finding a
coverage path with minimal risk, without limiting the path
length. Achieving this objective will provide an answer to
our second question. Lastly, setting fixed levels for « and
will provide an answer to our third question. In the last case,
the ratio o/B will determine how strongly the objective
prefers safer coverage paths over shorter ones.

3.1. Problem complexity

We now discuss the complexity of the three problems of
adversarial coverage. We analyze the complexity of each of
the three problems separately.

The first problem, finding a minimum time coverage path
(¢ = 0) is equivalent to the problem of finding Hamilto-
nian walks in graphs. A Hamiltonian walk of a graph G is
a shortest closed walk that passes through every vertex of
G at least once. The problem of finding a Hamiltonian walk
of a given graph is known to be N'P-complete (Nishizeki
etal., 1983).

We now prove that the second problem, finding a cover-
age path with minimum risk (8 = 0), is also NP-hard. To
prove that finding the safest coverage path is hard, we need
to refer to the two different methods for measuring the sur-
vivability of the robot (equations (1) and (2)). We prove this
separately for each measure.

Definition 1. The Safest Coverage with Minimal Risk prob-
lem (SCMR): Given a grid representation of a world that
contains obstacles and threat points, find a coverage path
of the grid with minimum total accumulated risk.

Theorem 1. The SCMR problem is N'P-hard.

Proof. Clearly, this problem is in A/P, since one can easily
guess the coverage path of the robot and then verify its prob-
ability of surviving it in polynomial time. To prove its N/P-
hardness, we will use a reduction from the Hamiltonian
path problem on grid graphs. A grid graph is a finite node-
induced subgraph of the infinite two-dimensional integer
grid (see Figure 2 for an example of a general grid graph).
The Hamiltonian path problem on a grid graph, i.e. the con-
struction of a path that visits every node of the grid graph
precisely once, has been proven to be N'P-complete (Itai
et al., 1982).

Given an instance of the Hamiltonian path problem on a
grid graph G, we construct an instance of the safest cover-
age problem on a target area 7 as follows. For each node
in G we create a cell with a threat point of probability p
in 7. All the other cells in 7" will contain obstacles. This
construction can be done in polynomial time. Clearly, there
exists a Hamiltonian path in G, if and only if the safest
coverage path (with the minimum accumulated risk) in 7
visits each threat point exactly once. Therefore, we can find
if there exists a Hamiltonian path in a given grid graph G,
by constructing 7, finding the safest coverage path in 7" and
then checking if it covers each threat point exactly once.
Thus, SCMR is A/P-hard. O

Fig. 2. An example of a general grid graph.

Definition 2. The Safest Path with Maximum Expected
Coverage problem (SPMEC): Given a grid representation
of a world that contains obstacles and threat points, find a
coverage path that maximizes the expected coverage of the
grid.

Theorem 2. The SPMEC problem is N'P-hard.

Proof. The same construction from the previous proof can
be used to prove the A/P-hardness of the SPMEC problem,
since the target area 7 that was constructed there contained
only threat points with uniform probabilities and obstacles
(no free cells). Thus, a coverage path of 7" with maximum
expected coverage percentage is also a coverage path with
minimum accumulated risk and vice versa. O

We now prove that the third problem, finding a cover-
age path that meets the required levels of survivability and
coverage time, is N'P-complete.

Definition 3. The General Adversarial Coverage Problem
(GACP): Given a grid representation of a world that con-
tains obstacles and threat points, does there exist a coverage
path whose length is < L and whose expected number of
covered cells is > a?

Theorem 3. The GACP problem is N'P-complete.
Proof. See Appendix A.1. O

Given the proven hardness of the problem, it is natural to
look for approximate-solution algorithms.

4. STAC algorithm

The Spanning Tree Adversarial Coverage algorithm (STAC,
shown in Algorithm 1) uses a layered-based approach. It
first covers all the safe cells, using a minimum-risk path to
move between disconnected cells (if there are any). Then it
covers the dangerous areas from the least dangerous ones
to the most dangerous ones, using a minimum-risk path
to move between disconnected cells. In this way, the algo-
rithm tries to cover as many safe cells as possible before
attempting to cover any dangerous cell, and thus maximize
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Algorithm 1 Spanning_Tree_Adversarial_Coverage(G, s)

Input: a grid G and a starting cell s

Output: a coverage path P that covers all reachable cells in G from s

1. P< 0
2: Build the graph H induced from the cells in G
3: R < all cells in G reachable from s
4: Group the cells in R into / 4 1 threat levels, Ty, ..., T;
5: for every threat level i, 0 <i </ do
D; < {clceT;Anc &P}

6
7: Pp, < Create_Safe_Coverage_Path(G, H, D;) {Algorithm 2}
8
9

if i > 0 then
: Ji < lastcellin Pp, |
10: s; < first cell in Pp,
11: Run Dijkstra on A from f;
12: Let 7; be the safest route from f; to s; found by Dijkstra
13: Add m;to P
14: Add Pp, to P
15: return P

the coverage percentage before the robot is first hit by a
threat.

STAC begins by creating the graph H =(V, E) induced
from the grid cells (line 2). In this graph, each cell in G
is represented by a vertex in ¥, and vertices that represent
adjacent cells in the grid are connected by an edge in E.
STAC runs Depth-First-Search (DFS) on this graph in order
to find all the cells that are reachable from the starting cell
s (line 3). Next, it groups the reachable cells into / 4+ 1 (0 <
| < n) distinct threat levels according to their associated
threat probabilities, starting from level 0, which contains
all the safe cells, and ending with level /, which contains
the most dangerous cells (line 4).

The loop in lines 5-14 iterates over all the threat
levels from O to /. For each threat level, it creates a cov-
erage path that connects all the cells that belong to that
level (lines 6 and 7). This is performed using the pro-
cedure Create_Safe_Coverage_Path (CSCP, shown in
Algorithm 2). To combine all the coverage paths for the dif-
ferent threat levels into a complete coverage path, for each
two consecutive threat levels i and i 4 1, the algorithm finds
the safest route between the last visited cell in level i and
the first visited cell in level i + 1. This is performed by run-
ning Dijkstra’s shortest paths algorithm (Dijkstra, 1959) on
the graph H (lines 11 and 12), using the edge weights

if cell j contains a threat
otherwise

&)

This weight function ensures that w; > 1 for edges that
target a dangerous cell, while w; = 1/n (where n is the
grid size) for edges that target a safe cell. In this way, the
cost of visiting one dangerous cell is greater than the cost
of visiting all the safe cells in the grid. Thus, only when
there are two equally safe paths connecting two nodes, we
will prefer the shorter one.

The final coverage path P returned by STAC consists of
the coverage paths for all the threat levels and the route that
connects them.

The procedure Create Safe Coverage Path (CSCP) finds
the safest coverage path that connects all the cells that
belong to a specific threat level. CSCP is composed of five
main stages.

First, it finds all the connected areas of cells that belong
to the given threat level (lines 2 and 3). A connected area is
defined as a connected subset of cells in the grid that belong
to the same threat level. We also define a safe area as a
connected area composed of only safe cells and a dangerous
area as a connected area composed of only dangerous cells.
Figure 3 shows an example of a grid containing two safe
areas and five dangerous areas that belong to two different
threat levels. The two low-threat-level areas are outlined in
yellow and the three high-threat-level areas are outlined in
blue.

CSCP finds the connected areas by first building the
graph G¢ induced from its input group of cells C (line
2). This graph is built in the same way as the induced
graph H in Algorithm 1, but using only the cells in C
as vertices instead of the entire grid’s cells. Then it runs
Depth-First-Search (DFS) on this graph (line 3).

In the second stage, CSCP finds a coverage path for each
connected area by running the Spiral Spanning Tree Cov-
erage (Spiral-STC) algorithm (Gabriely and Rimon, 2003)
(lines 5-9). In this algorithm, a single robot is assumed
to be equipped with a square-shaped tool of size D: any
point within the tool’s area is taken to be visited. The robot
moves by sliding the tool over the area in any of the four
basic directions (north, south, east, west). The work area is
divided approximately into a grid with cells of size D. The
grid is then made coarse, such that each new cell is of size
2D x 2D. Cells that are completely occupied by obstacles
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Algorithm 2 Create_Safe_Coverage_Path(G, H, C)

Input: a grid G, its induced graph H and a group of reachable cells C

Output: a path P that covers all the cells in C
P <0
Build the graph G¢ induced from the grid cells C

Let 44, ..., A} be the connected areas of G¢
for every area 4;, 1 <i < kdo
Run Spiral-STC on 4;
Let 7; be the coverage path generated by Spiral-STC
s; < first node in 7;
fi < last node in m;

R A A e

_ﬂ
<

for everynode f;, 1 <i < kdo
Run Dijkstra on the graph H starting from f;
for every node s;, j # i do

—_ = =
A W~

Build the graph G4 of the connected areas
: Run Christofides on G4

—_ = =
N W

for every area 4}, 1 <i <k do
Add the coverage path i/ of 4} to P
if i < k then

Add the connecting path f ~ s/, to P

o o— —
S 9 x

. return P

NS}
—_

Find the connected components (areas) of G¢ using DFS

Find the safest path f; ~~ s; by traversing the shortest paths tree

Let 4], ..., 4} be the order of the areas along the route found by Christofides

Fig. 3. An example of a grid containing two safe areas and five
dangerous areas that belong to two different threat levels. The low-
threat-level areas are outlined in yellow and the high-threat-level
areas are outlined in blue.

are discarded. The center points of all the remaining cells
are connected to those of their neighbors in the four basic
directions, to form a graph. A spanning tree is then induced
from the graph. The robot follows the edges of this spanning
tree, while covering each 2D-cell internally (see example in
Figure 4). As can be seen, Spiral-STC generates spiral-like
covering patterns.

spanning
tree

coverage path

Fig. 4. An example of Spanning Tree Coverage. Black cells are
occupied by obstacles. The spanning tree, denoted by a thick blue
line, connects all the free coarse grid cells. The coverage path is
the dotted line following along the spanning tree.

The main result is that Spiral-STC covers any planar grid
in O( n) time using a path whose length is at most ( n+m) D,
where n is the number of D-size cells and m < n is the
number of boundary cells, defined next. In practice, m < n,
thus Spiral-STC generates close-to-optimal coverage paths
(Gabriely and Rimon, 2003).
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Definition 4. Boundary cells are cells that share either a
point or a segment with a cell containing an obstacle.

We have introduced a few changes to the original Spiral-
STC algorithm. Specifically, the original algorithm always
returns to the original cell from which it started the cover-
age. In our case, there is no need to do that. As soon as all
the cells in a given connected area are covered, the robot can
immediately proceed to the next area. In addition, Spiral-
STC assumes that the given grid contains an even number
of rows and columns, and thus can be decomposed into
2D-size cells. We have handled coverage of areas with an
odd number of rows or columns, by adding one dummy row
or column of obstacles to the original area, before running
Spiral-STC.

In the third stage, CSCP finds the safest route between
each pair of connected areas (lines 10—13). For this purpose,
it runs Dijkstra’s shortest paths algorithm (Dijkstra, 1959)
on the induced graph H, using the same edge weights as in
equation (5).

In the fourth stage, CSCP finds the safest route that con-
nects all the connected areas (lines 14—16). For this purpose,
it first builds the graph G4 =(Vy, E4). In this graph, each
area in A is represented by a vertex in V,, and the safest
connecting path between two areas in A4 is represented by an
edge in £, whose weight is equal to the total weight of the
connecting path. Then it runs an approximation algorithm
for solving TSP (the Traveling Salesman Problem) on this
graph, in order to find the safest possible route that visits
each connected area exactly once. Since the cost function
here satisfies the triangle inequality, we can use an approxi-
mate algorithm for TSP that returns a tour whose cost is not
more than 1.5 times the cost of an optimal tour (Christofides
algorithm (Christofides, 1976)).

Finally, CSCP combines the coverage paths for each con-
nected area and the route that connects them to create the
final coverage path P (lines 17-20).

4.1. Analysis of the STAC algorithm

We first prove that STAC is complete, i.e. that it generates
a path that covers every reachable free cell in the grid. This
means that a robot following this path is guaranteed to cover
the entire grid with some non-zero probability. We start
with the following lemma, which proves the completeness
of CSCP.

Lemma 1. Procedure CSCP creates a path that covers all
the cells in its input C (completeness).

Proof. In line 3 of the procedure, CSCP splits the cells in
C into k connected areas Ay, ..., A;. Each of these areas is
covered by Spiral-STC (line 6 in CSCP), which is known
to be complete (Gabriely and Rimon, 2003). Since all cells
in C are reachable from the starting cell (this is a precondi-
tion on the input), there must be a connecting route between
all areas A;, which is found in line 14 of the procedure.

Thus, CSCP creates a path that covers all the cells in its
input C. O

Theorem 4. STAC creates a path that covers every free cell
accessible from the starting cell s (completeness).

Proof. STAC invokes CSCP /+1 times (line 7 in Algorithm
1), with group D; each time, which contains all the reach-
able cells from s that belong to threat level i (0 < i < ),
except for cells that are already part of the path P gener-
ated by the algorithm. By Lemma 1, CSCP is complete, thus
all cells in D; are covered, and they are added to P in line
14 of the algorithm. Since every free cell reachable from s
belongs to one of the threat levels 0 < i < [, this guaran-
tees that all free reachable cells are added to P. In addition,
line 13 of the algorithm makes sure that P is a legal path,
by finding a connecting route between the last visited cell in
D;_; and the first visited cell in D; and adding it to P (such a
route must exist since all the cells in D;_; and D; are reach-
able from s). Hence, by the end of the algorithm, P is a path
that covers all the free cells accessible from s. O

We now discuss the run-time complexity of STAC. We
start with the following lemma, which gives the run-time
guarantees of CSCP.

Lemma 2. Let m be the number of cells in the group C
given as input to CSCE, and the number of connected areas
defined by these cells be a. Then CSCP finds a coverage
path of C in O( a®mlogm + a°) time.

Proof. First, CSCP runs DFS on the graph induced from the
cells in C. The running time of DFS is linear in the number
of nodes in the graph, since the graph is sparse (each node
is connected to four neighbors at most); thus, its running
time is O(m). Second, it runs Spiral-STC on each connected
area, which by Lemma 4.1 in Gabriely and Rimon (2003),
covers a region of ¢ cells in O(¢) time. Thus, the time to
cover all the connected areas is O(m). Third, CSCP runs
Dijkstra’s algorithm for each pair of connected areas, which
takes O(mlogm) (since it searches for the shortest path in
the entire graph), for a total of O( a*>mlogm). Finally, it runs
the Christofides algorithm on the graph induced from the
connected areas, with running time O( a*). Hence, the entire
complexity of CSCP is O( a®>mlogm + a*). O

We now use Lemma 2 to analyze the run-time complexity
of STAC.

Theorem 5. Let n be the total number of free cells acces-
sible from the starting cell s, a the number of connected
areas in the given grid G, and | the number of danger-
ous threat levels. Then STAC covers the given grid in
O((a* + D) nlogn + a®) time.

Proof. STAC calls CSCP for each threat level separately.
Let us denote the number of cells that belong to threat level
i (0 < i <) by n; and the number of connected areas that
belong to that level by @;. By Lemma 2, the running time
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of calling CSCP with the cells that belong to threat level i
is O( aizn,-logn,- + af’). Thus, the total running time of these
calls is O( Y"\_, a?n;logn; +a). The sets of connected areas
in the different threat levels are mutually exclusive and their
union is the set of connected areas in the entire grid; thus,
Zﬁ:o a; = a. Therefore, Zgzo a <( Zﬁ:o a;)? = a* and
similarly Y@} <(Y\_,a)’ = a. We also know that
for every 0 < i < [, n; < n. Therefore, the total running
time of the calls to CSCP is bounded by O( a*nlogn + a*).
In addition, STAC executes Dijkstra’s algorithm / times on
the entire graph, in order to find the safest route between
consecutive threat levels. The running time of this step
is O(Inlogn). Hence, the entire complexity of STAC is
O((a* + D) nlogn + a). O

The following corollary provides more specific bounds
on STAC’s run time for specific types of environments.

Corollary 1. In environments with randomly scattered
threats, the run-time complexity of STAC is O(n’logn),
which is the run time in the worst case. Conversely, in envi-
ronments with a small number of contiguous dangerous
areas, STAC s run-time complexity is O( Inlogn).

Proof. When the threats are randomly scattered across the
environment, each dangerous area contains a small num-
ber of threats (typically only one threat). Thus, the number
of dangerous areas has the same order of magnitude as the
number of threats, which is a fraction of the number of
cells in the grid. Hence, a = ©(n). We also know that
the number of threat levels is smaller than the number of
cells in the grid, i.e. / < n. Thus, by Theorem 5, the run-
time complexity of STAC is O( n*logn). Clearly, this is the
worst-case run time, since a,/ < n. Conversely, when the
threats are concentrated in a small number of contiguous
areas, a = O( 1), and in such environments, the run-time
complexity of STAC is O(/nlogn). O

We now establish bounds on the minimum probability of
completion and the length of the coverage path generated
by STAC. We start with the following definition.

Definition 5. Connecting cells are cells that reside on a
connecting path between two different connected areas.

The following lemma establishes a bound on the number
of times STAC visits a connecting cell.

Lemma 3. Let [ be the number of dangerous threat levels.
Then a cell c is visited by STAC at most 2(1+ 1) times along
a connecting path between two different areas.

Proof. See Appendix A.2. O

Using Lemma 3, we can now prove the following theo-
rem.

Theorem 6. Let [ be the number of dangerous threat levels.
Denote the number of cells that belong to threat level i by n;

(0 <i <), and assume that out of them there are b; bound-
ary cells and c; connecting cells. Let the threat probabilities
of these levels be py, ..., p; (po = 0). Then the coverage path
generated by STAC covers the given grid using a path whose
length is at most Zf:o( n; + b; + 2lc;) and its probability of
completing is at least

i
l_[( 1 _pi)n,'+b,'+216,~

i=1
Proof. See Appendix A.2. O

Notice that the ideal coverage path length and surviv-
ability probability are achieved when the robot visits every
cell exactly once. Thus, the ideal coverage path length is
n, where n is the number of free accessible cells in the
grid, and the ideal completion probability is []_;(1 —
pi)". In most environments, this ideal probability can-
not be attained, since the robot has to repeat its steps to
complete the coverage. However, as shown by the next
corollary, when the threats are concentrated in contigu-
ous areas, STAC typically generates a coverage path whose
survivability probability is very close to the ideal value.

Corollary 2. When the threats are concentrated in con-
tiguous areas, STAC typically generates a coverage path
whose probability of completing is close to the ideal value,

[T (1 = pay™.

Proof. In each connected area, the number of boundary
cells is typically much smaller than the total number of cells
in that area (Gabriely and Rimon, 2003). This is because
boundary cells are cells that touch cells with obstacles; thus,
if there are too many boundary cells within an area, this area
cannot remain connected, owing to the presence of obsta-
cles within that area. Thus, for each threat level i, b; < n;.
In addition, when the threats are concentrated in contigu-
ous areas, there is typically a connecting path between the
different areas that is entirely safe (i.e. consists of only safe
cells). Thus, the number of dangerous connecting cells that
belong to threat level i is much smaller than the number of
cells that belong to this level, i.e. ¢; < n;. In addition, the
number of threat levels is small in relation to the number of
cells that belong to level i, i.e. / < n;. Thus, for each threat
level i, n; + b; + 2lc; =~ n;. Now, by Theorem 6, STAC gen-
erates a coverage path whose probability of completing is at
least

! !
1_[( 1 _pi)”i+bi+2k’i ~ H( 1—p)
i=1

i=1

O

In addition to finding the safest coverage path, STAC can
also be used to find the shortest coverage path, by ignoring
the threats in the environment (i.e. treating all the dangerous
cells as safe cells). In this case, STAC behaves exactly like
Spiral-STC, and the length of its coverage path is bounded
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by n + b, as shown by the next corollary. In most typi-
cal environments b < n, and in such environments STAC
generates paths whose length is close to the ideal value n.

Corollary 3. Let n be the total number of free cells accessi-
ble from the starting cell s, and b be the number of boundary
cells. If the given environment contains no threats or threats
are ignored, then STAC generates a coverage path whose
length is bounded by n + b.

Proof. In environments with no threats, there is only one
threat level (level 0), and all the free cells that are reachable
from the starting cell belong to one connected safe area.
Thus, there are no connecting cells between different areas
(¢; = 0). By Theorem 6, in this case STAC generates a
coverage path whose length is at most n + b. O

One of the main benefits of the layered approach uti-
lized by STAC is that it can guarantee a minimum expected
coverage until the robot is first hit by a threat. The next theo-
rem establishes a minimum bound on the expected coverage
obtained by the STAC algorithm. This bound is dependent
upon the order in which the different threat-level regions are
visited by STAC. Nevertheless, a comparison between this
bound and the ideal expected coverage is provided after the
theorem.

Theorem 7. Let [ be the number of dangerous threat levels.
Let the threat probabilities of these levels be py, ..., p; (po =
0). Let A; 1, ..., A, be the connected areas of threat level i,
arranged in the order of their visit by STAC. Let |A;;| be
the size of area A;j and m;; the number of cell visits needed
to cover this area (m;; > |A;;|). Let C;; be the set of cells
on the connecting path between two consecutive areas A;;
and A;jy1 (1 <j < ki — 1), and Ciy, be the set of cells on
the connecting path between the last area of threat level i
and the first area of threat level i + 1. Denote by P(C;j)
the probability of traversing the cells in C;; without being
hit by a threat. Then the expected number of visited cells
before the robot is neutralized is at least

! ki i—1 ke kx
ES 3 [1‘[ [(1=po™=" [T P(C) |

i=0 j=1 Lx=0 y=1

, Jj=1
Y X
(1= p>=1"is TTP(Ciz) } 4351
z=1
(6)
Proof. See Appendix A.3. O

Notice that the ideal expected coverage is attained when
the robot visits the cells precisely in increasing order of their
threat probabilities, i.e. when it first visits all the safe cells,
then all the cells with threat probability p;, etc. Thus, if we
denote the cells that belong to threat level i by ¢; 1, ..., Ciy;»
then the ideal expected coverage is

ni i—1

iz [T =po 1 =py! (1)

i=0 j=1 x=0

In most environments the ideal expected coverage can-
not be attained, since typically some of the cells that belong
to a given threat level are disconnected, and the robot has
to visit cells that belong to a higher threat level or revisit
threat points that have already been covered in order to
move between the disconnected cells. In these cases, the cell
visits cannot precisely follow the order of the threat levels.

By comparing equations (6) and (7), we can see that the
gap between the ideal expected coverage and the expected
coverage achieved by STAC depends on the quality of the
coverage algorithm of each connected area (which deter-
mines the gap between n, and Zﬁ‘;l my,) and the quality
of the connecting paths between the areas (which deter-
mines the values of the expressions ]—[ﬁ; , P(C,,)). Finding
an optimal solution to each of these problems is A/P-Hard,
since the first one requires finding a coverage path with min-
imum length of each area (shown to be A/P-Hard in Section
3), and the second one requires a solution to a TSP prob-
lem. However, STAC uses good approximations for both
problems. For the coverage of each area it uses Spiral-STC,
which creates a close-to-optimal coverage path, and for the
connecting paths it uses the Christofides algorithm, which
provides a 1.5-approximation solution to the underlying
TSP problem.

To conclude, in this section we have shown that STAC
is complete, analyzed its run-time complexity, and proven
optimality bounds on the path length, survivability prob-
ability and expected coverage of its generated coverage
paths. We have also shown that its expected coverage
is close to optimal, and that, in some types of environ-
ments, its coverage path length and survivability probability
are also near-optimal. Table 1 summarizes the theoretical
results proved in this section.

5. GAC algorithm

The Greedy Adversarial Coverage (GAC) algorithm follows
a greedy approach, where in each step it leads the robot to
the safest nearest cell to its current location that has not
been covered yet (see Algorithm 3). The algorithm first
builds the graph H, which is induced from the grid cells
(line 2). This is the same graph that was built in Algorithm
1. Then in each iteration of its main loop (lines 5-10), it
runs Dijkstra’s shortest path algorithm (Dijkstra, 1959) on
H, in order to find a minimum weighted path between the
robot’s current location and all the other cells in the grid
(line 6).> From Dijkstra’s shortest paths tree, it finds an
unvisited cell, which has a minimum weighted route from
the current location of the robot (line 7). Then it extends
the coverage path to that cell (line 8), marks the cell as vis-
ited (line 9) and continues from that cell (line 10). This loop
continues until all the grid cells have been covered.

The weight function used for the graph’s edges deter-
mines which type of coverage path GAC will search for.
Let us denote by w;; the weight of the edge between the
nodes representing cells 7 and j in the grid’s graph. Then the
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Table 1. Summary of results in Section 4.

Question Complexity or bounds

Theorem No.

Run-time complexity O((a* + Iynlogn + a®)

O(n’logn)
Safest path length < Zﬁzo(nl- + b; + 2lc;)
Shortest path length <n+b

> Hf:l(l _pl_)ni+bi+2[ul-
ki

Survivability probability

Expected coverage

kx J .
i— o My Tk =1 Miy TP
= ool + Yio Xy [H;:t) [(1= ™=t I, PGy [ (1= pPo=t ™ H’yzlP(Cf,.n]lAml

Theorem 5
Corollary 1
Theorem 6
Corollary 3
Theorem 6

Theorem 7

weight function is defined as

w { —D -log(1 —p;)+1 ifcellcontains a threat
i = 1

otherwise
()

Here we can see that edges that target safe cells have a
uniform fixed weight, which represents the cost of making
one step in the grid. Conversely, the weight of edges that
target dangerous cells include, in addition, a penalty term
—D -log(1— p;) for making a risky step. This term uses the
function f(x) = —log(1 — x), which is positive and mono-
tonically increasing over the interval 0 < x < 1. Since
0 < p; < 1, this means that transitions to cells with higher
threat probabilities have higher costs than transitions to
cells with lower threat probabilities. The reason for choos-
ing f specifically as the weight function will become clearer
when we prove the correctness of the algorithm (Theorem
10).

D > 0 is a fixed penalty assigned to making a risky
move in the grid. Its value should be set according to the
desired balance between the risk and the coverage time, as
defined by the relation /8 in the objective function (equa-
tion (4)). The higher this penalty is, the more willing the
robot would be to make redundant steps in order to reduce
the risk involved, at the expense of increasing the coverage
time. For instance, setting D = 0 will make the algorithm
find the shortest coverage path, while setting D = oo will
make it find the safest coverage path. To help us calibrate
the value of D according to the objective function, we will
define that when « = S, i.e. when the risk and the cov-
erage time factors have equal importance, the penalty on
making a move to a dangerous cell (with a minimum threat
probability) will be equal to making one step in the grid. In
particular, if py;, is the minimum threat probability, then D

is
o 1

B log(1— pmm) )

Using this value of D will make the weight of an edge

that targets a cell with minimum threat probability be equal

to w; = 2 when a = B, i.e. the penalty for making a risky

step will be 1, the same as the cost of making one step in
the grid.

5.1. Analysis of the GAC algorithm
We start by proving that GAC is complete.

Theorem 8. GAC creates a path that covers every free cell
accessible from the starting cell s (completeness).

Proof. All reachable cells from the starting cell s have a
path that connects them. Thus, all of them will eventually
become the node v in line 7 of the algorithm, which is added
to the coverage path returned by the algorithm. O

We now consider the run-time complexity of GAC.

Theorem 9. Let n be the total number of free cells accessi-
ble from the starting cell S. Then GAC covers the given area
in O(n*logn) time.

Proof. Since the graph is sparse (|E| = O(|V])), running
Dijkstra’s algorithm on the entire graph takes O(nlogn)
time, and the GAC algorithm runs it # times. O

We now prove the correctness of the greedy step, i.e. that
by using the weight function defined in equation (8), the
algorithm finds the optimal path to the next unvisited cell.

Theorem 10. In each cycle, GAC finds the optimal path
from the current location of the robot to an unvisited cell in
the grid (correctness).

Proof. See Appendix A.4. O

We now establish bounds on the minimum completion
probability and the length of the safest coverage path gen-
erated by GAC. We start with the following lemma, which
establishes a bound on the number of visits in each cell.

Lemma 4. Let [ be the number of dangerous threat levels.
Consider a cell c that belongs to threat level i, 0 < i < [.
Then c is visited at most 4(1 — i + 1) times along the safest
coverage path generated by GAC.

Proof. Consider an outgoing edge e from cell c. Let us
denote the group of cells which are accessible from e by
A. The first time the algorithm traverses e, it is guaranteed
that it will cover all the cells in A that belong to a threat
level < i, and can be reached from e without going through
a cell that belongs to a threat level higher than i, before it
returns to c. This is because any path from a cell in 4 to a
cell not in 4 will have to go back through ¢, and thus will
have a higher risk than any path to a cell in 4 that belongs
to a threat level < 7, and will be longer than any path to a
cell in A that belongs to threat level i (by the definition of
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Algorithm 3 Greedy_Adversarial_Coverage

Input: a grid G and a starting cell s

Output: a coverage path P that covers all reachable cells in G from s

P«

Add the starting cell s to P

Mark s as visited

while not all reachable cells in G have been visited do
Run Dijkstra’s shortest paths algorithm from s

Add the path s ~ vto P
Mark v as visited

s <V

: return P

A e A A R A v

—_ =
—_ O

Build the graph H induced from the grid G with the weight function w

v <— the node in A with the minimum weighted distance from s that has not been visited yet

the weight function (8), if two paths are equally safe, GAC
will prefer the shorter one).

The next time the algorithm traverses e, it will visit a cell
¢’ in A that belongs to a threat level £ > i. This time, it is
guaranteed that the algorithm will cover all the cells in 4
that belong to a threat level < £, and can be reached from
e without going through a cell that belongs to a threat level
higher than k, before it returns to c¢. This is because cells
that belong to a threat level < k and that are not in 4 should
have already been visited before the algorithm returned to
A (since they had a safer path than the path to cell ¢').

The next time the algorithm traverses e, it will cover all
cells that belong to a higher threat level m > k, and so on,
until the algorithm covers the cells in the highest threat level
that are reachable from e. In the worst case, 4 contains cells
that belong to all threat levels i,i + 1, ..., I. In this case, the
algorithm will have to traverse edge e [ — i + 1 times.

We know that cell ¢ is connected to at most four edges in
the grid graph. Therefore, c is visited at most 4(/ — i + 1)
times along the safest coverage path generated by GAC. [

Using Lemma 4, we can now prove the following theo-
rem.

Theorem 11. Let [ be the number of dangerous threat lev-
els. Denote the number of cells that belong to each threat
level by ny, ..., n; and the threat probabilities of these levels
by po, ....p1 (po = 0). Then the safest coverage path gen-
erated by GAC covers the given grid using a path whose
length is at most Zf:o [4ni(l —i+ 1)] and its probability
of completing is at least ]_[ﬁzl( 1 — py)¥nid=rh),

Proof. Consider a cell ¢ that belongs to threat level i. By
Lemma 4, ¢ is visited in GAC at most 4(/ — i 4+ 1) times.
Since there are n; such cells, the number of visits to cells
that belong to threat level i is at most 4n;(/ — i+ 1). Hence,
the length of the safest coverage path generated by GAC is
at most Zzl:o [4n(I—i+1)].

The probability that the robot will not be stopped in a cell
that belongs to threat level i is 1 — p;. Hence, the probability

that the robot will be able to complete its coverage is at least
l_ﬁ:l( 1 _pi)4n,-(l—i+l)' O

The next theorem establishes an upper bound on the
length of the shortest coverage path generated by the GAC
algorithm. The shortest coverage path is obtained when
GAC is executed on an environment that contains no threats
or when the risk penalty is set at D = 0.

Theorem 12. Let n be the total number of cells in the acces-
sible grid. Then the shortest coverage path generated by
GAC covers the given grid using a path that contains at
most 4n cells.

Proof. The outline of the proof is similar to the proof of
Lemma 4. Consider an outgoing edge e from a given cell c.
Let us denote the group of cells that are accessible from e by
A. The first time the algorithm traverses e, it is guaranteed
that it will cover all the cells in 4 before it returns back to c,
since any path from a cell in 4 to a cell not in 4 will have to
go back through ¢, and thus will be longer than any path to a
cell in 4. Cell ¢ is connected to at most four edges in the grid
graph, thus c is visited by GAC at most four times. Hence,
the coverage path generated by GAC contains at most 4n
cells. O

To conclude, in this section we have shown that GAC
is complete, analyzed its run-time complexity, and proven
optimality bounds on the path length and survivability prob-
ability of its generated coverage paths. Although GAC’s
theoretical bounds are not as tight as STAC’s, in the next
section we will see that, in practice, GAC often outperforms
STAC. Table 2 summarizes the theoretical results proved in
this section.

6. Experimental results

In previous sections we have theoretically analyzed the two
proposed algorithms, STAC and GAC, and provided various
optimality bounds on their solutions. As we have shown,
some of these bounds are not tight, and others are tight only
in certain types of environment. Therefore, in this section,
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Table 2. Summary of results in Section 5.

Question Complexity or bounds Theorem No.
Run-time complexity O(n*logn) Theorem 9
Safest path length < Z£=o [4n,~(l — i+ 1)] Theorem 11
Shortest path length <4n Theorem 12
Survivability probability > ]_[11-:1( 1 — py)*nit=i+D) Theorem 11

Expected coverage Open question

we evaluate the performance of these algorithms in various
types of simulated environment and compare their behavior
in practice with their theoretical bounds. We use specific
maps to illustrate the operation of the algorithms and we
also report on the statistical analysis of their behavior based
on several randomly generated maps with varying parame-
ters, such as the number of obstacles, the number of threat
levels, the distribution of the threats, etc. Furthermore, we
compare different types of coverage paths generated by
the algorithms. In particular, we examine the shortest path,
the safest path, and paths that target specific risk and time
levels.

6.1. Finding the shortest coverage path

To find the shortest coverage path, we set « = 0 in
the objective function. For GAC, this means that the risk
penalty D would be set at 0; thus, all the threats in the map
would be ignored. To use STAC to find the shortest cover-
age path, we can just treat all the cells in the grid other than
obstacles as if they were safe cells.

To illustrate the operations of the algorithms, Figure 5
shows the shortest coverage paths found by STAC (in the
upper figure) and GAC (in the bottom figure) on a sample
map.

This map consists of 10 x 10 square cells, out of which
30% contain threat points, 20% contain obstacles and the
other 50% are free and safe. The threat points are divided
into five different threat levels with the following threat
probabilities: 0.6%, 1.2%, 1.8%, 2.4%, and 3%. Changing
the absolute values of these probabilities does not affect the
coverage paths generated by the algorithms; it just affects
the scaling of the results. Both the threat points and the
obstacles are randomly scattered across the map. The start-
ing position of the robot is cell (1,1). The number of times
the robot has visited each cell along the coverage path is
indicated within that cell, and the coverage path is denoted
by a solid line.

In this map, the length of the coverage path generated by
STAC (upper figure) was 117, while the length of the cover-
age path generated by GAC (bottom figure) was 105. Since
both algorithms in this case ignore the risks on the map, the
coverage path length determines the probability of complet-
ing the coverage. In this case, STAC’s coverage completion
probability was 46%, while GAC’s coverage completion

Fig. 5. Shortest coverage paths on a sample map with randomly
scattered threats. The upper figure shows STAC’s coverage path
while the bottom figure shows GAC’s coverage path on the same
map. The robot starts the coverage in cell (1,1). The number in
each cell indicates the number of visits in that cell.

probability was 51.31%. The expected coverage probabil-
ity can change arbitrarily between different maps, since the
order of the threat levels for each visit is not determined.
The reason for the longer coverage path of STAC is that
its coverage path circumscribes a spanning tree, and when
one of the tree edges leads to a dead end, the robot has to
repeat its steps in order to get out of the dead end. For exam-
ple, the cells (3,3) and (3,4) are visited by STAC three times
and twice, respectively, whereas they are visited by GAC
only twice and once, respectively. This is because these cells
belong to the 2 x 2 cell (let us denote it by x) that contains
inner cells (3,3), (3,4), (4,3), and (4,4). There is a tree edge
that connects this cell to the 2 x 2 cell y that contains inner



1432

The International Journal of Robotics Research 35(12)

480 T
—— STAC
460 — ~ GAC

440

Total Path Length

420 -

400 s s s s s s
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

200

150 -

100 _.-

Redundant Steps

50 -7

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Obstacle ratio

Fig. 6. Total path length and number of redundant steps for
different obstacle ratios.

cells (3,5), (3,6), (4,5), and (4,6). The algorithm first visits
large cell y, and then it enters cell x via its inner cell (3,4).
Then cell (3,3) is visited twice on the path to cells (2,3) and
(4,3), and once again when the algorithm returns from cell
x to cell y via the same tree edge.

After analyzing the shortest coverage paths generated
by the algorithms on a specific map, we now describe the
results of running the algorithms on 500 randomly gener-
ated maps with obstacle ratios between 0% and 35%, in
steps of 1% (in higher ratios of obstacles, most of the gen-
erated maps are disconnected). The threat ratio was set at
30%. However, this ratio was irrelevant, since in order to
find the shortest coverage path, both algorithms ignore the
threats. In all experiments, we used map sizes of 20 x 20
and the locations of the obstacles were randomly chosen.

Figure 6 shows the results. In addition to the coverage
path length, we also compare the number of redundant steps
the robot has made along the coverage path, i.e. the number
of cells revisited. This measure reflects more accurately the
impact of the obstacle ratio on the algorithms’ performance
since, as this ratio increases, there are fewer free cells in
the map that need to be covered, but the robot has to make
more redundant steps in order to complete the coverage.
We do not report on the expected coverage percentage here,
since both algorithms ignore the risks in this case; thus, the
expected coverage depends entirely on the environment.

As shown in the graph, in both algorithms, as the obsta-
cle ratio increases, the coverage path gets longer until
some ratio (19% for STAC and 32% for GAC) and then
it decreases, since the environment contains fewer free cells
to cover. However, the number of repetitive steps contin-
ues to increase. In both measures, GAC outperforms STAC
(the results are statistically significant; one-tailed ¢ test, P =
1.998 x 10716). Conversely, the run time of STAC was an
order of magnitude faster than GAC’s. Its average run time
was 0.0006 seconds, while GAC’s average run time was

0.189 seconds. Therefore, in environments with no threats
or when threats are ignored, GAC attains shorter coverage
paths at the expense of increased computation time.

An interesting observation to be made from Figure 6 is
that the graph of GAC’s redundant steps is almost linear,
i.e. the number of redundant steps added to GAC’s coverage
path is approximately the same as the number of obstacles
added to the environment.

We can also observe that the experimental results match
the theoretical bounds. The path length generated by STAC
is less than n + b < 2n (Corollary 3), and the path length
generated by GAC is less than 4n (Theorem 12). In fact,
GAC’s shortest path length was significantly lower than its
theoretical bound: its maximum value was 1.64n (this value
was obtained when the obstacle ratio was 35%, the number
of free cells was n = 260 and GAC’s path length was L =
427 =260 - 1.64).

6.2. Finding the safest coverage path

To find the safest coverage path, we set 8 = 0 in the objec-
tive function. For GAC, this means that the risk penalty
value should be set at D = oo (equation (9)). However,
when D = oo, the weights of all the edges that connect to
dangerous cells are equal; thus, the algorithm cannot distin-
guish between threat points with different threat probabili-
ties. Instead, we will set D such that the cost of moving into
a cell with a minimum threat probability will be equal to the
cost of covering the entire grid; thus, in each greedy step,
GAC will always favor the longest possible safe path over
a path with only one risky step. Specifically, if #» denotes
the number of accessible cells in the grid and pp,, is the
minimum threat probability, then D is set at

n
D=——— (10)
10g( 1 _pmin)

We have examined the safest coverage paths created by
the algorithms in various types of environment and settings.
In particular, we have observed noticeable differences in the

behavior of the algorithms on maps with randomly scattered
threat points versus maps with contiguous dangerous areas.

6.2.1. Randomly scattered threat points. We first examine
the safest coverage paths generated by the algorithms on
the same sample map from the previous section. Figure
7 shows the safest coverage paths found by STAC (in the
upper figure) and GAC (in the bottom figure) on this map.

The expected coverages for STAC and GAC were 85.01%
and 79.91%, respectively, while the probabilities of com-
pleting the coverage were 43.84% and 53.23%, respectively.
Thus, STAC achieves better expected coverage, but its cov-
erage is less likely to complete. The coverage path length
was 248 for STAC and 184 for GAC.

Comparing the shortest and the safest coverage paths
reveals that STAC was able to raise the expected coverage
by 12.69 percentage points from the shortest to the safest
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Fig. 7. Safest coverage paths on a sample map with randomly
scattered threats. The upper figure shows STAC’s coverage path
while the bottom figure shows GAC’s coverage path on the same
map. The robot starts the coverage in cell (1,1). The number in
each cell indicates the number of visits in that cell.

path. This increase was at the expense of increasing the
path length by 131 steps, which also caused the probability
of completing the coverage to decrease by 2.16 percentage
points. Conversely, GAC was able to raise the expected cov-
erage by 6.47 percentage points from the shortest to the
safest path, while also increasing the probability of com-
pleting the coverage by 1.92. GAC’s path length increased
by 79 steps. Hence, STAC’s increase in expected coverage
was better; however, its completion probability decreased
and there was a higher increase in its path length.
Analyzing the coverage paths created by the algorithms
reveals the difference in their behavior. In Figure 7, both
algorithms start by covering the upper-left safe area that
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Fig. 8. Expected coverage percentage, probability of completing
the coverage, and total path length for different threat ratios in
environments with randomly scattered threat points.

contains the cells (1,1), (1,2), (2,2), (2,3), (3,2), (4,1), (4,2),
and (4,3). When STAC finishes covering this area, it moves
to the next closest safe area, which contains the single cell
(6,1), via the dangerous cells (5,2) and (6,2). Conversely,
when GAC finishes covering this area, it visits cell (5,2) but
then it goes back to visit dangerous cells (3,3) and (2,1),
since they belong to a lower threat level than cells (6,2) and
(3,4), which separate the first safe area from the next safe
areas in the map. This causes the greedy algorithm to visit
two more dangerous cells before moving to the next safe
area, which explains its lower expected coverage.

After analyzing the safest coverage paths generated by
the algorithms on a specific map, we now describe the
results of running the algorithms on 500 random maps. We
compare the expected coverage, the probability of complet-
ing and the path length of these coverage paths for threat
ratios in the range between 0.0 and 0.5, in steps of 0.01. In
all experiments, we used a map size of 20 x 20 and the ratio
of obstacles was 20%. As in the previous section, there were
five threat levels and the threat probabilities were uniformly
dispersed between 0.6% and 3%. The locations of the threat
points and the obstacles were randomly chosen.

Figure 8 shows the results. As can be seen, in both algo-
rithms the expected coverage and the probability of com-
pleting the coverage decrease as we add more threats to the
map. The coverage path length increases until the threat
ratio reaches around 25% and then it starts decreasing.
This is because, beyond this level, adding more dangerous
cells to the grid leads to a decrease in the number of con-
nected dangerous areas, since more dangerous cells become
connected to each other. As a result, the connecting path
between dangerous areas becomes shorter and there is less
repetitive coverage in the transition between different areas.

Figure 8 also shows that in environments with randomly
scattered threats both algorithms have similar expected
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coverage and completion probability. However, STAC con-
sistently produces coverage paths with better expected cov-
erage (up to 3 percentage points difference), while GAC
produces shorter coverage paths with higher probability of
completion (up to 5 percentage points difference). The rea-
son for the similar results in this case is that when the threats
are randomly scattered across the map, splitting the map
into connected areas of the same threat level (typically each
one containing only one cell) does not affect the visit order
of the dangerous cells, i.e. both algorithms visit the threat
points in the order of their threat probability.

We can see that the gap between STAC’s and GAC’s
expected coverage widens as we add more threats to the
map. When we add more threats to the map, more dan-
gerous cells become connected and the dangerous areas
become larger. Thus, STAC gains higher expected cover-
age, since it does not get stuck in a higher-risk dangerous
area before moving to a lower-risk area.

Conversely, GAC creates shorter coverage paths than
STAC; since it is not forced to visit the cells in the order of
their threat levels, it experiences fewer revisits of cells in the
transitions between different dangerous areas, which may
contain dangerous cells from lower threat levels. Moreover,
as we saw in the previous section, GAC’s internal coverage
of each connected area is more efficient than STAC’s (at
the expense of computation time). The gap between GAC’s
and STAC’s completion probability widens as we add more
threats to the map, until the threat reaches around 25%,
where the path lengths are maximal, and then it starts nar-
rowing again. This is because, beyond this threat ratio, there
are less dangerous areas, thus STAC makes fewer revisits to
threat areas on connecting paths between the areas.

We now examine the effect of changing the number of
threat levels on the performance of the algorithms. We com-
pare the performance of both algorithms for a varying num-
ber of threat levels in the range between 1 and 20. The threat
ratio was set at a fixed level of 30%. The other map set-
tings remained as in the previous experiment. The results
are shown in Figure 9.

We can see that as the number of threat levels increases,
the expected coverage percentage increases for both algo-
rithms. This is because as we add more threat levels, there
are more cells with lower risk levels; thus, both algorithms
are able to cover more cells before visiting the cells with
higher risk levels. STAC obtains statistically significant
higher coverage than GAC (average one-tailed ¢ test, P =
0.0021). However, the difference between the two algo-
rithms becomes narrower as the number of levels increases.
This is because when there are more cells that belong to
lower threat levels, GAC can find its way out of a dangerous
area more easily via cells with lower risk levels.

We can also see that as we add more threat levels, the
coverage path length of both algorithms increase. STAC’s
path length is more affected than GAC’s path length by
the additional number of threat levels. This is because
when the number of threat levels increases, STAC has to
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Fig. 9. Expected coverage, probability of completing the cover-
age, and total path length for different numbers of threat levels.

perform more iterations for coverage. In each iteration, it
needs to cover all the dangerous areas that belong to a
certain threat level, while revisiting cells that belong to
lower threat level on the connecting paths between these
areas. Thus, adding more threat levels incurs more cell
revisits, which also affects the expected coverage and the
completion probability.

As we add more threat levels, GAC’s completion prob-
ability continues to increase. This is because the threat
ratio and the maximum threat probability remain the same
throughout the experiments; thus, as we add more threat
levels, the total risk of all the threat points in the map
decrease. Conversely, STAC’s probability of completing the
coverage almost does not change when there are more than
four threat levels, since the decrease in the total risk is bal-
anced with the increase in the path length (which in turn
adds more threat revisits).

6.2.2. Contiguous areas of threats. Until now, we have
considered environments that contain randomly scattered
threats. However, in real-world environments, the threats
may be concentrated in specific areas of the environment,
e.g. in damaged parts of a nuclear plant that need to be
surveyed by the robot, or in areas of the battlefield with
concentrated enemy forces. Therefore, we now examine
environments where the threats are confined to contiguous
areas and not scattered across the map. All the cells inside a
given dangerous area belong to the same threat level, which
is randomly chosen. Figure 10 shows an example of a map
of such an environment. This map contains six dangerous
areas having five different threat levels. The ratio of obsta-
cles was 20% and their locations were randomly chosen.
The ratio of dangerous cells was 30%.

The expected coverages obtained by STAC and GAC
were 71.68% and 60.51%, respectively. The probability of
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Fig. 10. An example map with contiguous dangerous areas. The
upper figure shows STAC’s coverage path while the bottom figure
shows GAC’s coverage path on the same map. The robot starts
the coverage in cell (1,1). The number in each cell indicates the

number of visits in that cell.

completing the coverage for STAC was 3.44% and for GAC
it was 8.9%. Thus, STAC achieves better expected coverage,
but its coverage is more unlikely to complete. STAC’s cov-
erage path length was 768, and GAC’s coverage path length
was 538.

We can learn from this map why STAC typically achieves
better expected coverage than GAC at the expense of lower
completion probability. GAC does not take into account
the order of the threat levels when covering the connected
areas. After covering the safe cells in the upper region of
the map (from the first row to row no. 7), it covers the two
dangerous areas in the upper region, before moving to visit
other safe areas. Conversely, STAC, after covering the safe
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Fig. 11. Expected coverage, probability of completing the cover-

age, and total path length for different numbers of dangerous areas

in environments with contiguous areas of threats.

areas in the upper region, moves to the lower region of the
map before covering any dangerous area, using the cells
(9,12) and (10,12) as a connecting path between the regions.
Dangerous cells that reside on a connecting path between
different areas undergo repeated visits by STAC (for exam-
ple, cells (2,12), (3,12), (4,12), (9,12), and (10,12)), which
causes STAC’s coverage path to have a higher accumulated
risk. In addition, we can see that STAC’s internal coverage
of each dangerous area is less efficient than GAC’s (for the
same reason that causes difference between their shortest
coverage path lengths).

After analyzing the safest coverage paths generated by
the algorithms on a specific map, we now describe the
results of running the algorithms on 500 random maps with
contiguous dangerous areas. Figure 11 compares the algo-
rithms’ performance for a varying number of dangerous
areas, between 2 and 40. We used the same map settings
as in the maps with randomly scattered threats. The ratio of
dangerous cells was set at 30%.

Figure 11 shows that, in both algorithms, as we add more
dangerous areas, the expected coverage and the probabil-
ity of completing the coverage decrease, while the coverage
path length increases. The reason for the decrease in the
expected coverage is that when there are more dangerous
areas there is a greater partition of the safe cells into sepa-
rate safe areas. Thus, the robot is able to cover fewer safe
cells before hitting the first dangerous cell.

The reason for the increase in the coverage path length is
that when there are more dangerous areas, the connecting
path between dangerous areas that belong to the same level
is longer; thus, the algorithms need to revisit more lower-
risk cells when moving between the higher-risk cells. This,
in turn, causes the probability of completing the coverage to



1436

The International Journal of Robotics Research 35(12)

@
o

~
o
\
1
1
\
\
I
|

o
o

Expected Coverage %

(2]
o

\

\

I
|

%)
23
o)

Prob. To Complete %

Total Path Length
~
o
o

2 4 6 8§ 10 12 12 16 18 20
Threat levels

Fig. 12. Expected coverage percentage, probability of completing

the coverage, and total path length for different numbers of threat

levels in environments with contiguous areas of threats.

decrease. It has a more significant impact on STAC’s cover-
age path than on GAC’s, since STAC needs to cover all the
areas that belong to a given threat level before moving to
the next level.

The probability of completing the coverage also
decreases as the dangerous cells are split into more areas.
However, when the number of areas reaches 10, adding
more areas does not lead to any additional effect on cover-
age completion probability (it remains around 4% for STAC
and 8% for GAC).

In environments with contiguous areas, the gap between
STAC’s and GAC’s performance becomes more conspicu-
ous. STAC consistently generates coverage paths that have
better expected coverage than GAC (between 4 and 6 per-
centage points difference, which is statistically significant;
one-tailed ¢ test, P = 2.669 x 10~2%), while GAC consis-
tently achieves a higher probability of completing the cov-
erage (between 4 and 5 percentage points difference, which
is statistically significant; one-tailed ¢ test, P = 2.696 x
107°%). As we add more dangerous areas, the gap between
STAC’s and GAC’s expected coverage narrows; when there
are more dangerous areas, each dangerous area contains a
smaller number of cells, thus there is less chance that GAC
will get stuck in a dangerous area before covering all the
safe cells. We can also see that as the number of dangerous
areas increases, the results become close to those of the case
for randomly scattered threats.

We now examine the effect of changing the number of
threat levels in maps with contiguous dangerous areas. We
compare the performance of both algorithms for a varying
number of threat levels in the range between 1 and 20, and
eight dangerous areas. All the other map settings remained
the same as in the previous experiments.

Figure 12 shows the results. When there are more threat
levels, the expected coverage and the probability of com-
pleting the coverage increase, at the expense of extending
the coverage path length. In comparison with the randomly
scattered threats case, STAC has a clearer advantage here
in the expected coverage, while the difference in the com-
pletion probability is approximately the same. For example,
in the uniform threats case (when there is only one threat
level), STAC achieves a significantly higher expected cov-
erage than GAC (10 percentage points higher). In environ-
ments with contiguous dangerous areas, there is an advan-
tage to a global planning of the coverage that arranges the
areas in the order of their threat levels. Since GAC plans
only one move in the grid at a time, it has a chance of get-
ting stuck in a higher-level dangerous area before moving
to a lower-level one (such as in the scenario described in
the previous sample map). Thus, it has a lower expected
coverage.

When the number of threat levels is higher than eight, the
graphs reach a plateau, since the map contains only eight
dangerous areas and in each area all the cells belong to the
same threat level; thus, only eight different threat levels can
exist in the map.

6.2.3. Comparing the experimental results with the theo-
retical bounds. Now, we would like to compare the exper-
imental results with the predicted theoretical bounds, as
computed in Sections 4 and 5. Figure 13 shows the compar-
ison for a varying number of threat levels (averaged on 500
maps). We used the same map settings as in the previous
experiments, except that the maximum threat probability
was reduced from 3% to 1% (otherwise some of the bounds
were too low to be seen on the graph). Note that the bounds
for GAC’s expected coverage are not shown, as these are
not yet known. Also, the bounds for the expected coverage
and the completion probability are lower bounds, while the
bounds for the coverage path length are upper bounds.

As expected, STAC’s theoretical bounds are tighter than
those of GAC. Specifically, STAC’s actual expected cov-
erage is close to its lower bound. Since this bound was
proven to be close to the optimal expected coverage (Sec-
tion 4), this means that the expected coverage attained by
STAC in practice is close to its optimal value. We can also
observe that as the number of threat levels increases, the
gaps between the probability of completing the coverage
and the path length and their respective bounds widen, as
these bounds have a strong dependency on the number of
threat levels.

6.3. Finding coverage paths that trade risk and
time

We now consider the case of finding coverage paths that

meet desired levels of risk and coverage time (number

of steps). In GAC, these coverage paths can be found by
adjusting the risk penalty D to the proportion o/ between
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Fig. 13. Expected coverage percentage, probability of completing
the coverage, and total path length, and their respective theoretical
bounds for different numbers of threat levels.

the desired risk and time levels (equation (9)). In other
words, they trade risk and time.

However, STAC cannot be used to find coverage paths
for specific risk and time levels, since it always covers the
cells in the order of their threat probability. The only way
to modify the behavior of STAC is to regroup the grid cells
into a smaller number of threat levels than their original
number of threat levels. For example, if the given map con-
tains ten threat levels, then we can reorganize the cells into
five threat levels (cells that belong to threat levels 1 and 2
will be regrouped into the first threat level, cells that belong
to threat levels 3 and 4 will be regrouped into the second
threat level, and so on). This will shorten the coverage path
generated by STAC at the expense of a lower expected cov-
erage. However, this technique cannot be used to target the
desired risk and time levels precisely. Therefore, in this sec-
tion we use only GAC to find coverage paths that meet the
specified risk and time levels.

Figure 14 shows the coverage path generated by GAC for
the sample map with randomly scattered threats from the
previous sections. The ratio between the risk and the time
levels was set at /8 = 0.2, which means that visiting a
cell with a minimum threat probability incurs an additional
20% penalty to the cost for making one step in the grid.

In this case, the expected coverage was 78.88%, the prob-
ability of completing the coverage was 51.95% and the
coverage path length was 127. Compared with the short-
est coverage path, the expected coverage increased by 6.44
percentage points and the probability of completing the cov-
erage increased by 0.64 percentage points, at the expense of
increasing the path length by 22 steps. Compared with the
safest coverage path, the expected coverage of this path is
lower by only 1.03 percentage points and the probability of
completing is lower by 1.28 points, but the path length is
significantly shorter (about 70% shorter).

= |

Fig. 14. GAC’s coverage path for a ratio of 0.2 between the risk

and the time levels on a sample map with randomly scattered
threats. The robot starts the coverage in cell (1,1). The number
in each cell indicates the number of visits in that cell.

Examining the coverage path in this case shows that the
algorithm prefers to move from a given cell to its danger-
ous neighbor (a move that costs 1.2) over going back to its
previous location and visiting another safe cell (a move that
costs 2). For example, when the algorithm reaches cell (2,3)
it prefers to move to its dangerous neighbor (3,3), then to
go back to its already visited neighbor (2,2), and from there
to the unvisited safe cell (3,2). This strategy enables the
algorithm to make the coverage path much shorter, without
significantly affecting the total accumulated risk (the dan-
gerous cell (3,3) would have to be visited anyway at some
point).

We now analyze GAC’s performance for different ratios
between the risk and time levels («/f) in the range between
0.001 and 100,000, with steps that double (i.e. 0.001, 0.002,
0.004, etc.). In all experiments, we used map sizes of 20 x
20, the ratio of obstacles was 20%, the ratio of threats was
30% and there were five threat levels. The locations of the
threat points and the obstacles were randomly chosen.

Figure 15 shows the results averaged on 500 randomly
generated maps. Note that the x-axis is plotted on a loga-
rithmic scale.

As can be seen, increasing the ratio «/ S, i.e. making the
risk factor more dominant, leads to a higher expected cover-
age and completion probability at the expense of increased
coverage time. The majority of the changes in the observed
measures occur when this ratio is in the range between 0.1
and 10. We can also notice that when this ratio reaches a cer-
tain level (when «/8 is about 5), there is a decrease in the
completion probability, while the expected coverage keeps
increasing. This is because when the ratio /8 is high, the
algorithm tends to move back and forth between different
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Fig. 15. GAC’s expected coverage percentage, probability of
completing the coverage, and total path length for different ratios
between risk and time level. Ratio /8 is plotted on a logarithmic
scale.

dangerous areas in order to find the next safest cell from the
robot’s current position. This can lead to many redundant
steps on the connecting paths between the dangerous cells,
which in turn can reduce the probability of completing the
coverage.

7. Discussion and future research

In this paper, we have discussed the adversarial coverage
problem and its various aspects. First, we have suggested
optimization criteria for the evaluation of coverage algo-
rithms in adversarial environments. These criteria take into
account both the survivability of the robot and the total
coverage time. Second, we have analyzed the complexity
of the problem and shown that it is A"P-complete. Third,
we described two polynomial-time heuristic algorithms for
finding a coverage path that meets the optimization criteria:
STAC, which uses a layer-based approach, and GAC, which
follows a greedy approach. We have provided optimality
bounds on the total risk involved in the coverage paths
generated by these algorithms and on their coverage time.
Lastly, we have conducted systematic experiments with our
implementation in order to evaluate the algorithms’ effec-
tiveness in various types of environment and under different
settings. We have also examined the coverage paths gener-
ated by the algorithms on sample maps and analyzed their
structures.

Comparing the two heuristic algorithms, we have shown
that, in general, STAC creates coverage paths with higher
expected coverage percentages, while the coverage paths
generated by GAC are shorter and have lower accumulated

risk. STAC has a clear advantage when handling maps with
contiguous areas of threats, since it performs a global plan-
ning of the coverage according to the map’s structure before
the coverage begins, whereas GAC plans only one move of
the robot at a time. Moreover, the theoretical bounds on the
accumulated risk and the total path length of STAC’s cover-
age paths are more tight than those of GAC’s, and it runs
faster than GAC. Conversely, STAC is limited to finding
only the safest and the shortest coverage paths, while GAC
can be used to find coverage paths that meet any desired risk
and time tradeoff.

To demonstrate the practical utility of these algorithms,
let us consider the case of the robot sent by TEPCO (Tokyo
Electric Power Company) to explore Fukushima’s damaged
nuclear reactor (Ackerman, 2015). The robot’s task was to
collect data on radiation and temperature levels, and to find
missing fuel rods, which had apparently fallen to the bot-
tom of the reactor. The robot got stuck after covering about
three-quarters of its originally planned route (five hours into
the mission), when it ran into a fallen object while trying
to go through a narrow passage. The information gathered
by the robot will allow TEPCO to carry out more robot
missions. In such a scenario, the adversarial coverage algo-
rithms could be used to plan a better coverage route for the
next robots to be sent to explore the nuclear site. First, the
map generated by the first robot can be split into regular
cells of the size of the covering robot. Each cell will be
assigned a risk level, according to the probability of its con-
taining a fallen object or another hazard that might harm the
robot. Second, the site operator can set the desired tradeoff
between the coverage time and the total risk of the cover-
age path (being exposed to high levels of temperature or
radiation for a long time might also affect the robot’s abil-
ity to perform its task). Lastly, the operator can execute
the adversarial coverage algorithms on the given map, in
order to generate a coverage path for the robot that takes
into account the desired time and risk levels. This cover-
age path can be used either by the robot for autonomous
exploration, or by the site operator for manually controlling
the robot.

We plan to pursue several areas in future work. First, we
are interested in extending the algorithms to handle online
coverage, in which the coverage has to be completed with-
out the use of a map or any a-priori knowledge of the area.
Second, we would like to consider non-stationary environ-
ments, where the locations of the threat points can change
over time. Finally, we would like to extend the algorithms
for multi-robot systems. Using a number of robots for cov-
erage has the potential for more efficient coverage and
greater robustness; if one robot is totally damaged, others
may take over its coverage subtask.
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Notes

1. The travel time between cells is uniform along the grid, thus
coverage time is measured directly by the number of steps.

2. Since the induced graph is sparse, running Dijkstra n times
here is more efficient than running the Floyd—Warshall algo-
rithm to compute the shortest paths between all pairs of
nodes.
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A. Proofs

A.1. Proof of Theorem 3
Theorem 3. The GACP problem is N'P-complete.

Proof. Clearly, GACP is in NP, since one can easily guess
the coverage path of the robot and then verify its length
and probability of survival in polynomial time. To prove
its N"P-hardness, we use a reduction from the PARTITION
problem (Garey and Johnson, 1979), in which we are given
a set N of items with positive integer weights a;, and ask
“Does there exist a subset S C N such that ), ¢a; =
330 a?” For the proof, we use a scaled version of
PARTITION, in which each q; is less than 1 (and thus is not
an integer).

Given an instance of the PARTITION problem, we con-
struct an instance of the adversarial coverage problem as
follows. We build a “corridor” consisting of n vertically
adjacent large cells, numbered from 1 (top) to » (bottom).
Each large cell consists of four adjacent small cells. We
also create a gap consisting of one small cell between two
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consecutive large cells, so that they will not overlap. The
probability of danger is 0 for all the cells, except for the cell
in the lower right corner of each large cell, which contains
a threat with probability a; (the value of the ith item in the
PARTITION problem).

The following figure shows the grid with the probabili-
ties of danger specified in each cell. The dark colored cells
represent obstacles.

010

0 aq
o

010

0 aj

;

S|

0
0 | a,

Now, let us define the weights of the edges between adja-
cent cells in the grid, which represent the lengths of the
paths that connect these cells. First, we denote the small
cells in each large cell by

Ci1 C12

C21 €22

Next, we define the weights of the edges between the
small cells as: w12 = w120 = a;/2 and w121 = Wiz =
1. We also define the weight of the edges connecting two
consecutive large cells as 1.

This completes the construction, which can be done in
polynomial time.

Note that the optimal coverage path of the given grid
must traverse each one of the large cells sequentially, other-
wise the robot would have to repeat its steps in order to visit
skipped cells. We now compute the length and the expected
coverage of the shortest possible path and the safest pos-
sible path (with the maximum expected coverage) in each
large cell.

The shortest coverage path of a large cell is 4 =
(c11, €12, €22, €21). The length of this path is

L(A):Z-%—i—l:ai—i—l (11)

The expected number of covered cells in 4 is
E(CH=1+14+(1—-a)+(1 —a)=4—-2a; (12)
However, there are two possible safest cov-
erage paths (with maximum expected cover-
age): Bi  =(cu,cn,cu,0,0m,01) and By =

(ci1,¢21,C11,C12, €22, C21). For both paths, the sequence
of unexplored cells discovered along this path is
(ci1,¢12, €21, C22), thus the expected number of covered
cells is

E(Ce)=1+1+14+(1—a)=4—a;  (13)

However, path B, is shorter than B,, since
L(B1)=4-%+1=2ai+1
and

L(Bz)=2-%+3=a,»+3 (a; < 1)

Thus, the optimal coverage path should prefer path B
over B, in covering cell i. Thus, from now on, we will refer
to path B, as the safest path.

Hence, the safest path is longer than the shortest path
by precisely a; (the value of the ith item in the PARTI-
TION problem), and its expected coverage is higher than the
expected coverage of the shortest path, also by a;.

Now, we prove that there exists a coverage path of the
grid of length at most %ZLI a; + 3n — 2 and expected
coverage of at least —3 " | a; + 57 — 1, if and only
if the given numbers @; can be partitioned evenly into
two sets.

(=) Suppose the numbers a; can be partitioned evenly
into two sets: S; and S,. Thus, the sum of the numbers in
S) and S is %Zle a;. Now we build the coverage path
P. For each a;, if a; € S), then P uses the shortest path
in order to cover the ith large cell, and if a; € S,, then P
uses the safest path in order to cover this cell. Hence, the
length of P is

L= %Z(aﬁ— 1)+% > (2a;i+ 1) +2(n — 1)

i=1 i=1

.\ (14)
3
= E Zai + 3n—-2
i=1
and its expected coverage is
E 12}1:(4 )+1 Xn:(4 2a;) +( 1)
== —a)+= —2a;)+(n —
2= 2=
- = (15)

3 n
:—EZai+5n—l
i=1

(<) Suppose there exists a coverage path P with length L <
23" a;+3n—2and expected coverage E > —3 Y1 a;+
5n — 1. We will show that in such case, the numbers a; can
be partitioned evenly into two sets: S} and S;.

Without loss of generality, we can assume that P is an
optimal coverage path, i.e. there is no other coverage path
P’ with both length L' < L and expected coverage £’ < E.
If P were not optimal, then we could have chosen a cover-
age path P’, which satisfies the same constraints as P and is
optimal.

We first show that for each large cell i, P must either
choose the shortest path or the safest path in order to cover
it. Let us denote the shortest path by 4 and the safest
path by B. Before reaching the dangerous cell ¢y, P must
either visit two safe cells (cj1,c12 or ¢i1,¢1) or all the
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three safe cells (ci1,c12, and ¢;1). We now discuss these
two cases.

Case 1. P visits two safe cells before reaching c¢y,. In
this case, E( P) < E(A), i.e. its expected coverage is at most
the same as the shortest path, since the shortest path also
visits two safe cells before reaching ¢y, and then visits the
last safe cell ¢;;. Since the shortest path visits each small
cell only once, we must also have L( P) > L(A4). However,
P is optimal, so it must satisfy L( P) = L(A4) (since E(P) <
E(A)); hence, P = A (there is only one coverage path that
visits each cell only once).

Case 2. P visits three safe cells before reaching c,;. In
this case, E( P) < E(B), i.e. its expected coverage is at most
the same as the safest path, since the safest path also vis-
its three safe cells before reaching c;;. To visit three safe
cells before reaching c,;, P must visit cells ¢;; and ¢ at
least twice. Thus, it must either traverse the edges (¢;1, c12)
and ( ¢y, cp2) twice, or traverse the edge (cyy,cp1) twice.
The path length between ¢, and cy; is 1, which is more
than twice as long as the length of the edges (¢11,¢12) and
(¢21,¢22), which is a; /2. Since P is optimal, it should prefer
to traverse the edges (c11, c12) and ( ¢z, ¢22) twice. In addi-
tion to traversing these edges, it must also traverse at least
one edge of length 1 (¢12,c22) or (cy1,c21). Thus, its total
length is at least L(P) > 2a; + 1 = L(B). From the opti-
mality of P, we must have L( P) = L(B) and E(P) = E(B).
Thus, P = B (there is no other coverage path with the same
length and expected coverage as B).

Therefore, P must either choose the shortest path or the
safest path to cover each large cell i. We will now define the
sets S7 and S,. For each large cell i, if P chooses the shortest
path in order to cover it, we will assign a; to S}, otherwise
we will assign it to S,.

We will now show that 3¢ a; = 3", aj = 32 ai.
First, we denote: k = ZieSl a; and s = Y ', a;. Thus,
> ics, @ = s — k. We need to prove that k = s/2. Assume
by contradiction that k # s/2. Thus, there are two possible
cases:

Case 1. k < s/2. In this case, the length of P is

Y@+ D+ (2a+ D+2(n— 1)

ieS) JESY
=Y a+y 14+2) a+y 1+2n-2
ieS] €Sy JjESH JjeSH

n
=k+2s—k+) 1+2n-2

i=1

(16)

3
=2S—k+3n—2>?s~|—3n—22L

which leads to a contradiction.

Case 2. k > s/2. In this case, the expected number of
covered cells in P is

Y (4—2a)+ Y (4—ap+(n—1)

ieSy JjESH
= —2Zai+z4—Za]—+Z4+n—l an
lESl l€S1 jES2 jESZ
n
=—2k—(s—k)+) 4+n—1
i=1
=—s—k+5n-1
3 o1
< —— n—
2
<FE

which also leads to a contradiction.
Therefore, we must have that k£ = s5/2, i.e.

1 n
Zaizz%-: E;ai

ieS) Jjes

and thus the numbers a; can be evenly partitioned into two
sets.

Thus, the GACP solution solves PARTITION. Therefore,
GACP is N'P-complete. O

A.2. Proof of Lemma 3 and Theorem 6

Lemma 3. Let [ be the number of dangerous threat levels.
Then a cell c is visited by STAC at most 2(1+ 1) times along
a connecting path between two different areas.

Proof. During the coverage of a given threat level 7, pro-
cedure CSCP computes the connecting route between the
areas that belong to this level by running the Christofides
approximation algorithm to TSP (line 14). This algorithm
is based on creating a minimum spanning tree of the graph
and then adding some edges to the graph to create an Euler
circuit. Simply by traversing the minimum spanning tree
twice, the tour will be within a factor of 2 of the optimal
TSP solution. Christofides has a 1.5 approximation fac-
tor, since the Euler circuit helps it visit some of the tree
edges less than twice. In any case, the route produced by
the Christofides algorithm cannot traverse the cells on the
connecting path more than twice.

In the worst-case scenario, all the cells that belong to
threat level i lie on a connecting path between two areas.
Such a scenario is illustrated in Figure 16. In this map,
there are two threat levels, one containing safe cells and
the second containing dangerous cells. The separating area
between the upper and lower safe areas has an S-shape,
composed of alternating rows of dangerous cells and obsta-
cles. In this case, the robot must traverse all the dangerous
cells to move between the safe areas.

In the worst case, ¢ lies on the connecting route of every
threat level, in which it can be visited at most twice. Since
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Fig. 16. An example of an environment where all the dangerous
cells lie on a connecting path between two safe areas.

there are / + 1 threat levels, c is visited by STAC at most
2(1+ 1) times along a connecting path. O

Theorem 6. Let | be the number of dangerous threat levels.

Denote the number of cells that belong to threat level i by n;

(0 <i <), and assume that out of them there are b; bound-

ary cells and c; connecting cells. Let the threat probabilities

of these levels be py, ..., p; (po = 0). Then the coverage path

generated by STAC covers the given grid using a path whose
length is at most Zﬁ:o( n; + b; + 2lc;) and its probability of
completing is at least

1
1_[( 1 _pl_)ni+b[+2lci

i=1

Proof. Consider the group of cells that belong to threat
level i,0 < i < [. Let us denote this group by G;. The
cells in G; can be visited by STAC during the coverage of
the connected areas that belong to threat level i (line 6 in
CSCP) or along the connecting path between different areas
(line 18 in CSCP or line 7 in Algorithm 1).

First, we count the number of visits to cells in G; during
the coverage of threat level i. Let us denote the connected
areas that belong to this level by 44, ..., A, and the number
of boundary cells in area 4; by by, (1 <j < k). By Theorem
1 in Gabriely and Rimon (2003), the total number of cells
revisited in Spiral-STC is bounded by the number of bound-
ary cells in the work area grid. Since STAC runs Spiral-STC
on each connected area separately, the total number of visits
to cells during the coverage of threat level i is

k

D A4+ ba) < mi+ by
j=1

(18)

The inequality arises because some of the cells may already
have been visited along the connecting path of areas that

belong to a lower threat level (line 18 in CSCP), and thus
are not covered again here.

Next, we count the number of visits to cells in G; along
the connecting paths between different areas. By Lemma 3,
the algorithm has to traverse each connecting cell ¢; at most
2(/+ 1) times. However, if a connecting cell ¢; has already
been visited along a path that connects areas that belong
to a threat level < i, then it will not be covered during the
coverage of threat level i. Thus, the total number of visits to
cells in G; along connecting paths between areas is bounded
by 216‘,'.

Therefore, the total number of visits to cells in G; is
bounded by n; 4+ b; + 2Ic;. Hence, the length of the coverage
path generated by STAC is at most Zizo( n; + b; + 2lc;).

The probability that the robot will not be stopped in a cell
that belongs to threat level 7 is 1 — p;. Hence, the probability
that the robot will be able to complete its coverage is at least
Hﬁ:l( 1 _pi)ni+bi+2lci- O

A.3. Proof of Theorem 7

Theorem 7. Let | be the number of dangerous threat levels.
Let the threat probabilities of these levels be py, ..., p; (po =
0). Let 41, ..., A, be the connected areas of threat level i,
arranged in the order of their visit by STAC. Let |A;;| be
the size of area A;j and m;; the number of cell visits needed
fo cover this area (m;; > |A;;1). Let C;; be the set of cells
on the connecting path between two consecutive areas A; J
and A;jy1 (1 < j < ki — 1), and Cyy, be the set of cells on
the connecting path between the last area of threat level i
and the first area of threat level i + 1. Denote by P(C;})
the probability of traversing the cells in C;; without being
hit by a threat. Then the expected number of visited cells
before the robot is neutralized is at least

i i—1

Ik kx
ool + Y []—[ [( 1 — poySri e [T~ Cx,y)]

i=0 j=1 “=x=0 y=I1

. Jj=1
Y .
(1= py==" T P(Ciy) ] |43,
y=l1
(19)
Proof. According to equation (2), the expected coverage is

the sum of the probabilities of reaching all the new cells
along the coverage path

ECo= Y TJJa-p

i€(by,....bn) JEEi

(20)

Consider a newly discovered cell ¢ that belongs to a con-
nected area 4;; in threat level 7, 0 < 7 < [. This cell could be
first discovered when STAC covers the areas of threat level
i, or when it is used as a connecting cell to move between
areas of a lower threat level. Let us assume that this cell is
discovered when STAC covers the areas of threat level i. In
this case, the probability that the robot is able to reach cell
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¢ before being hit by a threat equals to the probability that
it will be able to cover all threat levels < i and all the areas
of threat level i preceding the area that ¢ belongs to.

The probability that STAC will be able to cover a given
threat level x equals the probability that it will be able
to cover all its connected areas and the connecting paths
between these areas. The probability of covering a con-
nected area Ay, that belongs to threat level x is (1 — p,)™>,
where m,, is the number of cell visits needed to cover 4,
(myy < |Ayy| + by, where b, is the number of boundary
cells in A4, ). There are k. connected areas that belong to
threat level x; thus, the probability of covering all the areas

that belong to this threat level is (1 — px)zk‘);l "7 Now, the
probability of covering all the connecting paths between the
areas that belong to threat level x, including the connect-
ing path between threat levels x and x + 1, is ]_[f": 1 P(Cyy).
Thus, the probability of covering threat level x, including its
areas and all the connecting paths, is

kx
hox My.y
(1—po==1" T] P(Cyy)
y=I1

Therefore, the probability that the robot will be able to cover
all threat levels preceding level i is

i—1

[ —po=sm [Trcc ]

x=0 y=1

2D

In addition, to reach cell ¢, the algorithm has to cover all
the areas of threat level i preceding the area that ¢ belongs
to and their connecting paths. In the worst case, c is the last
cell visited in its area, and in this case the algorithm also has
to cover the area that ¢ belongs to before reaching c. Thus,
the probability that the robot will be able to cover all areas
in threat level i before reaching c is at least

. j—1
4 njy
(1=py==" [T P(Cyy)

y=1

(22)

By multiplying expressions (21) and (22), we find the
total probability of reaching cell ¢

i—1

[t - po=m [Trcea]

x=0 y=1

Jj i
(1=py=="T]P(Cy) (23)
y=1

Note that this is a lower bound on the probability of
reaching cell ¢, since ¢ could also be discovered in an earlier
stage, on a connecting path between areas of a lower threat
level.

Since the probability in expression (23) is the same for
all cells in area 4, the expected number of cells that will
be covered in this area is at least

i—1

[1‘[ [(1=po=me ]k"[ P(Cyy) |

x=0 y=l1

. J—1
/ miy
(1= py=1" T P(Ciy) } il (24)
y=1
Finally, the expected coverage is the sum of the expected
number of visited cells in all areas 4;;

[ H [( R lk_[ e ]

i=0 j=1 =x=0 y=I
Jj !
(1 —Pi)zf":‘ iy HP( Ciy) ] |4;,
y=1

(25)

To this sum, we add the number of cells in 4¢ o, which is
the first safe area and is thus guaranteed to be covered with
probability 1. O

A.4. Proof of Theorem 10

Theorem 10. /n each cycle, GAC finds the optimal path
from the current location of the robot to an unvisited cell
in the grid (correctness).

Proof. Let us denote the path chosen by GAC in a given
cycle by P =(uy,...,u;), where u; is the robot’s current
location and uy is an unvisited cell in the grid. Assume that
out of the & cells visited by P, there were d visits to dan-
gerous cells and k& — d visits to safe cells. Let us denote the
threat probabilities of the dangerous cells that were visited
along the path by (py, ..., ps). Thus, according to equation
(8), the total weight of path P is

d
> wip =(k—d)+Y_[—D-log(1 —pi)+1]
i€(uy . tf—1) i=1
d
= k=D log(1-p;)

i=1

(26)

The result is a sum of two expressions—the first is deter-
mined by the coverage path length (k) and the second is
determined by the accumulated risk taken by the robot
along the path.

From the correctness of Dijkstra’s shortest paths algo-
rithm, we know that the path P has a minimum weight in
relation to all the other possible paths, i.e. every other path
P =(vy,...,v,) from the robot’s current location v; = u; to
an unvisited cell in the grid v,, satisfies

2 2

ie(U],esttf—1) JEWTseeVim—1)

Wil < Wit 27)
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Assume that out of the m cells visited by P’, there were e
visits to dangerous cells, and that the threat probabilities in
these cells were (p1, ..., p,). Thus, from equations (26) and
(27) we get

d e
k=D log(1-p)<m—DY log(1—-p) (28)
i=1 j=1

First, we will show that if P and P’ have the same length,
then P is safer than or equally safe as P’. If P and P’ have
the same length, then £ = m, and from equation (28) we
have

d e
> log(1—p)= Y log(1—p)) (29)
i=1 Jj=1

Since the natural exponential is a monotonically increas-
ing function of its argument, this expression is equivalent

to
d e
[Jcr-p=]]1-7)
i=1 j=1

Hence, the probability of completing path P is greater
than or equal to the probability of completing path P’.

(30)

Second, we will show that if P and P’ have the same accu-
mulated risk, then P must be shorter than or have the same
length as P'. If P and P’ have the same accumulated risk,

then
d e
[T =po=T]C1-p) 31
i=1 j=1
Taking logarithms of both sides
d e
> log(1—py=Y log(1-p) 32)
i=1 j=1

Thus, from equation (28) we can conclude that £ < m,
i.e. P must be shorter than or have the same length as P’.

Lastly, when P and P’ have both different lengths and dif-
ferent risks, then GAC will choose the path that minimizes
the weighted sum of the length and the accumulated risk
according to equation (26). The penalty term D, which is
dependent upon the relation between the desired risk and
path length (equation (9)), will determine whether a safer
path will be favored over a shorter one or vice versa. O
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