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[64], and vision [11]. The basic idea in order to solve
a problem in a “hard” metric space (X, dX ), is to
embed the points X into a “simple” metric space
(Y, dY ) that preserves all pairwise distances up to
small multiplicative factor. Then one solve the problem
in Y , and “pull-back” the solution into X.
A highly desirable target space is trees, as many
hard problems become easy once the host space is
a tree metric. Fakcharoenphol, Rao, and Talwar [45]
(improving over [6], [16], [17], see also [18]) showed
that every n point metric space could be embedded
into distribution D over dominating trees with expected
distortion O(log n). Formally, ∀x, y ∈ X, T ∈
supp(D), dX (x, y) ≤ dT (x, y), and ET ∼D [dT (x, y)] ≤
O(log n) ⋅ dX (x, y). This stochastic embedding enjoyed
tremendous success and has numerous applications.
However, the distortion guarantee is only in expectation.
A different solution is Ramsey type embeddings which
have a worst case guarantee, however only w.r.t. a
subset of the points. Speciﬁcally, Mendel and Naor
[76] (see also [30], [20], [22], [77], [25], [2], [19])
showed that for every parameter k, every n-point
1
metric space contains a subset M of at least n1− k
points, where X could be embedded into a tree such
that all the distances in M × X are preserved up to
an O(k) multiplicative factor. Formally, ∀x, y ∈ X,
dX (x, y) ≤ dT (x, y), and ∀x ∈ M, y ∈ X, dT (x, y) ≤
O(k) ⋅ dX (x, y). Finally, in order to obtain worst case
guarantee w.r.t. all point pairs, the author and Hung
[49] introduced clan embeddings into trees. Here each
point x is mapped into a subset f (x) ⊆ Y which called
copies of x, with a special chief copy χ(x) ∈ f (x).
For every parameter k, [49] constructed distribution
over dominating clan embeddings such that for every
pair of vertices x, y, some copy of x is close to the
chief of y: dX (x, y) ≤ minx′ ∈f (x),y′ ∈f (y) dT (x′ , y ′ ) ≤
minx′ ∈f (x) dT (x′ , χ(y)) ≤ O(k) ⋅ dX (x, y), and the
expected number of copies of every vertex is bounded:
1
E[∣f (x)∣] = O(n k ).
In many applications, the metric space is the
shortest path metric dG of a weighted graph G =
(V, E, w). Here, in addition to metric distances, there
are often hop-constrains. For instance, one may wish

Abstract—In network design problems, such as compact
routing, the goal is to route packets between nodes using
the (approximated) shortest paths. A desirable property
of these routes is a small number of hops, which makes
them more reliable, and reduces the transmission costs.
Following the overwhelming success of stochastic
tree embeddings for algorithmic design, Haeupler,
Hershkowitz, and Zuzic (STOC’21) studied hopconstrained Ramsey-type metric embeddings into trees.
Speciﬁcally, embedding f ∶ G(V, E) → T has Ramsey
hop-distortion (t, M, β, h) (here t, β, h ≥ 1 and M ⊆ V )
(β⋅h)
(h)
if ∀u ∈ M, v ∈ V , dG (u, v) ≤ dT (u, v) ≤ t ⋅ dG (u, v).
t is called the distortion, β is called the hop-stretch,
(h)
and dG (u, v) denotes the minimum weight of a u − v
path with at most h hops. Haeupler et al. constructed
embedding where M contains 1 −  fraction of the vertices
2
and β = t = O( log n ). They used their embedding to
obtain multiple bicriteria approximation algorithms for
hop-constrained network design problems.
In this paper, we ﬁrst improve the Ramsey-type
n)
embedding to obtain parameters t = β = Õ(log
, and

generalize it to arbitrary distortion parameter t (in
the cost of reducing the size of M ). This embedding
immediately implies polynomial improvements for all
the approximation algorithms from Haeupler et al..
Further, we construct hop-constrained clan embeddings
(where each vertex has multiple copies), and use them
to construct bicriteria approximation algorithms for the
group Steiner tree problem, matching the state of the
art of the non constrained version. Finally, we use our
embedding results to construct hop constrained distance
oracles, distance labeling, and most prominently, the ﬁrst
hop constrained compact routing scheme with provable
guarantees. All our metric data structures almost match
the state of the art parameters of the non-constrained
versions.
The reader is encouraged to read the full version of this
paper [47]: arXiv:2106.14969.
Keywords-Metric embeddings; Hop constrained tree
embeddings; Approximation algorithms; Group Steiner
tree; Compact routing scheme; Distance oracle; Distance
labelings;

I. I NTRODUCTION
Low distortion metric embeddings provide a powerful
algorithmic toolkit, with applications ranging from
approximation/sublinear/online/distributed algorithms
[73], [7], [31], [67] to machine learning [56], biology
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G = (V, E, w) with polynomial aspect ratio,3 and
parameter  ∈ (0, 1), there is distribution over pairs
(T, M ), where M ⊆ V , and T is a tree with M as
its vertex set such that ∀u, v ∈ M ,

to route a packet between two nodes, using a path
with at most h hops, 1 i.e. the number of edges
in the path. Such hop constrains are desirable as
each transmission causes delays, which are nonnegligible when the number of transmissions is large
[5], [27]. Another advantage is that low-hop routes
are more reliable: if each transmission is prone
to failure with a certain probability, then low-hop
routes are much more likely to reach their destination
[27], [89], [83]. Electricity and telecommunications
distribution network conﬁguration problems include hop
constraints that limit the maximum number of edges
between a customer and its feeder [27], and there
are many other (practical) network design problems
with hop constraints [71], [14], [59], [58], [80]. Hopconstrained network approximation is often used in
parallel computing [35], [9], as the number of hops
governs the number of required parallel rounds (e.g.
in Dijkstra). Finally, there is an extensive work on
approximation algorithms for connectivity problems like
spanning tree and Steiner tree with hop constraints [81],
[70], [74], [8], [69], [66], [63], [68], and for some
generalizations in [62].
(h)
Given a weighted graph G = (V, E, w), dG (u, v)
denotes the minimum weight of a u-v path containing
at most h hops. Following the tremendous success of
tree embeddings, Haeupler, Hershkowitz and Zuzic [62]
suggested to study hop-constrained tree embeddings.
That is, embedding the vertex set V into a tree T , such
that dT (u, v) will approximate the h-hop constrained
(h)
distance dG (u, v). Unfortunately, [62] showed that
(h)
dG is very far from being a metric space, and the
(h)
distortion of every embedding of dG is unbounded.
To overcome this issue, [62] allowed hop-stretch.
Speciﬁcally, allowing bi-criteria approximation in the
(β⋅h)
(h)
following sense: dG (u, v) ≤ dT (u, v) ≤ t ⋅ dG (u, v),
for some parameters β, and t. However, even this
relaxation is not enough as long as β ⋅ h < n − 1.
To see this, consider the unweighted n-path Pn =
(n−2)
{v0 , . . . , vn−1 }. Then dG (v0 , vn−1 ) = ∞, implying
that for every metric X over V , maxi {dX (vi , vi+1 )} ≥
(n−2)

(v ,v

log2 n (h)
)⋅dG (u, v) ,

and for every v ∈ V , Pr[v ∈ M ] ≥ 1 −  (referred to
as inclusion probability). Improving the distortion, and
hop-stretch, was left as the “main open question” [62].
2n

(O( log

dG

d

(u, v) ≤ dT (u, v) ≤ O(

Question 1 ([62]). Is it possible to construct better hopconstrained Ramsey-type tree embeddings? What are
the optimal parameters?
Adding hop-constrains to a problem often makes it
considerably harder. For example, obtaining o(log n)
approximation for the Hop constrained MST problem
(where the hop-diameter must be bounded by h) is
NP-hard [15], while MST is simple problem without
1−
it. Similarly, for every  > 0, obtaining o(2log n)approximation for the hop-constrained Steiner forest
problem is NP-hard [40] (while constant approximation
is possible without hop constrains [4]).
[62] used their hop-constrained Ramsey-type
tree embeddings to construct many approximation
algorithms. Roughly, given that some problem has
(non constrained) approximation ratio α for trees,
[62] obtain a bicriteria approximation for the hop
constrained problem with cost O(α ⋅ log3 n), and hopstretch O(log3 n). For example, in the group Steiner
tree problem we are given k sets g1 , . . . , gk ⊆ V , and a
root vertex r ∈ V . The goal is to construct a minimal
weight tree spanning the vertex r and at least one vertex
from each group (set) gi . In the hop-constrained version
of the problem, we are given in addition a hop-bound
h, and the requirement is to ﬁnd a minimum weight
subgraph H, such that for every gi , hopH (r, gi ) ≤ h.
Denote by OPT the weight of the optimal solution. In
the non-constrained version, where the input metric is
a tree, [53] provided a O(log n ⋅ log k) approximation.
Using the scheme of [62], one can ﬁnd a solution H of
weight O(log4 n ⋅ log k) ⋅ OPT, such that for every gi ,
hopH (r, gi ) ≤ O(log3 n) ⋅ h. The best approximation
for the non-constrained group Steiner tree problem is
O(log2 n ⋅ log k) [53]. Clearly, every improvement over
the hop-constrained Ramsey-type embedding will imply
better bicriteria approximation algorithms. However,
even if one would use [62] framework on optimal
Ramsey-type embeddings (ignoring hop-constrains),

)

d (v0 ,vn−1 )
0 n−1
≥ G n−1
=
∑i dX (vi , vi+1 ) ≥ X n−1
∞. As a result, some pairs have distortion ∞, and hence
no bi-criteria metric embedding is possible. Thus, there
is no hop-constrained counterpart for [45].
To overcome this barrier, [62] studied hopconstrained Ramsey-type tree embeddings. 2 Their
main result, is that every n-point weighted graph
1
n−1

)⋅h)

3 The aspect ratio (sometimes referred to as spread), is the ratio
max
w(e)
between the maximal to minimal weight in G min e∈E w(e) . Often in

1 To facilitate the reading of the paper, all numbers referring to hops
are colored in red.
2 [62] called this embedding “partial metric distribution”, rather than
Ramsey-type.

max

e∈E

d (u,v)

the literature the aspect ratio deﬁned as min u,v∈V d G(u,v) : the ratio
u,v∈V G
between the maximal to minimal distance in G, which is equivalent
up to a factor n to the deﬁnition used here.
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1) Every U ∈ supp(D), has Ramsey hop-distortion
(O(k), M, O(k ⋅ log n), h), where M ⊆ V is a
random variable.
1
2) For every v ∈ V , PrU ∼D [v ∈ M ] ≥ Ω(n− k ).

the cost factors will be inferior compared to the
non-constrained versions (speciﬁcally O(log3 n ⋅ log k)
for GST). It is interesting to understand whether
there is a separation between the cost of a bicriteria
approximation for hop-constrained problems to their
non-constrained counterparts. A more speciﬁc question
is the following:

In addition, for every  ∈ (0, 1), there is distribution D
as above such that every U ∈ supp(D) has Ramsey hop2
distortion (O( log n ), M, O( log n ), h), and for every
v ∈ V , Pr[v ∈ M ] ≥ 1 − .

Question 2. Could one match the state of the art
cost approximation of the (non hop-constrained) group
Steiner tree problem while having polylog(n) hopstretch?

Ignoring the hop-distortion (e.g. setting h = n), the
tradeoff in Theorem 1 between the distortion to the
inclusion probability is asymptotically tight (see [20],
[49]). However, it is yet unclear what is the best possible
hop-stretch obtainable with asymptotically optimal
distortion-inclusion probability tradeoff. Interestingly,
we show that by increasing the distortion by a log log n
factor, one can obtain sub-logarithmic hop-stretch.
Further, in this version we can also drop the polynomial
aspect ratio assumption.

Metric data structures such as distance oracles,
distance labeling, and compact routing schemes are
extensively studied, and widely used throughout
algorithmic design. A natural question is whether
one can construct similar data structures w.r.t. hopconstrained distances. Most prominently is the question
of compact routing scheme [86], where one assigns
each node in a network a short label and small
local routing table, such that packets could be routed
throughout the network with routes not much longer
than the shortest paths. Hop-constrained routing is a
natural question due to it’s clear advantages (bounding
transmission delays, and increasing reliability). Indeed,
numerous papers developed different heuristics for
different models of hop-constrained routing. 4 However,
to the best knowledge of the author, no prior provable
guarantees were provided for hop-constrained compact
routing scheme.

Theorem 2 (Hop Constrained Ramsey Embedding).
Consider an n-vertex graph G = (V, E, w), and
parameters k, h ∈ [n]. Then there is a distribution
D over dominating ultrametrics with V as leafs,
such that every U ∈ supp(D) has Ramsey hopdistortion (O(k ⋅ log log n), M, O(k ⋅ log log n), h),
where M ⊆ V is a random variable, and ∀v ∈ V ,
1
PrU ∼D [v ∈ MU ] ≥ Ω(n− k )
In addition, for every  ∈ (0, 1), there is distribution D
as above such that every U ∈ supp(D) has Ramsey hoplog n
log n
), M, O( log n⋅log
), h),
distortion
(O( log n⋅log


and ∀v ∈ V , Pr[v ∈ M ] ≥ 1 − .

Question 3. What hop-constrained compact routing
schemes are possible?

Next, we construct hop-constrained clan embedding
(f, χ). Embedding f ∶ V (G) → 2U is said
to have hop-distortion (t, β, h) if ∀u, v ∈ V ,
(β⋅h)
dG (x, y)
≤
minu′ ∈f (u),v′ ∈f (v) dU (u′ , v ′ )
≤
(h)
≤
t ⋅ dG (u, v). See
minu′ ∈f (u) dU (u′ , χ(v))
Deﬁnition 3 for formal deﬁnition, and Deﬁnition 7 of
hop-path-distortion.

A. Our contribution
1) Metric embeddings: Here we present our metric
embedding results. Our embeddings will be into
ultrametrics, which are structured type of trees having
the strong triangle inequality (see Deﬁnition 1). Our
ﬁrst contribution is an improved Ramsey-type hopconstrained embedding into trees, partially solving
Question 1. Embedding f ∶ V (G) → U is said to
have Ramsey hop-distortion (t, M, β, h) if ∀u, v ∈ V
(β⋅h)
dG (u, v) ≤ dU (u, v), and ∀u ∈ M, v ∈ V , dU (u, v) ≤
(h)
t ⋅ dG (u, v) (see Deﬁnition 4).

Theorem 3 (Clan embedding into ultrametric).
Consider an n-vertex graph G = (V, E, w)
with polynomial aspect ratio, and parameters
k, h ∈ [n]. Then there is a distribution D over
clan embeddings (f, χ) into ultrametrics with hopdistortion (O(k), O(k ⋅ log n), h), hop-path-distortion
(O(k ⋅ log n), h), and such that for every vertex v ∈ V ,
1
Ef ∼D [∣f (v)∣] ≤ O(n k ).
In addition, for every  ∈ (0, 1), there is distribution
D as above such that every U ∈ supp(D) has hop2
distortion (O( log n ), O( log n ), h), hop-path-distortion

Theorem 1 (Hop Constrained Ramsey Embedding).
Consider an n-vertex graph G = (V, E, w) with
polynomial aspect ratio, and parameters k, h ∈ [n].
Then there is a distribution D over dominating
ultrametrics, such that:

2

(O( log n ), h), and such that for every vertex v ∈ V ,
Ef ∼D [∣f (v)∣] ≤ 1 + .

4 In

fact, at the time of writing, the search ”hop-constrained” +
routing in google scholar outputs 878 papers.
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obtain competitive ratio that matches the competitive
ratio non constrained version (see [47]).

Similarly to the Ramsey case, the tradeoff in
Theorem 3 between the distortion to the expected clan
size is asymptotically optimal [49]. However, it is yet
unclear what is the best possible hop-stretch obtainable
with asymptotically optimal distortion-expected clan
size tradeoff. Here as well we show that by increasing
the distortion by a log log n factor, one can obtain sublogarithmic hop-stretch. The polynomial aspect ratio
assumption is dropped as well.

Theorem 5. There is a poly-time algorithm which given
an instance of the h-hop-constrained group Steiner tree
problem with k groups, returns a subgraph H such that
w(H) ≤ O(log2 n ⋅ log k) ⋅ OPT, and hopH (r, gi ) ≤
O(log2 n) ⋅ h for every gi , where OPT denotes the
weight of the optimal solution.
Alternatively, one can return a subgraph H such that
w(H) ≤ Õ(log2 n ⋅ log k) ⋅ OPT, and hopH (r, gi ) ≤
Õ(log n) ⋅ h for every gi .

Theorem 4 (Clan embedding into ultrametric).
Consider an n-vertex graph G = (V, E, w), and
parameters k, h ∈ [n]. Then there is a distribution D
over clan embeddings (f, χ) into ultrametrics with hopdistortion (O(k ⋅ log log n), O(k ⋅ log log n), h), hoppath-distortion (O(k ⋅ log n ⋅ log log n), h), and such
1
that for every point v ∈ V , Ef ∼D [∣f (v)∣] ≤ O(n k ).
In addition, for every  ∈ (0, 1), there is distribution
D as above such that every U ∈ supp(D) has hoplog n
log n
), O( log n⋅log
), h), hopdistortion (O( log n⋅log


log2 n⋅log log n
path-distortion (O(
), h), and such that for

every vertex v ∈ V , Ef ∼D [∣f (v)∣] ≤ 1 + .

3) Hop-constrained metric data structures: In metric
data structures, our goal is to construct data structure
that will store (estimated) metric distances compactly,
and answer distance (or routing) queries efﬁciently.
As the distances returned by such data structure, do
not have to respect the triangle inequality, one might
hope to avoid any hop-stretch. This is impossible in
general. Consider a complete graph with edge weights
sampled randomly from {1, α} for some large α.
Clearly, from information theoretic considerations, in
(1)
order to estimate dG with arbitrarily large distortion
(but smaller than α), one must use Ω(n2 ) space.
Therefore, in our metric data structures we will allow
hop-stretch.
Distance Oracles.: A distance oracle is a succinct
data structure DO that (approximately) answers distance
queries. Chechik [34] (improving over previous results
[87], [82], [76], [90], [33]) showed that any metric
(or graph) with n points has a distance oracle of size
1
O(n1+ k ),6 that can report any distance in O(1) time
with stretch at most 2k − 1 (which is asymptotically
optimal assuming Erdős girth conjecture). That is on
query u, v, the answer DO(u, v) satisﬁes dG (u, v) ≤
DO(u, v) ≤ (2k − 1) ⋅ dG (u, v).
Here we introduce the study of hop-constrained
distance oracles. That is, given a parameter h, we would
to construct a distance oracle that on query u, v, will
return d(h) (u, v), or some approximation of it. Our
result is the following:

2) Approximation algorithms: [62] used their
Ramsey type embeddings to obtain many different
approximation algorithms. Our improved Ramsey
embeddings imply directly improved approximation
factors, and hop-stretch, for all these problems. Most
prominently, we improve the cost approximation for
the well studied hop constrained k-Steiner tree problem
5
over [68] ([68] approximation is superior to [62]).
See [47] for a summary.
We go beyond [62] and apply our hop-constrained
clan embeddings to construct better approximation
algorithms. A subgraph H of G is h-respecting if for
(h)
every u, v ∈ V (H), dG (u, v) ≤ dH (u, v). In the
full version [47] we show that there is a one-to-many
embedding f ∶ V (G) → 2T into a tree, such that for
every connected h-respecting subgraph H, there is a
connected subgraph H ′ of T of weight O(log n)⋅w(H)
and hop diameter O(log2 n) ⋅ h containing at least one
vertex from f (u) for every u ∈ V (H) (alternatively,
we also guarantee a similar subgraph of weight
Õ(log n) ⋅ w(H) and hop diameter Õ(log n) ⋅ h). We
use this guarantee to construct bicriteria approximation
algorithm for the hop-constrained group Steiner tree
problem, the cost of which matches the state of the
art for the (non hop-constrained) group Steiner tree
problem, thus answering Question 2. Later, for the
online hop-constrained group Steiner tree problem, we

Theorem 6 (Hop constrained Distance Oracle). For
every weighted graph G = (V, E, w) on n vertices
with polynomial aspect ratio, and parameters k ∈ N,
 ∈ (0, 1), h ∈ N, there is an efﬁciently constructible
1
distance oracle DO of size O(n1+ k ⋅ log n), that for
every distance query (u, v), in O(1) time returns
(O( k⋅log log n )⋅h)


a value DO(u, v) such that dG
(h)
DO(u, v) ≤ (2k − 1)(1 + ) ⋅ dG (u, v).

5 In the k-Steiner tree problem we are given a root r ∈ V , and a
set K ⊆ V of at least k terminals. The goal is to ﬁnd a connected
subgraph H spanning the root r, and at least k terminals, of minimal
weight. In the hop constrained version we are additionally required
to guarantee that the hop diameter of H will be at most h.

(u, v) ≤

Distance Labeling.: A distance labeling is a
distributed version of a distance oracle. Given a graph
6 We
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measure size in machine words, each word is Θ(log n) bits.

G = (V, E, w), each vertex v is assigned a label (v),
and there is an algorithm A, that given (u), (v)
returns a value A((u), (v)) approximating dG (u, v).
In their celebrated work, Thorup and Zwick [87]
constructed a distance labeling scheme with labels of
1
O(n k ⋅ log n) size 6 , and such that in O(k) time,
A((u), (v)) approximates dG (u, v) within a 2k − 1
factor. We refer to [48] for further details on distance
labeling (see also [78], [54], [42]).
Matoušek [75] showed that every metric space (X, d)
1
could be embedded into ∞ of dimension O(n k ⋅ k ⋅
log n) with distortion 2k − 1 (for the case k = O(log n),
[1] later improved the dimension to O(log n)). As was
previously observed, this embedding can serve as a
labeling scheme (where the label of each vertex will
be the representing vector in the embedding). From this
point of view, the main contribution of [87] is the small
O(k) query time (as the label size/distortion tradeoff is
similar).
Here we introduce the study of hop-constrained
labeling schemes, where the goal is to approximate
(h)
(h)
dG (u, v). Note that dG is not a metric function, and
in particular does not embed into ∞ with bounded
distortion. Hence there is no trivial labeling scheme
which is embedding based. Our contribution is the
following:

previous works [79], [12], [13], [37], [41], [86]) who
1
obtain stretch 3.68k while using O(k ⋅ n k ) size 6 tables
and labels of size O(k ⋅ log n). For stretch Ω(log n)
further improvements were obtained by Abraham et al.
[2], and the Author and Le [49].
Here we introduce the study of hop-constrained
routing schemes, where the goal is to route the packet
in a short path with small number of hops. Specially, for
parameter h, we are interested in a routing scheme that
for every u, v will use a route with at most β ⋅ h hops,
(h)
and weight ≤ t ⋅ dG (u, v), for some parameters β, t.
If hopG (u, v) ≥ h, the routing scheme is not required
to do anything, and any outcome will be accepted. We
answer Question 3 in the following:
Theorem 8 (Hop constrained Compact Routing
Scheme). For every weighted graph G = (V, E, w) on
n vertices with polynomial aspect ratio, and parameters
k ∈ N,  ∈ (0, 1), h ∈ N, there is an efﬁcient construction
of a compact routing scheme that assigns each node a
1
table of size O(n k ⋅k ⋅log n), label of size O(k ⋅log2 n),
and such that routing a packet from u to v, will be done
2
using a path P such that hop(P ) = O( k ⋅log log n ) ⋅ h,
(h)
and w(P ) ≤ 3.68k ⋅ (1 + ) ⋅ dG (u, v). ‘
B. Related work
Hop-constrained network design problems, and in
particular routing, received considerable attention from
the operations research community, see [89], [57], [88],
[60], [58], [5], [83], [29], [26], [28], [85], [38], [72],
[27], [39] for a sample of papers.
Approximation algorithm for hop-constrained
problems were previously constructed. They are
usually considerably harder than their non hopconstrained counter parts, and often require for
bicriteria approximation. Previously studied problems
include minimum depth spanning tree [8], degree
bounded minimum diameter spanning tree [69],
bounded depth Steiner tree [70], [66], hop-constrained
MST [81], Steiner tree [74], and k-Steiner tree [63],
[68]. We refer to [62] for further details.
Recently, Ghaffari et al. [55] obtained a hopconstrained poly(log) competitive oblivious routing
scheme using techniques based on [62] hop-constrained
Ramsey trees. Notably, even though the O( log n )
2
distortion in Theorem 1 is superior to the O( log n )
distortion in a similar theorem in [62], [62] showed
that the expected distortion in their embedding is only
Õ(log n ). This additional property turned out to be
important for the oblivious routing application.
Given a graph G = (V, E, w), a hop-set
is a set of edges G′ that when added to G,
(h)
dG∪G′ well approximates dG . Formally, an (t, h)hop-set is a set G′ such that ∀u, v ∈ V ,

Theorem 7 (Hop constrained Distance Labeling). For
every weighted graph G = (V, E, w) on n vertices
with polynomial aspect ratio, and parameters k ∈ N,
 ∈ (0, 1), h ∈ N, there is an efﬁcient construction
of a distance labeling that assigns each node v a
1
label (v) of size O(n k ⋅ log2 n), and such that there
is an algorithm A that on input (u), (v), in O(k)
(O( k⋅log log n )⋅h)


time returns a value such that dG
(h)
A((v), (u)) ≤ (2k − 1)(1 + ) ⋅ dG (v, u).

(v, u) ≤

Compact Routing Scheme.: A routing scheme in a
network is a mechanism that allows packets to be
delivered from any node to any other node. The network
is represented as a weighted undirected graph, and
each node can forward incoming data by using local
information stored at the node, called a routing table,
and the (short) packet’s header. The routing scheme
has two main phases: in the preprocessing phase, each
node is assigned a routing table and a short label; in
the routing phase, when a node receives a packet, it
should make a local decision, based on its own routing
table and the packet’s header (which may contain the
label of the destination, or a part of it), of where to
send the packet. The stretch of a routing scheme is the
worst-case ratio between the length of a path on which a
packet is routed to the shortest possible path. For ﬁxed
k, the state of the art is by Chechik [32] (improving
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(h)

geometrically decreasing diameter Δ. The resulting
hierarchical partition deﬁnes an ultrametric, where the
vertices that padded in all the levels belong to the
set M . By union bound each vertex belong to M
with probability at least 12 , and the distortion and hopstretch equal to the parameters of the decomposition:
O(log2 n).
Theorem 1: optimal distortion - inclusion probability
tradeoff.: We use a more sophisticated approach,
similar to previous works on clan embeddings [49],
and deterministic construction of Ramsey trees [2].
The main task is to prove a “distributional” version
of Theorem 1. Speciﬁcally, given a parameter k,
and a measure μ ∶ X → R≥1 , we construct a
Ramsey type embedding with Ramsey hop-distortion
1
(16k, M, O(k ⋅ log n), h) such that μ(M ) ≥ μ(X)1− k .
Theorem 1 than follows using the minimax theorem.
The construction of the distributional lemma is a
deterministic recursive ball growing algorithm. Given
a cluster X and scale parameter 2i , we partition X
into clusters X1 , . . . , Xs such that each Xi is contained
(i⋅O(k)⋅h)
in a hop bounded ball BX
(v, 2i−2 ). Then we
recursively construct a Ramsey type embedding for each
cluster Xq (with scale 2i−1 ), and combine the obtained
ultrametrics using a new root with label 2i . Note that
there is a dependence between the radius of the balls,
to the number of hops they are allowed. Speciﬁcally,
in each level we decrease the radius by multiplicative
factor of 2, and the number of hops by an additive factor
of h′ = O(k) ⋅ h. We maintain a set of active vertices
M . Initially all the vertices are active. An active vertex
i
(h)
v ∈ M will cease to be active if the ball BG (v, Θ( 2k ))
intersects more than one cluster. The set of vertices that
remain active till the end of the algorithm, e.g. vertices
that were “padded” in every level, will constitute the
set M . The “magic” happens in the creation of the
clusters, so that to ensure that large enough portion of
the vertices remain active till the end of the algorithm.
On an (inaccurate and) intuitive level, inductively, at
level i − 1, the “probability” of a vertex v to be

dG (u, v) ≤ dG∪G′ (u, v) ≤ t ⋅ dG (u, v). Most notably,
[43] constructed

log k−2
(1 + , ( log k )
)

hop-sets with

1
1+ k

O,k (n
) edges. Hop-sets were extensively studied,
we refer to [44] for a survey. Another related problem
is h-hop t-spanners. Here we are given a metric space
(X, d), and the goal is to construct a graph G over
(h)
X such that ∀x, y ∈ X, dX (x, y) ≤ dG (x, y) ≤
t ⋅ dX (x, y). See [10], [84], [65] for Euclidean metrics,
[51] for different metric spaces, [50] for reliable 2hop spanners, and [9] for low-hop emulators (where
(O(log log n))
dG
respects the triangle inequality).
The idea of one-to-many embedding of graphs was
originated by Bartal and Mendel [24], who for k ≥ 1
1
constructed embedding into ultrametric with O(n1+ k )
nodes and path distortion O(k ⋅ log n ⋅ log log n). The
path distortion was later improved to O(k ⋅ log n) [49],
[19]. Recently, Haeupler et al. [61] studied approximate
copy tree embedding which is essentially equivalent to
one-to-many tree embeddings. Their “path-distortion” is
inferior: O(log2 n), however they were able to bound
the number of copies of each vertex by O(log n)
in the worst case (not obtained by previous works).
One-to-many embeddings were also studied in the
context of minor-free graphs, where Cohen-Addad et al.
[36] constructed embedding into low treewidth graphs
with expected additive distortion. Later, the author
and Le [49] also constructed clan, and Ramsey type,
embeddings of minor free graph into low treewidth
graphs.
Bartal et al. [21] showed that even when the metric
space is the shortest path metric of a planar graph
with constant doubling dimension, the general metric
Ramsey type embedding [76] cannot be substantially
improved. Finally, there are also versions of Ramsey
type embeddings [2], and clan embeddings [49] into
spanning trees of the input graph. This embeddings
loses a log log n factor in the distortion compared with
the embeddings into (non-spanning) trees.
C. Paper overview

1
−k

′

padded in all future levels is (∣B (i⋅h ) (v, 2i−3 )∣) . By
a ball growing argument, v is padded in the i’th level

The paper overview uses terminology presented in the
preliminaries Section II.
1) Ramsey type embeddings:
Previous approach.: The construction of Ramsey
type embeddings in [62] is based on padded
decompositions such as in [16], [46]. Speciﬁcally, they
show that for every parameter Δ, one can partition
the vertices into clusters C such that for every C ∈ C,
2
(O(log2 n)⋅h)
(u, v) ≤
diam(O(log n)⋅h) (C) = maxu,v∈C dG
(h)
(h)
Δ and every ball B (v, r) = {u ∣ dG (u, v) ≤ r},
for r = Ω( logΔ2 n ), belongs to a single cluster (i.e. v
is “padded”) with probability ≈ 1 − log1 n . [62] then
recursively partitions the graph to create clusters with

((i+1)⋅h′ )

i−2

1
−k

(v,2 )∣
with “probability” ( ∣B∣B (i⋅h′ ) (v,2
) . Hence by the
i−3 )∣
induction hypothesis, v is padded at level i and all the
′

1
−k

future levels with probability (∣B ((i+1)⋅h ) (v, 2i−2 )∣) .
Note that for this cancellations to work out, we are
paying an h′ = O(k ⋅ h) additive factor in the hopstretch in each level, as we need that the “minimum
possible cluster” at the current level will contain the
“maximum possible cluster” in the next one.
Theorem 2: log log n hop-stretch.: The construction
of the embedding for Theorem 2 is the same as that of
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P = (v0 , v1 , . . . , vm ) in G, we are guaranteed that
′
where vi′ ∈ f (vi ) such that
there are vertices v0′ , . . . , vm
m−1
m−1
′ ′
∑i=0 dU (vi , vi+1 ) ≤ O(k⋅log n)⋅∑i=1 w(vi , vi+1 ). The
proof of the path distortion property is recursive and
follow similar lines to [24]. Speciﬁcally, for a scale 2i
we iteratively partition the path vertices v0 , v1 , . . . , vm
into the clusters X1 , . . . , Xs , while minimizing the
number of “split edges”: consecutive vertices assigned
to different clusters. We inductively construct “copies”
for each sub-path internal to a cluster Xj . The “split
edges” are used as an evidence that the path P has
weight comparable to the scale 2i times the number of
split edges, and thus we could afforded them (as the
maximal price of an edge in the ultrametric is 2i ).
Next, we construct the subgraph preserving
embedding. Speciﬁcally, we construct a clan embedding
f ∶ V → 2T , such that all the vertices in T are copies
of G vertices: V (T ) = ∪v∈V f (v), and every edge
e = {u′ , v ′ } ∈ T for u′ ∈ f (u), v ′ ∈ f (v) is associated
with a path Pe from u to v in G of weight ≤ dT (u′ , v ′ ).
Concatenating edge paths we obtain an induced path
for every pair of vertices u′ , v ′ in T . We construct such
subgraph preserving embedding, where the number of
hops in every induced path is bounded by O(log2 n) ⋅ h,
and such that for every connected (h-respecting)
subgraph H of G, there is a connected subgraph H ′ of
T of weight wT (H ′ ) ≤ O(log n) ⋅ wG (H), where for
every v ∈ H, H ′ contains some vertex from f (v). Then
we obtain an alternative tradeoff where the number of
hops in every induced path is bounded by Õ(log n) ⋅ h,
and the weight of the subgraph H ′ is bounded by
wT (H ′ ) ≤ Õ(log n) ⋅ wG (H).
3) Approximation algorithms:
Following the
approach of [62], our improved Ramsey type
embeddings (Theorems 1 and 2) imply improved
approximation algorithms for all the problems studied
in [62]. We refer to [62] for details, and to the full
version for summary.
For the group Steiner tree problem (and its online
version), using the subgraph preserving embedding, we
are able to obtain a signiﬁcant improvement beyond the
techniques of [62]. In fact, the cost of our approximation
algorithm matches the state of the art for the non
hop-restricted case. Our approach is as follows: ﬁrst
we observe that the optimal solution for the hopconstrained group Steiner tree problem is a tree. In
particular, the subgraph H of G constituting the optimal
solution is 2h-respecting. It follows that a copy H ′ of
the optimal solution H (of weight O(log n) ⋅ OPT)
could be found in the image T of the subgraph
preserving embedding f . Next we use known (non hopconstrained) approximation algorithms for the group
Steiner tree problem on trees [53] to ﬁnd a valid solution
H ′′ in T of weight O(log2 n ⋅ log k) ⋅ OPT. Finally, by

Theorem 1 in all aspects other than the cluster creation.
In particular, we ﬁrst prove a distributional lemma and
use the minimax theorem.
The dependence between the different scale levels
in the algorithm for Theorem 1 contributes an additive
factor of O(kh) to the hop allowance per level. Thus for
polynomial aspect ratio it has O(k ⋅ log n) hop-stretch.
To decrease the hop-stretch, here we create clusters w.r.t.
“hop diameter” at most O(k ⋅ log log n) ⋅ h, regardless
of the current scale. As a result, it is harder to
relate between the different levels (as the “maximum
possible cluster” in the next level is not contained in
the “minimum possible one” in the current level). To
compensate for that, instead, we use a stronger perlevel guarantees. In more details, at level i we create
a ball cluster inside B (O(k⋅log log n)⋅h) (v, 2i−2 ), however
instead of using the ball growing argument on the
entire possibilities spectrum, we use it only in a smaller
“strip”, loosing a log log n factor, but obtaining that the
probability of v to be padded in the current i level is
(O(k⋅log log n)⋅h)

i−2

1
k

(v,2 )∣
) . Inductively we assume that
( ∣B
∣X∣
the “probability” of a vertex v ∈ X to be padded in all
1
the level is ∣X∣− k . As the next cluster is surely contained
in B (O(k⋅log log n)⋅h) (v, 2i−2 ), the probability that v is
1
padded in all the levels (including i) is indeed ∣X∣− k .
A similar phenomena occurs in tree embeddings
into spanning trees (i.e. subgraphs), where the cluster
creation is “independent” for each level as well [3], [2],
[49]. An additional advantage of this approach is that
it holds for graphs with unbounded aspect ratio (as the
hop-stretch is unrelated to the number of scales).
2) Clan embeddings: The construction of the clan
embeddings Theorems 3 and 4 are similar to the Ramsey
type embeddings. In particular, in both cases the key
step is a distributional lemma, where the algorithms
for the distributional lemmas are deterministic ball
growing algorithms. The main difference, is that while
in the Ramsey type embeddings we partition the graph
into clusters, in the clan embedding we create a
cover. Speciﬁcally, given a cluster X and scale 2i , the
created cover is a collection of clusters X1 , . . . , Xs
such that each Xi is contained in a hop bounded
i
(O(i⋅k)⋅h)
(h)
ball BX
(v, 2i−2 ), and every ball BX (u, Ω( 2k ))
is fully contained in some cluster. Each vertex u
might belong to several clusters. In the Ramsey type
embedding our goal was to minimize the measure of the
“close to the boundary” vertices, as they were deleted
from the set M . On the other hand, here the goal is
to bound the combined multiplicity of all the vertices
(w.r.t. the measure μ), which governs the clan sizes.
Path distortion and subgraph preserving embedding:
An additional property of the clan embedding is path
distortion. Speciﬁcally, given an (h-respecting) path
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and wright G instead of V (G). dG denotes the shortest
path metric in G, i.e., dG (u, v) equals to the minimal
weight of a path between u to v. A path v0 , v1 , . . . , vh
is said to have h hops. The h-hop distance between two
vertices u, v is

combining the associated paths we obtain an induced
solution in G of the same cost. The bound on the hops
in the induced paths insures an O(log2 n) hop-stretch.
The competitive algorithm for the online group Steiner
tree problem follows similar lines.
4) Hop constrained metric data structures: At ﬁrst
glance, as hop constrained distances are non-metric,
constructing metric data structures for them seems to be
very challenging, and indeed, the lack of any previous
work on this very natural problem serves as an evidence.
Initially, using our Ramsey type embedding we
construct distance labelings in a similar fashion to the
1
distance labeling scheme of [76]: construct O(n k ⋅ k)
Ramsey type embedding into ultrametrics U1 , U2 , . . .
such that Ui is ultrametric over V with the set Mi of
saved vertices. It will hold that every vertex belongs
to some set Mi . For trees (and ultrametrics) there are
very efﬁcient distance labeling schemes (constant size
and query time, and 1.5-distortion [52]). We deﬁne the
label of each vertex v to be the union of the labels for
the ultrametrics, and the index i of the ultrametric where
v ∈ Mi . As a result we obtain a distance labeling with
1
label size O(n k ⋅ k), constant query time, and such that
(O(k⋅log log n)⋅h)
for every u, v, dG
(u, v) ≤ A((v), (u)) ≤
(h)
O(k⋅log log n)⋅dG (u, v). While the space, query time,
and hop-stretch are quite satisfactory, the distortion
leaves much to be desired.
To obtain an improvement, our next step is to
construct a data structures for a ﬁxed scale. Speciﬁcally,
for every scale 2i , we construct a graph Gi such that
(h)
for every pair u, v where dG (u, v) ≈ 2i , it holds that
(O( k⋅log log n )⋅h)

(h)

dG (u, v) = min {w(P ) ∣ P is a path
between u and v with hop(P ) ≤ h} .
If there is no path from u to v with at most
(h)
h hops, then dG (u, v) = ∞. hopG (u, v) =
(h)
min {h ∣ dG (u, v) < ∞} is the minimal number of
hops in a u-v path. The h-hop diameter of the graph
(h)
is diam(h) (G) = max{dG (u, v)} the maximal h-hop
distance between a pair of vertices. Note that in many
cases, this will be ∞. BG (v, r) = {u ∣ dG (u, v) ≤ r}
is the closed ball around u of radius r, and similarly
(h)
(h)
BG (v, r) = {u ∣ dG (u, v) ≤ r} is the h-hop
constrained ball.
Throughout the paper we will assume that the
minimal weight edge in the input graph has weight 1,
note that due to scaling this assumption do not lose
generality. The aspect ratio, 3 is the ratio between the
e∈E w(e)
maximal to minimal weight in G max
, or simply
mine∈E w(e)
maxe∈E w(e) as we assumed the the minimal distance
is 1. In many places (similarly to [62]) we will assume
that the aspect ratio is polynomial in n (actually in all
results other than Theorems 2 and 4). This will always
be stated explicitly.
For a subset A ⊆ V of vertices, G[A] = (A, EA =
E ∩ (V2 ), w↾EA ) denotes the subgraph induced by
A. The diameter of A, denoted by diam(S) is
maxu,v∈S dG[S] (u, v). 7 Similarly, for a subset of edges
Ẽ ⊆ E, where A ⊆ V is the subset of vertices in ∪e∈Ẽ e,
the graph induced by Ẽ is G[Ẽ] = (A, Ẽ, w↾Ẽ ).
An ultrametric (Z, d) is a metric space satisfying
a strong form of the triangle inequality, that is, for
all x, y, z ∈ Z, d(x, z) ≤ max {d(x, y), d(y, z)}. The
following deﬁnition is known to be an equivalent one
(see [23]).

(h)


dG
(u, v) ≤ dGi (u, v) ≤ (1 + ) ⋅ dG (u, v).
(h)
Thus, if we were to know that dG (u, v) ≈ 2i , then we
could simply use state of the art distance labeling for Gi ,
ignoring hop constrains. Now, using our ﬁrst Ramsey
based distance labeling scheme we can obtain the
required coarse approximation! Our ﬁnal construction
consist of Ramsey based distance labeling, and in
addition state of the art distance labeling [87] for the
graphs Gi for all possible distance scales. Given a query
(h)
u, v, we ﬁrst coarsely approximate dG (u, v) to obtain
some value 2i . Then we returned the answer from the
distance labeling scheme that was prepared in advance
for Gi . Our approach for distance oracles, and compact
routing scheme is similar.

Deﬁnition 1. An ultrametric is a metric space (Z, d)
whose elements are the leaves of a rooted labeled tree
T . Each z ∈ T is associated with a label  (z) ≥ 0 such
that if q ∈ T is a descendant of z then  (q) ≤  (z) and
 (q) = 0 iff q is a leaf. The distance between leaves
z, q ∈ Z is deﬁned as dT (z, q) =  (lca (z, q)) where
lca (z, q) is the least common ancestor of z and q in T .

II. P RELIMINARIES

Metric Embeddings: Classically, a metric embedding
is deﬁned as a function f ∶ X → Y between the
points of two metric spaces (X, dX ) and (Y, dY ). A

Õ notation hides poly-logarithmic factors, that is
Õ(g) = O(g) ⋅ polylog(g). Consider an undirected
weighted graph G = (V, E, w), and hop parameter h.
A graph is called unweighted if all its edges have unit
weight. We denote G’s vertex set and edge set by V (G)
and E(G), respectively. Often we will abuse notation

7 This is often called strong diameter. A related notion is the weak
diameter of a cluster S , deﬁned maxu,v∈S dG (u, v). Note that for
a metric space, weak and strong diameter are equivalent. See [46].
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metric embedding f is said to be dominating if for
every pair of points x, y ∈ X, it holds that dX (x, y) ≤
dY (f (x), f (y)). The distortion of a dominating
(x),f (y))
embedding f is maxx/=y∈X dY (f
. Here we will
dX (x,y)
also study a more permitting generalization of metric
embedding introduced by Cohen-Addad et al. [36],
which is called one-to-many embedding.

distortion (t, β, h) if for every u, v ∈ V , it holds
(β⋅h)
that dG (u, v) ≤ minv′ ∈f (v),u′ ∈f (u) dU (v ′ , u′ ), and
(h)
minv′ ∈f (v) dU (v ′ , χ(u)) ≤ t ⋅ dG (u, v).

Deﬁnition 2 (One-to-many embedding). A one-to-many
embedding is a function f ∶ X → 2Y from the points
of a metric space (X, dX ) into non-empty subsets of
points of a metric space (Y, dY ), where the subsets
{f (x)}x∈X are disjoint. f −1 (x′ ) denotes the unique
point x ∈ X such that x′ ∈ f (x). If no such point exists,
f −1 (x′ ) = ∅. A point x′ ∈ f (x) is called a copy of x,
while f (x) is called the clan of x. For a subset A ⊆ X
of vertices, denote f (A) = ∪x∈A f (x). We say that f is
dominating if for every pair of points x, y ∈ X, it holds
that dX (x, y) ≤ minx′ ∈f (x),y′ ∈f (y) dY (x′ , y ′ ).

Deﬁnition 6 (h-respecting). A subgraph H of G is h(h)
respecting if for every u, v ∈ H it holds that dG (u, v) ≤
dH (u, v). Often we will abuse notation and say that
a path P is h-respecting, meaning that the subgraph
induced by the path is h-respecting.

The following deﬁnitions will be useful to argue that
the clan embedding preservers properties of subgraphs,
and not only vertex pairs.

Deﬁnition 7 (Hop-path-distortion). We say that the oneto-many embedding f has hop path distortion (t, h) if
for every h-respecting path P = (v0 , v1 , . . . , vm ) there
′
where vi′ ∈ f (vi ) such that
are vertices v0′ , . . . , vm
m−1
m−1
′ ′
∑i=0 dY (vi , vi+1 ) ≤ t ⋅ ∑i=0 w(vi , vi+1 ).
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