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We show that for any centered stationary Gaussian process of absolutely integrable
covariance, whose spectral measure has compact support, or finite exponential
moments (and some additional regularity), the number of zeroes of the process in

[0, T is within nT of its mean value, up to an exponentially small in T probability.

1 Introduction

The study of zeroes of stationary Gaussian processes goes back at least to Kac [11]
and Rice [20]. Since then, much work on this topic appeared in the statistics, physics,
mathematics and engineering literature. One of the earliest and most fundamental
results in this area is the Kac-Rice formula, which calculates the mean number of zeroes
in any interval. A similar formula may be written for the variance of the number of
zeroes and for any higher factorial moment, but these are much harder to analyze. It was
only many years after Kac and Rice formula that fluctuations and central limit theorems

were better understood, with works by Cuzick [6], Slud [22], Azais-Leon [3], and others.
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Questions of large deviations, that is, estimation of the rare event of having many more
or much less zeroes than expected in a long interval, remained almost unexplored. One
particular such event is that of having no zeroes at all in a long interval, which is also
known by the name of “persistence”. Results (and speculations) about this event were
initiated by Slepian [21] and were better understood only recently [9].

In the meantime, complex zeroes of certain Gaussian analytic functions received
much attention. Most notably, zeroes of the Fock-Bargmann model were introduced
by Sodin-Tsirelson [23] and extensively studied by many authors since then. This
model has a remarkable property; its zeroes form a point process in the plane with
quadratic repulsion and invariance of distribution under all planar isometries. Sodin-
Tsirelson proved the asymptotic normality of these zeroes in [23] and, moreover, an
exponential concentration of the zeroes around the mean in [24] (see also [13, 18]
for more about concentration and [17] for finer results on asymptotic normality).
Exponential concentration was proved for other related models, such as nodal lines
of spherical harmonics in [16]. Inspired by these works, the question of concentration
for real zeroes got some attention (e.g. [26, Theorem 2c1] and personal communication
with M. Sodin) but, until now, was not settled even for a single particular example.

The aim of this paper is to prove exponential concentration for real zeroes of
certain Gaussian stationary functions on R, which have an analytic extension to a strip
in the complex plane and smooth spectral density. These conditions allow us to use
tools from complex analysis, thus generalizing the mechanics of the aforementioned
works on the Fock-Bargmann model.

We consider here centered Gaussian stationary processes {X(t) : t € R} having
a.s. absolutely continuous sample path. That is, random absolutely continuous func-
tions f : R — R, whose finite marginal distributions are mean-zero multi-normal,
invariant to real shifts. Normalizing wroc the process X to have variance one, its joint
law is determined by r(t — s) := Cov[X(t),X(s)]. Here r : R — R is a continuous, positive
semi-definite function (with r(0) = 1). By Bochner’s theorem, this yields the existence of

a probability measure p on R, called the spectral measure, such that
r(t) = / e dp(n). (1.1)
R

We further assume throughout that [A%2dp < oo or equivalently that r(¢) has
finite 2nd derivative at t = O (in which case r(t) is twice continuously differentiable and
—r"(0) = fAzdp), and let Ny (I) = |{t € I : f(t) = 0}| count the number of zeroes, possibly

infinite, of such a process in the interval I C R. Since X is stationary, ENx ([0, T]) = «T
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Exponential Concentration for Zeroes 9771
for o := ENx([O, 1]) and from the Kac-Rice formula, we have that in this case

1
a:l(/kzdp)2<oo. (1.2)
T

Indeed, /2 is the expected number of 0-upcrossings by X ([0, 1]), all of which are
strict (see [14, Theorem 7.3.2]), and X~ 1{0}N[0, 1] has expected size « since it a.s. consists
of only the (strict) 0-upcrossings and 0-downcrossings of X ([0, 1]) (see [14, Theorem

7.2.5]). Our objective is to prove the following exponential concentration of Ny ([0, T]).

Theorem 1.1. Suppose the centered stationary Gaussian process {X(t) : t € R} of a
compactly supported spectral measure has an integrable covariance (i.e., [ |r(t)|dt < o).

Then, for some C < oo and ¢(-) > 0,
P (|INx (0, T]) — «T| > nT) < Ce °MT, Vp>0, T<oc. (1.3)

Further, if the spectral measure has only a finite exponential moment, namely,

for some x > 0
/ e dpr) < o0, (1.4)
R

then (1.3) holds whenever [ |r(t; k,)|dt < oo for some «, € (0,«/2) and
r(t; k,) :=/ cos(tr) cosh(2«,A)dp (1) . (1.5)
R

Remark 1.2. Theorem 1.1 applies for example to any spectral measure whose
compactly supported density is in W!2(R), as well as covariances such as r(t) = e~t"/2
or r(t) = 1/(1+t?) (of spectral densities p(L) = ﬁe”z/z and p(1) = 3e~*, respectively),

for which (1.4) holds and the LHS of (1.5) is integrable.

As shown next, the lower tail in (1.3) holds under much weaker regularity

assumptions.

Proposition 1.3. Suppose the centered stationary Gaussian process {X(t) : t € R} has
an absolutely continuous sample path and bounded, continuous spectral density p(})

with szp(k)dk < 00. Then, for some C < oo and ¢(-) > 0 we have

P (Ny([0,T]) — aT < —nT) < Ce ¢™M7T, Vn>0 T<oo. (1.6)
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Proposition 1.3 is a consequence of our next result, on exponential concentration
of the number of sign changes in [0, T], for any discrete-time centered stationary

Gaussian process {Y; : k € Z} of continuous spectral density.

Theorem 1.4. Suppose {Y; : k € Z} is a centered stationary Gaussian process
whose spectral measure py has a continuous density py (1) (supported within [, 7]).
Then, for

T-1
Ny (D) = Ly, <o) (1.7)
k=0
some C < oo and c(+) > 0,
P (|N3(T) — ENY(T)| > nT) < Ce “™T, Vn >0, TeN. (1.8)

Remark 1.5. In the setting of Theorem 1.4, one has that T~! Z,:';é h(Yy, Yy, ) satisfies
the Large Deviation Principle for any fixed h € C,(IR?), with a convex, good rate function
(see [4, Theorem 4.25]). While this may be extended to N3,(T) by suitable approximations,
we do not follow this route since the rate function is in any case not easily identifiable
(see [4, Section 7(a)]). For any m-dependent process {Y} : k € Z}, our proof of Theorem
1.4 provides the explicit c(n) = n?/(2m) and C = 2m./e (see (2.6), where it suffices to
consider n € [0, 1]). However, in general we rely on an approximation by m-dependent

processes with unbounded m = m(z), thereby having n=?c(5) — 0.

Proposition 1.3 will follow from Theorem 1.4, using the key observation that
having few zeroes of a continuous time process implies few sign changes of its
restriction to a lattice. This approach does not work for the more challenging upper
tail in (1.3), since having many zeroes does not imply having many sign changes on a
lattice, and to establish the upper tail we require the following decay and regularity

assumptions about the spectral density of X.

Assumption A: The spectral measure is nonatomic and has finite exponential moment

as in (1.4). Further, the covariance functions

r(x;y) :=/Re—i“¢‘f(w)dp(x), t=1,2, @(}) := sinh(1) /A, (1.9)
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Exponential Concentration for Zeroes 9773

and their x-derivatives, satisfy for some «’ € (0, «/2) and finite x_,

w, (k) = Z Ir(jx,)| + sup Z|r’1(jx*; 2y)| + Z|r’2’(jx*;y)| — 0, when k— .
Jjzk Wi<e" | jzk jzk
(1.10)

Equipped with Assumption A, we state our main (technical) result.

Theorem 1.6. Subject to Assumption A we have for some C < oo and c(-) > 0, the

exponential upper tail
P (Ny ([0, T]) — aT > 3nT) < Ce™ 7T, Vn>0 T<oo. (1.11)

In particular, we recover Theorem 1.1 from Proposition 1.3 and Theorem 1.6,

thanks to the following explicit sufficient condition for Assumption A.

Proposition 1.7. Assumption A is satisfied; the spectral measure p(-) has a bounded,
continuous density, and a.s. the sample path t — X(t) € C*(R), when either of the

following holds:

(a) The support of p(-) is compact and [ |r(¢)|dt < oo for the covariance r(t) of
(1.1).
(b) Condition (1.4) holds and [ |r(t; k,)|dt < oo for the covariance r(t; k,) of (1.5).

It is reasonable when seeking the exponential concentration of Ny([0, T]) to
require smoothness of the covariance r(-), such as having all spectral moments finite
(or the stronger condition (1.4)). Indeed, such exponential concentration implies the
finiteness of all moments m;, := E[Nx([O, T])¥], with my = O((TVvk)¥), and such conditions
appear in previous studies concerning the finiteness of {m,;}. For instance, Nualart and
Wschebor [19] show that m; < oo for all kK when t — r(t) is real analytic (hence all
spectral moments are finite), while when [A*dp = oo, Cuzick [7] can prove only the
finiteness of m; up to a certain order k,. Similarly, Longuet-Higgins [15] shows that for

r(t) real analytic, g; (t) := P(Nx (0, t) > k) decays, fort — 0, as c(k)r%k2+o(k) (

indicative of
the mutual repulsion of zeroes), while with a discontinuity of ® at the origin the decay
of g (z) is merely c(k)r? for all k (so having a pair of nearby zeroes, the probability of k
extra zeroes within the same short interval is 0;(1)).

A natural path toward proving the upper tail in our concentration result is to

improve Cuzick’s results on moments m; [6] or Longuet-Higgins estimates on the tail of
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the number of zeroes g; [15], so as to get accurate asymptotics of those quantities in k.
Efforts in this direction were made by many authors (e.g., [3] and the references within).
However, in our context it requires a lower bound on the determinant of nearly singular
matrices (specifically, the covariance matrices for values of X(t) at a short range), at a
level of accuracy that seems out of reach. We bypass this difficulty by relating Ny ([0, T1)
to the count of zeroes within a suitable cover of [0, T], for certain random analytic
function f : S — C on a thin strip. Thereby, complex analytic tools allow us to replace
exponential moments of zero counts by more regular integrals of log|f(z)|. After this
reduction, the core challenge of our strategy remains in the need to sharply estimate
fractional moments of products of many dependent Gaussian variables. This highly
nontrivial task (see [25], [27], and references within), requires our assumption (1.10),
in order to get suitable diagonally dominant covariance matrices.

The paper is organized as follows. In Section 2 we prove Proposition 1.3,
Theorem 1.4, and Proposition 1.7. The remainder of the paper is devoted to the proof of
Theorem 1.6. In Section 3 this theorem is reduced to the key Proposition 3.6, concerning
fractional moments of products of C-valued Gaussian random variables. Proposition 3.6
is proved in Section 5, building on the auxiliary results about weakly correlated

Gaussian variables that we establish in Section 4.
2 Proofs of Proposition 1.3, Theorem 1.4, and Proposition 1.7

2.1 Proof of Proposition 1.3

Assume wroc that c(n) < 1 and C > e. It suffices to consider T > 1. Fixing small § > 0,
by the mean value theorem we have that Ny ([0, T]) > N3 (IT/5] — 1) for the stationary
centered Gaussian sequence Y} := s~! fg X (8k + t) dt. It is further easy to check that

1) )
Vi = Eyoykza—Z/ / r(6k +t — s)dsdt, (2.1)
0 JoO

corresponds to the spectral density

1 At+2nmY) . 5 (A
py(k)_SZp( 5 )smc (z—i—nn) A€ [—m, 7],

nez

where sinc(L) := % Note that for p(-) bounded and continuous, py is also continuous
(by dominated convergence). Here r(0) = 1, ¥ (0) = 0 and —r”(t), being the characteristic

function of the finite measure A?p(1)dA, is continuous at t — 0. We thereby get from
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(2.1) that y, — 1 and 2672(y; — y,) — r”(0) when § | 0. Setting y; = y,cos @, note that
Y, = Y and Y, ,; = Xsin6 + Ycos# for the i.i.d. Gaussian (X,Y) = (RcosU,RsinU),

where U is a Uniform([0, 2r]) variable. Thus, by elementary trigonometric identities,
% 1
P(Yy Yy, <0) =P(cos® —cos(2U +0) < 0) = — = — arccos(y;/vy) »
T oW
from which we deduce that
: 1 * -1
%Ig FENAT/8] = 1) = (671 = 2)P(YoY; < 0) — a.

As a result of the preceding, we get (1.6) by considering (1.8) for § = §() > 0

small enough.

2.2 Proof of Theorem 1.4

We shall use the following easy consequence of weak convergence.

Lemma 2.1. Let (Y, Y;) be a zero mean jointly Gaussian, having E[Y2] > 0, E[Y?] > 0
and «; := P(Y,Y, < &). If the covariance matrices ™ of the zero mean Gaussian

vectors (Wém), W{m)) converge to the covariance matrix X of (Y, Y;), then

lim lim aém) =g, aém) = IP( W(()m)W{m) < £). (2.2)

E—)O m—0o0

Proof. Since Y, and Y, have positive variances, the cpF of Y,,¥; is continuous, so the
weak convergence of (W™, W\™) to (¥, Y,) implies that for any ¢ fixed, aém) — o, as

m — oo. Further, the monotone function § > «; is then continuous and (2.2) holds. H

We turn to the proof of Theorem 1.4. wrLoG normalize to have EYg = 1. Let
n > 0 be given. For any m > 2 we approximate Y by an (m — 1)-dependent process
using the following construction (see, e.g., [5, Proof of Theorem Al]). Let {a; : k € Z}
denote the Fourier coefficients of the continuous function ,/py(%) on [-m,x], and
define a,(cm) = (1—%)+ak. Then Y, = W,(cm) + Z,(cm), where {W,im) ke Z)
is an (m — 1)-dependent, centered, stationary Gaussian sequence with covariance
]E[W(()m)W,gm)] = > a}cm)ag’_)n and spectral measure psy) (A) = ([ Fpp(h — 1)/py()dr)?,
where F,, (1) = Z|k\ <m (1 — %) e'** is the Fejér Kernel. By Fejér's theorem, the spectral

2
density p(Zm) ) = ( /Py(A) —/ pg,n) ()L)) of the centered, stationary Gaussian sequence
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{Z(m) : k € Z} converges to zero as m — oo, uniformly on [—m,x]; namely, ¢, =

supk{p(zm)()»)} — 0as m — oo.

By stationarity, EN}(T) = oyT for g := P(YyY; < 0). Our assumption that
the spectral measure p, has a continuous density implies that |ry(1)] < 1; hence

the covariance matrix ¥ of (Y, Y;) is positive-definite. Further, by construction, the

(m) {m)) converge to ¥ when m — oo and Lemma 2.1

applies. In particular, there exist & € (0,1] and m, < oo so aé’?)

covariance matrices ™ of (W,
< ag + n whenever

m > m,. Further, since

(W + 2)(W + 2) — wiw| < |z||2] + |2l|w]| + ||| W], (2.3)
we have that for & = SR > §2,
(Y Vi < 0) S{WPW) < 36)uiwy™| = RyU(IW | = RYU{IZ™| = $YU{iZ)™)| = ).

k+1 k+1 k+1

Considering this set containment for all 0 < k < T — 1 yields that

Ny(T) < N, o (T) + NE(T) + NJ(T) + Ny (T) + Ny (T) , (2.4)
where
T-1
R R
Nip g (T) := Z 1{W}(”W,§’j}<35}’ Np(T) := Z 1{|W(m>\>R}’ Nz(T) = Z Lizizey (25
k=0 k=0

and ITTR (T) and ITIZ(T) denote the corresponding counts for {Wl(cTi} and {Z;,,}, respec-

tively. By a union bound, we thus get for the upper tail of Ny (T), with our choice of &
that forany m > m, and R =§/§ > 1,

P(V3(T) — oy T > 8nT) < ]P’( e (T) — ST = nT)+ 2P (NR (T) > 277T)+ 2P (N yom) (T) > nT) .

(m)

The zero mean, [-1,1]-valued variables I, := I{Wz(cm)W/(cTidf} — oy are
m-dependent. Hence, setting n; := |[T/m] we get by stationarity, followed by
Hoeffding's inequality for the i.i.d. variables {I;,,}; that form > m,

n—1
IP’( T) > (i T)<m max >nn | < me /2, 2.6
e (T) = (@52 + 1) e DR (2.6)

J=0
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Since ]E[(Wém))zl < 1, fixing R < oo with P(|Yy] > R) < »5, we have that

&‘l(qm) = P(|Wém)| > R) < n for all m > 1. Hence, by stationarity and the m-dependence

~(m)

of the [—1, 1]-valued zero mean Tk =1 —ag ', applying once more Hoeffding's

{Iw™ >R}
inequality, we get that

1

T—1 e
P (N,Ifl(T) > 2;7T) <P Z Tk >npT)J<m max P Z f]m >nn | < me /2 (2.7
=0 ne{nr,nr+1} v

Finally, with E[(Z(()m))z] < 2me,,, from Markov's inequality and [5, identity (7)] at

0, = 8,711/2, we deduce that for all T large enough

P (Nyom (T) > 3T) < e om¥TR [e"m Yo IZ;‘J")I] < e~ Omdn=27T (2.8)

To complete the proof of the upper tail, combine (2.6)-(2.8) taking m > m, so
large that 6,,6n > 28.

Turning to prove the lower tail, set £ € (0,1] and m, < oo so oz(fgé > g — 17
whenever m > m, and deduce by yet another application of (2.3), that for any

R=¢/56>1,
(¥ Yiyy = 0) S (WP W), > —36)u(wy™| = RyU(wW™ | = RIU(IZ)™ | = 8)U{IZ)7)| = 6} .

k+1 =

Thus, recalling from (1.7) and (2.5) that

T-1 T-1
Ny =T=3 Lyy, 200 No-e@D=T=23 Lymym. 5,
k=0 k=0

we find, similarly to (2.4), that
T — Ny(T) < T — Ny, . (T) + N3(T) + N (T) + Nyom (T) + Nyom (T) ,

which in turn implies by the union bound and our choice of § and m that for any > 0,

PayT — Ny(T) > 8nT) gﬂv(a(_”ggT — Ny, _o(T) > nT)+2]P (Nf;(T) > 2nT)+2JP> (Nyom (T) > nT) .

We have already established exponentially small in T > T, (n) upper bounds on

the two left-most terms (in (2.7) and (2.8)), and re-running the derivation of (2.6) for
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I, = o g — {W,im)W,(!ﬂ<—3§} yields such a bound on }P’(oz(fg;T — Ny, _(T) = nT). Lastly,

reducing to c(n) < 1/Ty(n) and taking C > e, extends (1.8) to all T > 0.

2.3 Proof of Proposition 1.7

(a) Recall that [ |r(¢)|dt < oo for r(-) of (1.1) implies that p has a continuous,
bounded density p(A). Assuming p (hence p(1)) is supported on [—-K, K], fix
a compactly supported even function ¥ (-) such that ¢(1) = 1 on [-K, K] and
2 v @, < 1. Setting Ry, (M) = oG]y () and ., (x; y) via (1.9) but
with v (-) replacing p(-), we find that

r/l;w(x; ¥) :/sin(kx)hl,y(k)d)» = %/sin(kx)h/{,y()x)dk (2.9)

(getting the rHs for x # 0 upon twice integrating by parts). One easily verifies
that

c, =2 max su “ + ||k < 00, 2.10
" £=0,1,Zuy|<rz)x/{” eyl 1Ryl ( )

hence |r/1;1/,(X; 2y)| < Cw/(l—i—xz) for any |y| < «’ and all x € R. Since ¥ (A)p(A) =
p(1), it follows that for g(x) := Cy [ dtir@|/11 +(x—1t)%], any |y| < «’ and x € R,

<gx). (2.11)

Ir] (x; 2y)| = ‘/ r/l;w(x— t; 2y)r(t)de
Likewise,
1
— T (X;Y) :/cos(kx)hzly(k)dk = ;/cos(kx) /Z’,Y(k)d)», (2.12)

hence |T'/2/;¢(X; nl=c,/1 + x?) for all |y| < «’, yielding similarly to (2.11) that

Iy (x; 7)) = ‘/r’z’;w(x— Ly)r@dt] <gx). (2.13)
The same argument shows that
|rx)| = ‘/ ro;w(X —Hrt)dt| < gx). (2.14)
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Taking x, = 1 we thus find, in view of (2.11) and (2.13), that w, (k) <
32>k 9() and (1.10) follows from the finiteness of

o . 00 1 1
;g(])=cw/dtlr(t)l ZH]—_DZ <2c, ZTJZ /|r(t)|dt'

J=1 j=0

If po(-) of unbounded support satisfies (1.4), then the covariance r(-) of (1.1) is
real analytic and a.s. the sample path ¢t — X(¢) is in C*°(R). Suppose also that
for some «, € (0,«/2) the covariance r(-;k,) of (1.5) is integrable. The latter
implies that the measure cosh(2«,A)dp (1) has a continuous, bounded density
Dy, (M) hence p(-) has the continuous, bounded density p() = ¥ (A)p, () for
the even, (0, 1]-valued, integrable function ¥ (1) := 1/cosh(2«,A). It is easy
to verify that (2.10) remains valid for such choice of ¥ (1), provided «" < «,,.
Further, in this case |h£'y()\)| — 0 and |h21y()»)| — 0 as |A| — oo, whenever
Llyl < 2«’, justifying the integration by parts that lead to the right-most
equality in both (2.9) and (2.12). The convolution identities (2.11), (2.13), and
(2.14) apply upon replacing r(t) by r(t; x,), as do the corresponding bounds,
albeit with g(x) := Cy [ dtirt; k)l /11 + (x— t)?], so the integrability of |r(;; ko)l
indeed suffices for (1.10).

3 Analytic Extension, Jensen’s Formula and Decorrelation
3.1 An analytic extension and its properties

Under (1.4) the covariance kernel r : R — R of the process X(t) analytically extends to
the strip S, = {z € C: |Im(2)| < «}, by plugging ¢ = z in (1.1). Utilizing this fact, we next
construct a complex analytic, mean zero, Gaussian function f : S = S, , — C that is at

the center of our proof of Theorem 1.6.

Proposition 3.1. For a real, stationary mean-zero, Gaussian process X that satisfies

(1.4) there exist a complex analytic, zero mean, Gaussian f : S := S, , — C such that

The function f(-) is conjugation equivariant, namely f(z) = f(z2).

The covariances of f(-) are given by the formulas

Kz, w) =Elf@fw)]=r(z—w);, Ef@fwl=rz—w) Vz,weS. (3.1

The law of z — f(2) is stationary under real translations and {f(t + i0)},.p 4

{X(®}ier-
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Proof. As p is an even real-valued measure, there exists an orthonormal basis (ONB)
for C%(R) composed of Hermitian functions {¢,} (i.e., with ¢,(—1) = ¢,,(1)). For such a

basis and e, (1) := e"%, z €S, , let

Vn(2) = (pn ) 2y = /an()»)ez(k)dp()\) Z/Rfuz(f?n(/\)dp(/\), (3.2)
and fori.i.d. coefficients ¢,, ~ N (0,1) consider the random series

f(@) = 6,0, (2).

Having (1.4) hold for «, standard arguments (see [12, Chapter 3, Theorem 2] or
[10, Lemma 2.2.3]) yield that the series defining f(-) converges almost surely to a zero

mean, complex analytic Gaussian function on S = S, ,, having there the covariance

K(z,w) =Elf @Ff W) = D v, (2) ¥, (W)

Since {¢,} are Hermitian and p is even and real-valued, it follows that v, (z) =
¥, (2) and we get part (a) upon taking the conjugate in the defining series for f(z).
Further, since {¢, } is an ONB in £L2(R)

K(z,w) = D {¢ns€,) 2 (€ Pn) 28) = (€ur €7) 2y = 72— W),
n
as stated in (3.1) (and the rHs of (3.1) then follows from part (a)). The formulas in (3.1)
are invariant to real shifts (z, w) — (z+t,w+1t), t € R; hence, the Gaussian function f(-)
is stationary with respect to such real shifts. To complete the proof of part (c), note that
by part (a) the function f(z) is real-valued when z € R and the covariance kernel of (3.1)
coincides for z, w € R with the original covariance r : R — R of the given real Gaussian

process X. |

Remark 3.2. Recall that Ref(z) = [f(2) + f(2)]/2, Imf(2) = [f(2) — f(2)]/(2i) with (3.1)
determining the covariance between the real and imaginary parts of f(z) and f(w), z, w €
S. By Proposition 3.1(c), when Im(z) = Im(w) the latter depend only on w — z so wLoc

we may set Re(z) = 0. Specifically, for |y| < «/2 and x € R we have

E[Re(f(iy))Re(f(x + iy))] = %[Re(r(x + 2iy)) + r(x)] = /RCOS(AX) cosh?(y)dp(h)  (3.3)

L20Z dUNP $,Z U0 Josn AisIeAlun uey| Jeg Aq L 9EEEZS/69.6/S2/0202/310I/UILI/Woo dno olWapese/:Sd)y Woly Pepeojumod



Exponential Concentration for Zeroes 9781

1
Ellm(f (i) Im(f (x + iy))] = > [Re(r(x + 2iy)) — ()] = y* /]R cos(Ax)A%p*(hy)dp(h), (3.4)

EIRe(f (iy)/Im(f (¢ + iy)] = 5 Tm(r(x +2iy)) -y / sin(0re(2Ay)dp(), (3.5)
R

where ¢(A) := sinh(A)/A and the ruHS of (3.3)-(3.5) follows from (1.1) and the even

symmetry of the spectral measure p(-).

We next utilize (3.3)-(3.5) to deduce from Assumption A the absolute summabil-

ity of the corresponding correlations, uniformly in S,..

Lemma 3.3. For f(-) of Proposition 3.1, consider the vector T(z) € [-1,1]* of
correlations between [Re(f(2)), Im(f(2))] and [Re(f(iy)), Im(f(iy))] when y = Im(z). Then,

for x, and 0 < k¥’ < «x/2 of Assumption A,

w(k) = sup 1 > ||'f(jx*+iy)||ll — 0 for k— o0 (3.6)
lyl<k’ il=k

and in particular

sup 'er(jx*+2iy)|l < 00. (3.7)

i<« | jez

Proof. In view of (3.3) and (3.4), for any |y| < «/2 and x € R,

vi(y) ==y *Var (Im(f(x +iy)) = /R 222 (hy)dp(h), (3.8)

VR(y) := Var (Re(f(x +iy)) = / coshz(ky)dp(k), (3.9)
R
are uniform in y, bounded away from zero and thanks to (1.4),
Var (Im(f(x + iy)) < Var (Re(f(x +iy)) < r(2iy) (3.10)

is uniformly bounded over |y| < ¥’ < «/2. From Proposition 3.1(b) at z = x + iy, w = iy,
the definition of T(x + iy) and (3.10), we deduce that

Ir(x + 2iy)| = [E[f (y)f (x + ip)l| < r2iy) [Tx +ip)ll; -
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Thus, if (3.6) holds, then necessarily w(0) is finite and (3.7) must hold as well.
Turning to show (3.6), let Tgg(2), Tx|(2), T|g(2), and T)(2) denote the coordinates of T(z)
(e.g., T|g(x + iy) stands for the correlation between Im(f(x + iy)) and Re(f(iy)), so
VVR(P)Y2v,(y) Tir(x + iy) is precisely the rHs of (3.5)). Then, from the rHs of (3.3) and
(3.4), we see that

(r(2iy) + 1(0) Trp (x + iy) = Re(r(x + 2iy)) + r(x),

(r(2iy) — r(0)) T)(x +iy) = Re(r(x + 2iy)) — r(x),
which since r(0) = 1 yields for By = 2r(0)/(r(2iy) + r(0)) € (0, 1), the identity
Trr(X +1iy) = (1 = B) T (x +1y) + B,r(x) . (3.11)
Similarly, from the left-hand side of (3.5) we have that
Tri(x +1iy) = TR(x +1ip), (3.12)

whereas from the right-hand side of (3.4) and (3.5) we get in terms of the x-derivatives
of r,(-) of (1.9), that

ViV T (x +iy) = —ry(x ), (3.13)
VVRWV(Y) TIr(x + iy) = r(x; 2y) sgn(y) . (3.14)

Recalling that infy{vl ) AvR(M)} = ¢~ ! we deduce from (3.11)—(3.14) that
IT(x, +iy)ll; < Ir(ix,)| + 2c|ry(x,; y)| + 2¢|ry (x,; 2y,

hence w(k) < 8(c Vv 1)w, (k) and (3.6) follows from our assumption (1.10). |

3.2 Relating real and complex zeroes

Thanks to the 2nd part of Proposition 3.1(c), for any D € S containing [0, T] we have

Ny(I0, T]) < Ny(D) = |{z € D : f(2) = 0}] . (3.15)
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For «’ of Assumption A and § € (0,«'/2), let IB%j(r) denote the ball of radius r centered
at x; = (2j — 1)é. We shall use the bound (3.15) with the disjoint union of n := [T/(2§)]
balls

n
D=D,;:= U B;(8),
j=1

further estimating the value of N¢(B;(5)) by Jensen’s enumeration formula for the zeroes
of a complex analytic function (see [1, Section 5.3.1]). Specifically, for g € [0, log 2] define

the integral
1/2 .
I';(B) :=/ log |f(x; + 8e’e?%)|db . (3.16)
—~1/2

With such choices sef < k' < k/2, so Bj(éeﬂ) C S and Jensen's formula tells us

that for each j

sef d
r
Ny (B;()— = T;(B) — T;(0). (3.17)

Since r — N (B;(r)) is nondecreasing, from (3.17) we deduce that
1
Ny (B0 < [Fj(,B) - Fj(O)] < N, (B;(5¢")). (3.18)

Sum (3.18) over j to get

1 n . 1 n N n
Np(@Dyy) = 5 > Tip) - 5 > T;(0) + D EIN(B;(5e )1, (3.19)
j=1

J=1 J=1

where Fj(-) = I';() — ET;(). The next lemma shows that for small positive § and S the

right-most (nonrandom) term in (3.19) is at most (o + n)T.

Lemma 3.4. Suppose that (1.4) holds and the spectral measure p(-) is nonatomic. There
exist 8,(n) and B, (n) positive, such that forany § <§,(n), 8 < B,(n) andall T > 1,

1 n
7 2 BN, (B;5e")] < o+ 1. (3.20)
j=1

Proof. Since the Gaussian function f(z) has nonatomic spectral measure,

E[Nf([or 1] X [_rl r])] =u + ,uf([_rr r]) ' vr 2 O ’
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where ur() is some absolutely continuous, non-negative measure on R (this can be
deduced from [8, Theorem 1] by noticing that the form of the limit of %Nf([O, Tl x [—r,7])
as T — oo, given in part (iii) of that theorem, must equal the expectation ]E[Nf([O, 1] x
[—r,r])] when it is deterministic). Further, z — f(2) is stationary under real translations;

hence for any x; € R and r € [s¢#, 31N Q
EIN;(B;(5¢f))] < EINp([—r, r1*)] = 2r(e + pp(—r, 1))
With n < 2—7; + 1, the Lus of (3.20) is thus for T > 1 and § < }L, at most
(s, B) = (1 + 28)eP (a n uf([—aeﬂ,aeﬁ]))
and we are done, since h(-,-) is continuous with h(0,0) = «. |

3.3 Reducing Theorem 1.6 to the decorrelation of moments

Fixing n > 0, in view of (3.15) and (3.19) it suffices for (1.11) to show that for § = g*
and §* as in Lemma 3.4, there exist § € (0,6*] and ¢ = ¢(5, 8,8) > 0 so that for all n large

enough

P> T8 =npsn | +P [ D T,0) < —ypsn | <e . (3.21)
j=1 j=1

To this end, let x, be as in Assumption A and consider § € (0,§*] such
that x,/(28) = ¢
fixing ¢ = k¢, for some k € N, let m = [n/¢] > 2 and consider the disjoint sets

. € N. Then, to utilize the decay of correlations in Lemma 3.3,
S, ={t—1,20—7,...,mé—1},fort =0,...,£—1,whose union {1,...,m¢} covers {1,...,n}.
By stationarity of f(-) under real translations, the law of ZJ-E& fj(~) is independent of
7. Setting & := 8/10 (so 5ém < nB(m — 1) < nBn/L), by a union bound on the ¢ choices

of 7, it suffices for (3.21) to show that some ¢ = c(§, §,¢) > 0 and all m large enough

P> TiB)=5e8m | +P | D T;(0) <—5&6m | < 2e 2", (3.22)
J€So JeSo

A standard application of the exponential Markov inequality reduces this task

for c = ¢£8/(2¢), into showing that for some ¢ = ¢(§, 4§, £) > 0 and all large enough m,

m m
E|exp(e » T;(B) | <€*™ & E|exp(—e » T;(0) | <™. (3.23)
j=1 j=1
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Upon setting z;4(0) := Sefe™ — §, we get from (3.16) that
m

1
Z (B = /  Sm(25(6)d8

where, 25¢ = kx, thanks to our choice of ¢, so

m

Sm(2) = > {log|f(ikx, + z)| — Ellog [f ()1} . (3.24)

j=1

Thus, applying Jensen's inequality for the convex functions exp(+e¢-) and the

uniform law of 6 further reduces the task of proving (3.23) into showing that

sup E [essm(zﬂ(e))] < gesom & sup E [e‘SSm(ZO(Q))] < gtim (3.25)
|01<1 |01<1

In view of the stationarity of f(-) under real translations, the law of S,,(z) of
(3.24) depends only on Im(z); hence in (3.25) we can wroc re-set z4(¢) = iy for y =

sin(z6)8ef. Doing so, we consider for |y| < 28, the mean zero, Gaussian variables
Gi(y) =f(x, +1iy), (3.26)
and first relate E[log |G (y)|l, which is part of S,,(iy) to E[|G0(y)|i8].

Lemma 3.5. Given ¢ > 0, for any ¢ < ¢y(¢) positive and all |y| < k',

El|Go(»)I°] < (1 +£¢) exp (¢E [log |Gy (p)]) (3.27)
EllGo(»)|~°1 = (1 + £¢) exp (—¢E [log |Gy (»)1]) - (3.28)
Proof. Consider the non-negative function g, (x) := le| "1 (e®X — ex — 1). Setting L(y) :=

log|Gy(y)| — Ellog |Gy (p)I], note that EL(y) = 0 and hence elementary algebra transforms
(3.27) and -(3.28) to the inequalities Elg_, (L(y))] < ¢. We thus establish the lemma upon
showing that

hfn sup {Elg.. L)} =0. (3.29)
lyl=«
To this end, since |g,, (x)| < n~'e"* := g, (x) whenever |¢| < 5 and g,,() — 0

uniformly on compact subsets of R, the uniform in y convergence (3.29), is a consequence
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of having for some n > 0,

sup {E[@'U(L(y))lwy)lzb}]} 0 for b— 0. (3.30)

lyl<«’

Further, §n(-) diverges at infinity, so by Markov's inequality (3.30) follows from
having SUP |y </ {E[ﬁ%(L(y))]} finite, for which it suffices to verify that for some n > 0,
supy,<,AEllGy(y)|**"]} is finite. For the latter, recall from (3.1) that E[|G,(y)I?] = r(2iy),
which for |y| < «’ is uniformly bounded above (as ¥’ < «/2). On the other
hand, E[|G,(y)|"*/?] < Cr(0)~'/# for some universal C < oo, since |G, (y)|~/? < |X|71/2
for the zero mean R-valued Gaussian X = Re(Gy(y)) of Var(X) = vg(y) > r(0)
(see (3.9)). |

The next proposition, which is our main technical statement, bounds small
positive and negative fractional moments of the product of our Gaussian variables from
(3.26), after a suitable dilution.

Proposition 3.6. For any ¢ > O there is ¢,(¢) > 0 such that fore <e¢,, k> k,(¢,¢) € N,

any m > 1 and all |y| < «/,

My (o) :=E | [T1Gx@I° | < “ElGy() [>T/, (3.31)
j=1

M, (=) =E | [[1Gx@)| ™ | < & ™ElGy(y)| >, (3.32)
j=1

We comment that the reverse inequality is conjectured to hold without the
exponential correction, see [27] for partial results. Estimates in case of integer moments
may be found in [25].

We proceed to obtain (3.25) from Proposition 3.6. In view of (3.24) and (3.26), the

LHs of (3.25) amounts (after setting zz = iy), to

m
E H|ij(y)|8 < &M exp (emElog |Gy(y)) . Vlyl < 28. (3.33)
j=1

Proceeding to show (3.33), we set ¢ := &6 > 0 and a positive ¢ < ¢,(¢) Agy(£)/2, so
Lemma 3.5 applies at 2¢, then fix k > k, (¢, ) large enough as needed for Proposition 3.6.

Combining now the bound (3.31) with (3.27) at 2¢ and the elementary inequality
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1+ 2¢2) < e2e¢ yields the bound (3.33). Similarly, the rus of (3.25) amounts to the
inequality (3.33) at —¢ < 0, so having the control of (3.28) on the —¢-moment of Gy(y) in
terms of Elog|G,(y)|, we deduce that the rHs of (3.25) follows from the bound (3.32).

In conclusion, we have by now reduced the proof of Theorem 1.6 to the
de-correlated moment computations of Proposition 3.6, to which we devote Sections 4
and 5.

4 Diagonally Dominant Gaussian Laws

We establish here a few preparatory results about weakly correlated, centered, C-valued

Gaussian vectors. Our results are phrased in terms of

fGx, +1y) == Gi(y) = VVRWX;(¥) + ilylvvi(») Y;(¥) (4.1)

for v|(y) and vg(y) of (3.8) and(3.9), standard, R-valued Gaussian Xi(y), Y;(y) that are
independent of each other (see (3.5)), and all absolute constants are independent of y €
(—«’,«"). Such results apply whenever ]E[|GJ-|2] are uniformly bounded above and below,
provided the covariance matrix of the Gaussian {G;} is diagonally dominant, in the sense
that the correlations between {X;, Y} and Xk Vi) are absolutely summable (in k),
with a uniform (in j), tail decay, as in (3.6).

Our first result (needed for proving (3.31)), is a uniform a priori control on the
2nd moment of the product of such Gaussian variables (assuming only that they have

summable covariances, as in (3.7)).

Lemma 4.1. There exists a finite C, > 1 such that for all |y| < «’ and any finite J C N,
E|[]igmi | =c. (4.2)
jeJ

Proof. For centered Gaussian (Z,,...,Z,) € C*, with ry(¢,¢') = ElZ,Z,] and r; (¢, ¢) =
ElZ,Z,] one has that

M, =E[] 1z < []R,. (4.3)
=1 =1
R, =2 |ry(t, )]V Ire(t,€)]. (4.4)

=1
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Indeed, setting ry = 7, and r, = 7; we have by Wick's formula (see [10, Lemma
2.1.7]), that

M, ZHr (a;, b)) (4.5)

P j=1

where we sum over pair partitions P = {(a a;, ]) j=1,...,n}of & :=1{1,1,2,2,...,n,n}
(with the convention that a; appears before bj in the list S’), and each s; €{0,1,2,3} is set
according to whether a; or b; are taken from an odd or an even location in §’. We bound
M,, above by moving in the res of (4.5) to max, |rg(a;, b;)|, so hereafter all terms there are
non-negative and the choice of S; made irrelevant. Next, let S := {1,2,...,n}, observing
that each pair partition P of &’ induces a function g : S — S (mapping elements in odd
locations in &’ to their pairs from S according to P), where each g : S — S corresponds

to at most 2" such pair partitions. Consequently,

M, < > 2] Ir.gwnlvir @ gl =[]R,.

gS—-S (=1 =1

Now apply (4.3) for the centered Gaussian {G;(y),j € J} and bound R, of (4.4) by
summing over all ¢’ € Z. Setting C,, := > ;. Ir(jx, + 2iy)|, we thus get form Proposition
3.1(b) that for any J and |y| < «/,

sup{Rg} <2(C, +Cy) <4 sup{C,}:=C?
lyl<«’

that is finite by Lemma 3.3 (see (3.7)). |

Let J; denote the collection of all finite sets {j;,j,,...,j,} C N, wherej; > j,_; +k
for j, := 0 and any i € [1,n]. Note that for the sequence w(k) — 0 of (3.6), and J € J,
the centered R-valued Gaussian vector Z = (X,(y), Yo (¥), X, Y;(Wljen) has covariance
matrix ¥ :=I — S such that for all |y| < «/,

S
1Slloos oo = s%)[&] Z| it <o), (4.6)

1%l oo

We next detail three elementary properties of Gaussian vectors having such a

diagonally dominant covariance matrix.
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Lemma4.2. Suppose Z = (Z,,Z,) is centered, n-dimensional R-valued Gaussian vector
and Cov (Z) :=I— S with ||S|_ + < @ < 1. Then, setting o; := 0'/(1 —w),i=0,1,2, we

have that
(a) All entries of the psp matrix Cov (Z;) — Cov (Z,|Z,) are within [-&,, @,].
(b) The inequality |E[Z; |Z,]|l,, < &;1Z,]l,, holds.

(c) The density f,(-) of Z with respect to i.i.d. standard normal variables is such
that

f2(2) < (@)"V? exp(@, |12113/2) . (4.7)

Proof.
(a) Our assumption that ||S|| < w < 1 implies that £~! = 2 n=0 S" satisfies
o0 o
=2 M= D 0" =0, I gon=D 0" =0;. (4.8
n=1 n=0
With £,, = Cov(Z)), £, = Cov(Zy), £, = () = Cov(Z;,Z,), and

X,z i= Cov (Z,]Z,), recall that (see [10, Exercise 2.1.3]),
-1
AR AP ER AV RV R IR (4.9)

The L, norm of each column of X,; is by assumption at most w. Further, the rHS
of (4.8) applies to ¥,,, which by (4.9) implies that all entries of £;; — X, are indeed
within [—»,, @,].

(b) Since u := ElZ,|Z,] = £,,%,,Z, and the rHs of (4.8) applies for X,,, we

deduce as in part (a) that necessarily |||, < @ @yllZy |-

(c) The matrix norm of (4.6) dominates the spectral norm. In particular, from the

Lus of (4.8) we deduce that

(z, A— 2 Hz) <o, lzl3.

Further, the rus of (4.8) implies that all eigenvalues of ¥~ are within [0, 60], hence the

density

f2(Z) =271 exp (%<z, IT- z—1>z>) ,

satisfies the bound (4.7), as claimed. [ |
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Relying on diagonal dominance to lower bound the conditional variances, as in
Lemma 4.2(a), we get the following negative moment bound (which will later be useful

when proving (3.32)).

Lemma 4.3. For some finite k,,C, > 1 and ¢, > 0, all ¢ < ¢,, |y| < «’ and any J € Jj
E[|Go(y)|_48 | {G;) 1] eJ}] <c,. (4.10)

Proof. Since |z| > |Re(2)| it suffices to show that (4.10) holds when Re(G,(y)) replaces
|Go(¥)|. Further, we only need to do so for say ¢, = 1/8, as it thereafter extends by
Jensen’s inequality (and the convexity of g(x) = x” on R, when p = ¢,/e > 1), to all
€ < ¢g,. To this end, recall that the conditional law of Re(G(y)), given the finite C-valued
Gaussian collection {Gj(y),j € J}, is Gaussian of some nonrandom (conditional) variance
v = vg(y;J) and random mean 7/v (see [10, Exercise 2.1.3]). With ¢(-) denoting the
standard normal density, we thus have by scaling, that the conditional expectation of
|Re(Gy(y))|~1/? is at most

v 4 sup [/ (Jx — | A 1)_1/2¢(X)dX] = V‘”‘LC1 ,
neR R

for some finite constant C; < 1+¢(0) fjl |x|~1/2dx. With vg(y) uniformly bounded below
and w(k,) < 1/3 for some k, finite (see (3.6)), it follows that

u(k,) = (1 — w(ky,)) |yi|2£’{VR(Y)} >0
and we get (4.10) with C, = u(k,)~1/4C,, upon showing that

inf D> uk,). 411
JEJl:(,Irl|Y|<K’{VR(y )} = ulko) ( )

To this end, as ]E[Xo(y)zl =1 and w(k,) < 1/2, from Lemma 4.2(a) we then have
that

ve(y;J)

2
w(k,) > 1-owk,),
VR(Y)

= 2 . . c 7 2 _——
= EXo )" [ {X1), ¥;(y) 1 j € TN 2 ElX, (17 - "oty =

and (4.11) follows. |
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Next, for fixed k > k,, y, m, and any threshold A > 0, we define the collection
Byi={l<j<m:|Xp@IV ¥y > A, (4.12)

of “bad” indices, and use diagonal dominance (specifically, Lemma 4.2(c)), to show that

for large A it is exponentially highly unlikely to have many bad indices.

Lemma 4.4. There exists c(A) — oo as A — oo such that for any k > k,, all |y| < «’

and nonrandom B C {1,...,m},
P(BC B,) < e #WIBI, (4.13)
Proof. Since the event {B C B,} is the union of
Xl > A, Vje IN{|Yp ()| > A, Vje B\J},

over the 2/5 possible J C B, by Cauchy-Schwartz it suffices for (4.13) to show that for
some b(A) := 8c(A) + log4 — oo as A — oo, both

ps(A) :=P(Xy(y)| > A, Vj e J) < e POV (4.14)

q;(A) =P(|Vy(y)l > A, Vj e J) < e PAVI (4.15)

To this end, recall that 1 — w(k) > 2/3 > 2w(k), whenever k > k,. Hence, from

Lemma 4.2(c) we have the bound
_oloxg 2372 [® _.»
(MY < (1 — w(k)"V2E | ezd—ato 1 < —/ e X /4dx = e P
D {1Xo0!>A) NN

for which (4.14) holds. Exactly the same argument applies for g;(A), yielding the bound
(4.13). [ |

We conclude the section by showing that, thanks to Lemma 4.2(b), for large k =

k(A,¢) and any J € J;, the conditional expectation of |Go(y)|i€ given a realization of
X;(¥), Y;(y) :j € J}, all of whom are in a specified range [— A, Al, is within error (1+o0(¢))

of the unconditional expectation.
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Lemma 4.5. Let H;(y) := maxjej{|Xj(y)|, |Yj(y)|}. There exist k,(A, ¢, ¢) : Ri — [k,, 00)
and ¢, > 0, such that forany A, ¢ > 0,¢e <¢,,J € Ji, and |y| < K’

E[IGomI* | 16;0)jes | Ly ipy=a) = € EIGo I, (4.16)

E[1GoW)I™* | {(Gj))jes] Ly <a) = € ElIGom)I 1. (4.17)

Proof. We use the representation (4.1), dividing (4.16) and (4.17) by vg(y)™*. Then, with
u = y*v(y)/vg(y) € [0,1] and g, ;. (%) := (x7 + ux3)**/2, the stated inequalities amount

to

Lz, m<ay /R2 Gy +:Xf;®)dy (x) < e /RZ Gy 1+ (®dy (X)), (4.18)

where f}(-) is the Radon-Nikodym density of the conditional law of (X,(y), Y,(y)) with
respect to the standard two-dimensional Gaussian law y. Recall Lemma 4.2(a) that for
any J € Ji, k > k,, the two-dimensional covariance matrix X, := I, —8 of (X;,(y), Y, (¥)),
< wk)?/(1 — w(k)) < w(k). Further, by Lemma
4.2(b), the conditional mean u of (X,(y), Yy(y)) must satisfy ||nl < 2w(k)H;(y). Here

given {Gj(y),j € J}, satisfies ||S||

o0—> 00

o = w(k) < 1/3, so similarly to the derivation of (4.7), we have for the (random) two-

dimensional Radon-Nikodym density f;(-) that

fr®) =%,/ exp [% ((x, X) — (X — o, By p(x — ﬂ)))] < Fotoypn ® (4.19)
where for any fixed A < oo,
Fon® = (1 —w) Lexp {w(xf + X3+ 3A[x,| + 3A|X2|)} .1, when o\, 0.
Note that g,,, < g, and g, . < go _,. Further, both g; . - (1 +fw,A) and gg _, -
1 +fw'A) are in E},(Rz) as soon as ¢ < ¢, < 1 and w < 1/2. Consequently, per ¢ < ¢,

and A < oo, the functions x — gulis(x)@)lA(x) — 1] are uniformly in u (and w < 1/3),

integrable with respect to y, and converge pointwise to zero as w ~\ 0. Thus,

lim sup =0,

oNO ye[0,1]

/]Rz Gu,+e (X)fw,A x)dy (x) — /]Rz Gu,+e (x)dy (%)

which together with (4.19) and (3.6) imply the existence of finite k,(A,¢,¢) > k, such
that (4.18) holds whenever J € J;, and |y| < «’. [ |
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5 Moment Computations: Proof of Proposition 3.6
5.1 Proof of (3.31)

Since c(A) of Lemma 4.4 is unbounded, for any { > 0 and ¢ < ¢, < 1 (where ¢, is from

Lemma 4.5), we can take A = A(¢, ¢) so large that
A 0. 11/2
C.e°® < sgeeflE[|Go(y)| 5] , (5.1)

where C, is the finite constant from Lemma4.1. Given such A, let h, ,(G) =
|G|81{|X\V\Y|§A} (for G(y), X(y), and Y(y) related as in (4.1)). Then, fix k > k, (also from
Lemma 4.5), and partition the expression M,, (¢) of (3.31) according to B, of (4.12), to get
that

M, (e) = > E| [[16a0 Lipcp,yy [] Rea G | (5.2)
B jeB jeBe
where the sum is over all B C {1,...,m}. For (1 — ¢)/2 > 1/4, using Holder's inequality

we bound the generic summand on the rus of (5.2) by

e/2 1/2
E| ]G PB S B E | [] hoea Gi¥) ) (5.3)
jeB jeB®
Enumerating B¢ = {j;,j,,...} with 1 < j; < j, < --- < m and utilizing the

stationarity of {G;(y)};, we appeal sequentially for s = 1,..., to (4.16) with k~lg =
B\ {j;,....Js} shifted backward by j, to deduce that (since k > k,),

E H hzs,A(ij(Y)) < (928§E [IGO(Y)Izg])IBC| . (5.4)

jeBe

Further bounding the left term of (5.3) via Lemma 4.1 and the middle one via

Lemma 4.4, we complete the proof by deducing from (5.2) and (5.4) that
[Ble _—c(A)|B] ( ,2¢¢ 2e IBS1/2
My, (e) = > Ol e e ®IBl (2R [1G, () > ])
B
N 0e71/2 m 5 06 /2
= [Cie‘“ )+ e B[ Gy ¥ ] < ¥ME[ |Gy (y) ¥ ] (5.5)

(with the last inequality holding thanks to having chosen A that satisfies (5.1)).
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5.2 Proof of (3.32)

Here Lemma 4.3 replaces Lemma 4.1, so upon further reducing ¢ to satisfy ¢ < ¢, we set
A = A(¢, ¢) so large that

1/2
Coe™® < et E 1G] ", (5.6)

where C, and ¢, are the finite constants from Lemma 4.3. Proceeding as in the proof of
(3.31), for k > k, > k, we partition the expression M,,(—¢) of (3.32) according to B, to
get the identity (5.2) at —e. Then, analogously to (5.3), we apply Hélder's inequality to

bound the generic summand on the rus of that identity (now at —¢), by

1/4 1/2

El[TIGewmI™* | P@SBOYE| [ hogaGu | - (5.7)
jeB jeB¢

The only difference wrt (5.3) is the 1st exponent —4¢ instead of —2 (as
El|Gy(y)|~2] = o0). The middle and last terms of (5.7) are handled precisely as in the
proof of (3.31), upon appealing to Lemma 4.4 and (4.17), respectively. With A satisfying
(5.6), the proof of (3.32) is thus complete upon establishing that

E|[Ticawmi™ | <cy. (5.8)

jeB

Similarly to the derivation of (5.4), upon enumerating B = {j; < j, < ...} we get
the bound (5.8) by repeated conditioning and using (4.10) for s = 1,2,... with k™1J =
B\ {ji....,Js} shifted backward by j,.

Open problem: Does the exponential upper tail of (1.11) hold in case of covariance
r(t) = sinc(t) (with spectral density p(A) = %1[71,1]()»))? Note that this covariance
satisfies Assumption A (for x, = 27), apart from the lack of summability of the 7/ (-; 2y)
term in (1.10). Motivation for this example comes, for instance, from scaling limits
of random trigonometric polynomials, and some partial results on concentration were

proved in this context, see for example,[2, Lemma 16].
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