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Abstract

We study the typical height of the (2+1)-dimensional solid-on-solid surface with pinning interacting
with an impenetrable wall in the delocalization phase. More precisely, let Ay be a N x N box of
72, and we consider a nonnegative integer-valued field (¢(x)) e, With zero boundary conditions (i.e.
P| AE;V = () associated with the energy functional

V@) =B 16(x) = (| = D hg)=o)-

X~y X

where 8 > 0 is the inverse temperature and & > 0 is the pinning parameter. Lacoin has shown that
for sufficiently large S, there is a phase transition between delocalization and localization at the critical

point
hy(B) =log | ———
w(B) A1)

In this paper we show that for § > 1 and h € (0, hy), the values of ¢ concentrate at the height
H = L(4ﬁ)_l log N] with constant order fluctuations. Moreover, at criticality 7 = hy,, we provide
evidence for the conjectured typical height Hy, = L68)~! log N].
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1. Introduction

1.1. Background

The solid-on-solid (SOS) model, introduced in [5,21], is a crystal surface model, which acts
as a qualitative approximation of the Ising model in low temperature (see [6] for more details).

Now we formally describe the (d + 1)-dimensional solid-on-solid model on the lattice Z¢.
Let Ay = [[1, N]“ denote a box of size N in the lattice Z¢ and we define its external boundary
to be

aAsz{erd\AN: Jy € Ay, x ~ y}

where x ~ y denotes that x and y are nearest neighbors in the lattice Z¢. Given ¢ € TZA N =
7/~ | we define the Hamiltonian for the solid-on-solid model with zero boundary condition as

Hy@@) = Y o) —¢Ml+ Y. lpX)l. e
{x.})’()NCyAN XeANX,Nyye‘r)AN

Then for > 0 (inverse temperature), we define a probability measure on fZN = 7/ as
follows

~ 1
Yoy,  Ph@) = gre HN® @
ZN

where

—dp\ N1
Bm Y e < (—1 fzdﬁ)
veln

and we refer to [18, Equations (3.8)-(3.10)] for a proof of the last inequality. It is known
(see [9,21,22]) that for any 8 > 0, the (1 4 1)-dimensional SOS surface is rough (delocalized),
which means the expectation of the absolute value of the height at the center diverges in the
thermodynamic limit. However, for d > 3, it is shown in [4] by Peierls argument that for any
B > 0, the (d + 1)-dimensional SOS surface is rigid (localized), that is, the expectation of
the absolute value of the height at the center is uniformly bounded. The interesting case is
d = 2 which exhibits a phase transition between rough (for small g, cf. [10-12]) and rigid
(for large B, cf. [2,13]). Moreover, numerical simulations suggest that 8. ~ 0.806 is where the
delocalization/localization transition occurs [6].

1.2. The (2 4 1)-dimensional SOS surface above a wall

The probability distribution of the (2+ 1)-dimensional SOS interface above an impenetrable
wall (taking non-negative integer values) is the conditional distribution

VoeOyi={pely:¢=0}, Py@) =Py /Ph(Q. 3)

In [3, Theorem 4.1], Bricmont, Mellouki, and Frohlich showed that for large 8, the average
height of the surface satisfies

1 1 C
B
_C,B log N < _NzEN E dx) | < _/3 log N

XEAN
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where Eﬁ, is the expectation corresponding to the law IP’ﬁ,. Later in [6], Caputo, Lubetzky,
Martinelli, Sly and Toninelli showed that for 8 > 1, the typical height of the surface
concentrates at

1
H= LﬁlogNJ

with fluctuations of order O(1), where x| :=sup{n € Z : n < x}, as follows.

Theorem A ([6, Theorem 3.1]). There exist two universal constants C, K > 0 such that for
all B > 1 and all integer k > K, we have for all N,

2Pk —2pk -8
P (fx € Ay = (x) > H+ Kk} > e PN < N(1ne P N log ™ )

’

and
PA (H{x € Ay : ¢(x) < H—k}| > e PN?) < N

This result describes the effect of the impenetrable wall in the large 8 regime, as the surface
is pushed up to the height of order # log N, instead of remaining uniformly bounded when
no wall is present. This effect is often called entropic repulsion. Furthermore, in [7] these
authors provided a full description of the macroscopic shape of the SOS surface, including
the scaling limit and fluctuations of the rescaled macroscopic level lines. In particular, they
show in [7, Theorem 1] that the surface concentrates on two values: H and H — 1. Moreover,
concerning 3D Ising interfaces conditioned to stay above a floor at a negative level, Gheissari
and Lubetzky [14] proved a phase transition in the occurrence of entropic repulsion when
variating the level of the floor. Thus, similar results are believed to hold for (2 4+ 1)-D SOS

surface above a hard wall.
1.3. The (2 + 1)-dimensional SOS surface with pinning above a wall

In this paper, we are interested in the case where the (2+ 1)-dimensional SOS surface above
a wall interacts with a pinning (or wetting) attraction to the wall.

More precisely, we model this surface in the box Ay C Z? by an element of 2y = Zf” ,
where Z, = Z N [0,00). Given § > 0 and & > 0, we define the probability measure for
the (2 4 1)-dimensional SOS surface above a wall with zero boundary conditions and pinning
reward h, namely ]P’f\,’h on 2y, by

) - . B

Plﬁi’ (@) == Ztli.he BHN(@)+hl{xeAy: ¢p(x) O}I’ 4)

N
where
- [AN]
PN 142
Zf,’h — Z e PHN@)+hlxe: ¢(x)=0}| < eMANI <1 —— . (5)
pefly ¢

By [18, Equation (2.9)], we know the existence of the following limit
F(B, h) := lim Loz 2t
’ T N—oo ]\/2 g N
which is called the free energy. By Hoélder’s inequality, for 6 € [0, 1] we have

0 1-60
B.Oh+(1—0)hy B.hi B.ho
28 = (zf") - (2h")
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and then F(B, h) is increasing and convex in & since F(B, h) is the limit of a sequence of
increasing and convex functions in h. Therefore, at points where F(8, h) is differentiable in &,
the convexity (cf. [15, Appendix A.1.1]) allows us to exchange the order of limit and derivative
to obtain the asymptotic contact fraction

. 1 _
im —SEY [16710].
where we have used the notation ¢~ '(A) = {x € Ay : ¢(x) € A} for A C Z, and
¢~ (k) := ¢~ ({k}) for k € Z. In [8], Chalker showed that there exists a critical value

hw(B) = sup{h € Ry : F(B, h) = F(B, 0)} (6)

which is positive for all B > 0, thus separating the delocalized phase (9,F(B8, h) = 0) from
the localized phase (9,F(8,h) > 0). We refer to the surveys [17,23] for a comprehensive
bibliography on the subject of localization/delocalization of surface models. Chalker further
showed that for all 8 > 0,

16(e*? + 1)>

e
log <e4ﬁ——l> < hy(B) <log <e4ﬂ——1
Later, Alexander, Dunlop and Miracle-Solé [1] showed that the lower bound in (7) is asymptoti-
cally sharp, and when 4 decreases to /,, the system undergoes a sequence of layering transitions
(i.e. the typical height of the surface varies as & decreases to h,,). More recently, Lacoin proved
in [18, Proposition 5.1] that for 8 > B; (where B; € (log?2, log3) is given by [18, (2.20)]), we
have

e*h
hw(B) = log (m) ; (8)
and there exists a constant Cg such that

Vue 0,11, C5lud < F(B.u+ hy(B) — F(B. hu(B)) < Cpu.

0,F(B. ) = |

(N

In fact, this constant Cg can be determined more precisely under additional conditions on B,
for which we refer to [18, Theorem 2.1]. Furthermore, when 4 > h,, a complete picture of
the typical height, the Gibbs states and regularity of the free energy is provided in [19].

1.4. Subcritical regime

In this paper, our goal is to describe the typical height of the (2 4 1)-dimensional SOS
surface above a wall with pinning parameter & € (0, h,,). Our main result is a generalization
of Theorem A to the subcritical pinning regime. We note that for 2 € (0, #,) we have
e+ e *F > 1, and then define for § > 0,

4B+

h,8) = ———.
k(B h,d) 10g(€7h+€745)

©))

Theorem 1.1. Fix 8> 1, h € (0, hy) and N > 1. Let H = L# log NJ.

(i) There exist two universal constants C, K > 0 such that for all integer m > K,

B (6 (1 + m, cop] = e ) < O PN )
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(ii) For 6 > 0 and m € N we have
— min( 4 e2fm— K
P/]S\I,h (|¢7110. H — m])| > 2" N?) < 3e (1 4(1+4), s)zv’
where k is defined in (9).

We expect that similarly, for & € (0, h,,), the surface concentrates on two values H — c(h)
and H — c(h) — 1 where c(h) € Z, tends to infinity when % tends to £,,.

1.5. Behavior at criticality

Next we consider the behavior at critical 2 = h,,, as defined in (6). Our main result is that
the amount of non-isolated zeros is at most of order N with high probability. For ¢ € {2y, we
define its isolated and non-isolated zeros to be respectively

q1(P) ={x € Ay : ¢(x) =0,Vy € Ay, y ~x,9(y) = 1},

(10)
@) ={xecdy: ¢p(x)=0,3y € Ay, y ~x,¢(y) =0}.
We prove the following theorem.
Theorem 1.2. For 8 > 1 and h = hy, we have for all N € N and C > 0,
w _N(L e 68_4
A (p e Ot lgni@)] = CN) < & V(ET4),
When &k = h,, it is conjectured that the surface height concentrates around the value
1
H, = blogNJ , (1)

with fluctuations similar to Theorem 1.1 [20]. The intuition for this different typical height is a
balance at criticality between entropic cost of lifting the surface up and the reward for isolated
zeros. Theorem 1.2 indicates that non-isolated zeros should not contribute to this balance.

Our last result gives further evidence for the conjecture. We show that the probability of
downwards fluctuations from the conjectured typical height H,, is very small, if the amount of
zeros is at most of order N*/3.

Proposition 1.3. Forall B >1,C >0, h =h,, N € Nand m € N, letting H, = Lé log N |
we have

B (o711 = eN {71, Hy —mD| = 2727 N2})
< 2exp (4ﬂN 1 4BCNT — %ezﬂmN%> .

As a consequence of Theorem 1.2 and Proposition 1.3, it is enough to prove that for large
enough C > 0, we have
PY" (lq1(@)] > CN*) = o(1), N — oo (12)

in order to obtain a lower bound on the typical height of the surface at criticality, matching the
conjectured height in (11).

1.6. Open problems and heuristic arguments

Subcritical regime. Theorem 1.1 opens the door to more advanced questions about the
structure of the surface when 4 € (0, h,,). Shape results similar to [7] are expected to hold. In
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particular, we expect that for i € (0, h,,), the surface concentrates on two values H — c(h) and
H — c(h) — 1, where c(h) € Z, tends to infinity when & tends to h,,.

At criticality. The behavior of the surface at 7 = h,, remains to be analyzed. In particular,
proving an analogous result to Theorem 1.1 with typical height as in (11) is of interest, as
are more advanced shape results (similar to [7, Theorems 1 and 2]). As mentioned earlier, our
results would imply a lower bound matching this typical height, provided that (12) holds. We
turn to offer heuristic arguments for the conjectured estimates (11) regarding the typical height
and (12) regarding the number of isolated zeros.

For large B (low temperature), neighboring vertices tend to have close values. Thus the
surface is expected to be nearly flat — most of the vertices will take a certain value H,,,
up to the inner boundary. Nonetheless, some vertices will take the value zero (even without
pinning, as proved in [3]). As the zeros are believed to have a spatial mixing property (see
the intuitive argument of [18, Equation (3.13)]), their appearance could be approximated by an
i.i.d. process, where each vertex is an isolated zero with probability e=*## (stemming from
having 4 neighbors at height H,,) and two adjacent vertices are a pair of zeros with probability
e %PHu (stemming from having 6 neighbors at height H,,). At criticality, the pinning reward is
not influenced at all by isolated zeros (see (24)), and the main contribution is therefore from
pairs of neighboring zeros, whose amount is typically N2e~%f#» The main penalty to the
Hamiltonian (1) is from lifting the inner boundary up to H,, while the outer boundary remains
at 0, thus contributing e=*#¥#v to the computation of probability in (4). The value of H,, is
one which balances these two factors, that is,

exp (thze_ﬁﬁHw) e WNHw 1

which implies H,, = Lé log N| asin (11). Now, by the i.i.d. model for zeros, the mean number
of isolated zeros is

N2e*BHu — N4/3,

which implies (12).
1.7. Outline of the paper

The paper is organized as follows. Section 2 is devoted to Theorem 1.1—(i) about upward
fluctuations in the subcritical regime. Section 3 is about Theorem 1.1—(ii) concerning downward
fluctuations in the subcritical regime. In Section 4, we prove Theorem 1.2 and Proposition 1.3
at criticality.

2. Theorem 1.1-(1): Upward fluctuations for z € (0, k)

Intuitively, the height of the (2+ 1)-dimensional SOS surface above a wall with pinning (i.e.
h>0)is stochasticallgl dominated by that without pinnin§ (i.e. h = 0). We use this comparison
between IP’f,’h and P’;’;’ to prove part (i), where ]P”?\,’O =P, is defined in Section 1.2.

2.1. Partial order and stochastic domination

We define a partial order “<” on {2y x {2y as follows

p=y & Vxedy, ¢(x) =Y.
173



N. Feldheim and S. Yang Stochastic Processes and their Applications 165 (2023) 168-182

Moreover, a function f : 2y — R is increasing if

b=y = [fl@)=rW).

Similarly, an event A C {2y is increasing if its indicator function 14 is increasing. For two
probability measures (1, (o on {2y, we say that u, dominates pu;, denoted by p; < u,, if for
any bounded increasing function f : 2y — R, we have

wi(f) < ma(f).

Lemma 2.1. Forall B > 0 and 0 < h; < h,, we have

Ptli;hz < Pll‘i/’hl‘ (13)
Proof. Since [16, Theorem 6] is applied for finite distributive lattice, we set

A, = {¢ € Ny : max ¢(x) gn}.
)CEAN
It is fundamental to verify Holley’s condition [16, Equation (7)] to obtain
PR (LA 2 PRM G LAY,
and then for any bounded increasing function f : {2y — R we have

EN"[f1a,] _ EN"'(f14,]

< . (14)
PR™2(A) T PRM(A
Moreover, by the dominate convergence theorem, for all 4 > 0 we have
B2 F1
B [f] = tim N T4 (15)

oo PUIAL)
Combining (14) and (15), we conclude the proof. [

2.2. Proof of Theorem 1.1-(1).

Note that for any integer m, the event
{¢ eEy: Ixedy: ¢(x)> H+m}| > e—ZﬂmNz}

is increasing. We combine Lemma 2.1 and Theorem A to conclude the proof. [

3. Theorem 1.1-(ii): downward fluctuations for i € (0, h,)

To prove part (ii) of Theorem 1.1, we first show that |¢~!(0)| is at most of order N, with
high probability, adopting the strategy in [6, Theorem 3.1].
Lemma 3.1. Forall B>1, h€[0,hy), § >0and N > 1, we have
P (1971 0)] = kN) < e,

where k = (B, h, §) is defined in (9).
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Proof. For ¢ € 2y and each A C ¢~'(0), we define Us¢ : Ay — Z_ as follows

e +1, itxga,
(Uad)x) = {0, ifxecA.

Since the action U, increases the height of each site in Ay \ A by one, we have
Hy(Uap) < Hy(@) +4[A[ + 4N,

4 1 1 (16)
16~ (0)] — [(Uad) ™ (0)] = ¢~ (0) \ Al
Therefore,
PR (Uad) = PR () - exp (—hlp~'(0) \ Al — 4B|A| — 4BN),
and then
Y P Wad) = eV B (9) DD exp(—hlgT'(0)\ Al — 4B]A))
ACo~1(0) ACo~1(0)

I~
— N O A (g > > exp(-n@p—ny (A7)

n=0 Ac¢—10)
|Al=n

_ —1
— o ~4BN=hI$T O] (1 +e—(4ﬂ—h))|¢ O PA" () .
Observe that for A, A’ € ¢~'(0) with A # A’, we have

Undp #Un¢.
Furthermore, for ¢ # ¥, if A € ¢~'(0) and B € ¥ ~'(0), we have

Uprdp £ Upr,

because we can recover A from Us¢ by zero-value sites and then proceed to recover ¢.
Therefore 3,00 2 acs-1(0) ]P"Ig\,’h(UA¢) < 1. In particular, using (17) we obtain

1=y Y PR Uag)
¢: |9~ 1(0)>«N Ace=1(0)
> Y eevmeton +e—<4ﬂ—h>)|¢’l<°>‘ PA" (¢) (18)
¢: ¢~ 1(0)|=kN
> e N (e 4 e YV PE (1671(0)] = «N)

where in the last inequality we have used that e ™" +e~* > 1 for h € [0, h,,). By the definition
of x in (9) we have

(e’h + e’4ﬂ)K e = ¢

Plugging this into (18), we conclude the proof of Lemma 3.1. [

Lemma 3.2. Let 8 > 1, h € [0, hy) and k > 0. Then for all m > [ﬁ log 8B(1 + «))] and
N > 1 we have

B | . e—Zﬂm )
Py ({|¢>‘ O)] < KN} N {|¢>— (1, H—m])| > TV })
<—1 e_<%ezﬂm_4ﬁ(l+K))N.
T1—e PN
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Remark 1. The condition m > ﬁ log (8B(1 + «)) is only to ensure that 3e*" —48(1+«) > 0.

Proof. Fix an integer £ € [1, H —m]. For any subset A C ¢~'(£), we define V¢ : Ay > Z,
as follows

0, if x € p~1(0),
(Vad)(x) == {1, ifx € A, (19)
dpx)+1, ifxé¢ AUP(0).

Observe that for x € A and y ¢ A U ¢~'(0) with x ~ v,

[(Vag)(x) = (Vad)(¥)| = ¢ (y) < [€ — ()| + £,
and then

HN(Vad) < Hy() + 4N + ¢~ (0)] + 4¢|A].
Moreover, as |[(Va¢)~'(0)] = [¢~'(0)|, we obtain

Pfjh (Vagp) > Pﬁ,'h (®) e—4ﬁN—4ﬂ\¢*1(0)|—4ﬂZ\A|'

Similarly to (17), we have

Z Pfjh (Vagp) > Pﬁ;h (@) Z e—4ﬂN—4ﬁ\¢’l(0)l—4ﬂ€|Al

ACo () Ace-1(0)
- -1
= PE" () e 4N 4197 O (1 +e—4ﬁz)|¢ @]
= B (@) exp (—4BN — 4Bl O] + S~ 197! )

where we have used (1 + x) > ¢*/2 for x € [0, 1] in the last inequality.
Note that for A, A’ € ¢~'(£) with A # A’, we have

Vad # Vad.
Moreover, for ¢ # ¥ € 2y, A C ¢~'(£) and B C ¥~'(£), we have

Vag # Ve,

since we can recover A by 1— valued sites of V4¢ and then proceed to recover ¢. Therefore,
by (20), denoting j = H — £ we obtain

1=y Y PR (Vag)

o 1o~ @012~ 2PiN2 Aco~1 ()
¢~ LO)<kN

> exp (—4BN — 4Bk N + LPIN) PR ({19~ (0] = e PN N {lp7!(0)] <k N}).
@1

(20)

Moreover, as

-1 e bm i —1 . —28j A2
{|¢ (1, H—mD| = ]_——2/3N }C U {|¢ (H—jl=e N },

j=m

176



N. Feldheim and S. Yang Stochastic Processes and their Applications 165 (2023) 168-182

by union bound and (21) we obtain

PPt -1 e 2 -1
V({7 i —m = =N N [le 70 < v

H—1

=SB (167 - plz e N N]ie 'O < k8 ])
-

< exp (4,8N + 4Bk N — %ezﬂjN)
j=m

sﬁ exp (4N + 4Bk N — 1" N),
where in the last inequality we have used that for j > 0,
exp (—L1eXPUHDN)
exp (—3e*/N)
This concludes the proof. [l

<exp(—Be?’N) < e V.

3.1. Proof of Theorem 1.1-(ii)

For all N > 1, we have
IP’ff,’h (|¢*1([0, H — m])| > 26—2ﬂmN2)
<P (|67 O)] > kN) +

B.h -1 —1 e 2hm 2
Py ({|¢> <0>|st]ﬂ{|¢> (L H=mD| 2 ;N })

1
e g e (= (3¢ — 4B+ ) N)

<3exp (—min (3e*" —4B(1 +k),8) N),

where we have applied Lemmas 3.1 and 3.2 in the second inequality. [

4. Theorem 1.2 : Upper bound on non-isolated zeros at criticality

This section is devoted to the proof of Theorem 1.2. Inspired by [18, Lemma 3.1], we first
observe that for xj, x5, x3, x4 € Z,

0 4 4
> exp (—/3 > lxi - k|> = exp <hw —B Zx,-) ) (22)
i=1

k=—00 i=1

Define a new state space

Oy =W Ay —>Z]if y(x) < —1,¥y € Ay, y ~x,¥(y) > 1}. (23)
Notice that if ¢ € (2, then max(y, 0) € {2y (as defined in (3)). By (22), we have

2" = 3 exp (—BHNW) + hulga (D)

WEQX,
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where Zf,’h“' is defined in (5) and Hy is defined in (1) with zero boundary condition. Define
a new probability measure Py on (25 as follows:

~ 1
VY€ 2y, Py() = 2P exp (=BHNW) + hwlqa(V)D) - (24)
N

Observation (22) yields the following relation between ﬁN and IP”ISV’h"’: for any ¢ € 2y,
Ph " (¢) = By ([ € 25 : max(y, 0) = ¢}).
In particular, we have
PY" ({p € 2yt lga(@)l = CNY) =Py ({¥ € 25 1g2+(¥)| = CN}), (25)

since for any ¢ € (25, we have g, (max(y, 0)) = g2+ (V).
From now on, we deal with the r.h.s. of (25). For any subset A C >, (), we let N'(A) be
the edge boundary of A, defined by

N(A) = {{x,y}eE(Zz): xeA,yeAU}, (26)
and define Uy € (2 as

Y+ 1 ifx ¢ A,

Way)x) = {0 if x € A

For ease of notation, we fix ¥ € {25 and write ¢>1(A) := g24+(Ua) in the sequel. Observing
Hy(Ua¥) < Hy() +4BN + BIN(A)], we have by (24):

Py (Uat) > Py() exp (—4BN — BIN(A)| — hy (Ig2: (W) — lg21(A)]) -

Let Vi, Vs, ..., Vi be the connected components of g, (), and write A; = A N V;. We sum
over all subsets A € g, (1) to obtain
> BaWay)
ACqr+(¥)
> Py(¥)exp (—4BN — hulga (Y)Y exp(—=BIN(A)| + hulgai (A)])
ASqr(¥)

= Py(¥)exp (—4BN — hylgar(¥)])

k
< Y [Texp (—BIN(ANI + hulgar(AD)D

Al Ay i=1

k
=Pr(¥)exp (—4BN) [ [exp (—hulViD) Y exp (—BIN(AD| + hulg2: (A)])

i=1 AiCV;

27)

where we have used that g, (¥) = V1 U V,--- U V; is the disjoint union of Vi, Va, ..., V;.
Note that for any finite connected subgraph of Z?, after deleting some edges (but keeping
all the vertices), the graph can be decomposed into a disjoint union of patterns from Fig. 1 (up
to rotation and reflection). From now on, we focus on one connected component V; in the r.h.s.
of (27). Denote by E; the set of edges in this disjoint union of patterns. In the graph (A;, E;)
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(1) (2) (3) (4)

Fig. 1. The vertices of any connected set of size at least 2 can be covered by a disjoint union of these four patterns.
(The two configurations in (2) are considered as the same pattern, as both have 3 vertices and 8 boundary edges).

we define the count of non-isolated spikes (similar to (10)) by

@+(A) ={x € A;: y(x)=0,3y € A;, (x,y) € E;, ¥(y) = 0},
and the edge boundary, similar to (26), by

N ={x, ) ¢ Ei:x € AV y € A).
Observe that

1G24 (AD| < g2+ (A)|, and [N (A)] = IN(A)). (28)

The next lemma will therefore provide a lower bound on the r.h.s. in (27).

Lemma 4.1. If 8 > 1 and V is the vertex set of one of the patterns shown in Fig. 1, then

1
exp (—hy V1) Y exp (=BIN(B)| + hylgay (B)]) = 1+ 56_6“‘. (29)

BCV

Proof. For simplicity of notation, we write & = h,,. We will repeatedly use that e ™" = 1 —¢~*#
and B8 > 1 without further reference. We consider the four patterns in Fig. 1, case by case. If
|[V| =2 (i.e. (1) in Fig. 1), then the l.h.s. of (29) equals

67211 (1 + 2674ﬂ +e*6/3+2h)7 — (1 _ 674/3)2(1 + 2674ﬂ) + 676/3
1
>1+e %1 -3 >1+ Ee*“.

In the case |V| = 3 (pattern (2) in Fig. 1), the Lh.s. of (29) equals

e—3/’t (1 +3e—4/3 +e—8/3 +2e—6ﬂ+2h +e—8ﬁ+3h) > (1 _ e—4ﬂ)3 (1 +3e—4/3) +2€—6/3—h
> 1+ 2¢ % (1 —3e7 % — 674/3)
> 1+e %,
Consider now the case |V| = 4, corresponding to pattern (3) in Fig. 1. By counting

connected subsets of size at most two, the Lh.s. of (29) is bounded from below by
e (1 de™P 4 367 > (1 — &™) (1 4 4e7) 4 37042

>1—10e 8 437672 > | 4 766,
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Lastly, consider the case |V| = 5, corresponding to pattern (4) in Fig. 1. By counting
connected subsets of size at most two, the Lh.s. of (29) is larger than

e (1 + 5¢74 +4e_6’3+2h) >1—15¢78% +4e‘6ﬂ+2h(1 — 574

>14e 68 4ﬂ —15¢ ) > 1+
= (1 —e %) = '

This concludes the proof. [

With Lemma 4.1 at hand, we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Using (28) and (29), we may continue the inequality (27) to obtain

lg2+(W)I/5
) ; (30)

Z Py(Ua¥) = eV By (y) <1 + %676’3

ACqr (V)

where we have used that the total numbers of patterns covering g, (1) are at least |24 ()]/5.
Note that for A # B C g4 () we have Usy # Upy since (Up¥)lapg = 0 and
(Us¥)|a\g = 1. Moreover, for ¢, Y’ € 25, and A C g2+ (¥), A" C g2+ (¥'), we have

Uay £ Uny’.
To see this, note that
A={xedAy: (Ua¥)x) =0, Iy € Ay, y ~x, (Ua¥)(y) € {0, 1}}.

Thus, given Uy, we can first recover the set A and then proceed to recover yr. Therefore,
from (30) we obtain

1> > Y. BvWaw

Ve laz+()IZCN ACqr (V)

_ = _ 5
> Z o8N By (v) (1 + %e 6,3)\612+(1//)|/
Ve 12+ (WI=CN

> oY (14 1) YEBy ([y € @ - 1 ()] = CN))
> o 4N oS5 N Py ({ € 2 : 1g2+(¥)| = CN}),

where the last step used the inequality 1 4+ x > e%" for x € [0, 1]. By (25), this concludes the
proof. [J

Now we move to prove Proposition 1.3.

Proof of Proposition 1.3. For ¢ € [1, H, — m]], with exactly the same argument as in (20)
and (21), setting m = H,, — £ we have

1> > > PR (Vag)

Yyl @=e=2PmN2 Ace=1(0)
4
ly—l©O)I<cN3

> ex —4 _ 4 l 28m 4
> exp BN 4/3CN3+2€ N3

<P ({167 O] = e "N 1 {197 O) < CNT)) o
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where V4¢ is defined in (19). Moreover, as (1 — e 2#)~! <2 and

—2Bm Hy—1 ‘
{|¢>—‘<[1,Hw—m1>| > le_ﬂzvz} c U (107" (Hy )l = N},

i=m

by union bound and (31) we obtain

—2Bm
By ({I¢“([1, Hy —m))| = le_WNz} RIECE CN‘;})

Hy—1

4 1 . 4
< 4BN +4BCN3 — —¢*PIN3
_gem(ﬁ +4p 5¢ )
1 4 1 2Bm 4
<————exp|4BN +4BCN3 — Z¢""N3 |,
1 —eBN3 2

where in the last inequality we have used that for j > 0,

. 4
exp (—%em(ﬁl)N?)

exp (—%ezﬂfN%>

4
< exp (—,BezﬂjN%) < e PN O
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