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tThe Maximum Agreement Subtree Problem was posed by Finden andGordon in 1985 [2℄, and is as follows: given a set S = fs1; s2; : : : ; sng andtwo trees P and Q leaf-labelled by the elements of S, �nd a maximum
ardinality subset S0 of S su
h that P jS0 = QjS0. This problem arisesin evolutionary tree 
onstru
tion, where di�erent methods or data yield(possibly) di�erent trees for the same spe
ies set, and the problem is to de-termine the largest set of spe
ies on whi
h the trees agree. An exponentialtime algorithm for �nding the maximum agreement subtree of two binarytrees was found by Kubi
ka et. al. [4℄. In this paper, we will presentan O(n4:5�(n2)) algorithm to determine the largest agreement subtree oftwo trees. For the 
ase of trees of maximum degree k, the algorithm hasrunning time O(n2�(n2)).1 Preliminary De�nitionsWe begin with some de�nitions. A tree T is a 
onne
ted a
y
li
 graph. Given a�nite set S = fs1; s2; : : : ; sng, we say that a tree T is leaf-labelled by S if there isa bije
tion between the leaves of T and the elements of S. The leaf labelled bythe element s 2 S is indi
ated by L(s), and the label at leaf v is given by L�1(v).Given a subset S0 of S, T jS0 refers to the minimal homeomorphi
 subtree ofT 
ontaining all the leaves labelled by elements of S0; in this tree, nodes ofdegree two are supressed. Given two trees P and Q ea
h leaf-labelled by S, wesay that P jS0 = QjS0 if there is a graph isomorphism (i.e. edge-preserving)� : V (P jS0) ! V (QjS0) su
h that L�1(�(L(s))) = s for all s 2 S. Thus, themapping � must 
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The Agreement Subtree Problem is then as follows:Problem: The Agreement Subtree ProblemInstan
e: A set S = fs1; s2; : : : ; sng, two binary trees P and Q whi
h areleaf-labelled by S, and an integer k.Question: Does there exist a subset S0 of 
ardinality at least k su
h thatP jS0 = QjS0?This problem arises naturally in the appli
ation to phylogeneti
 tree 
on-stru
tion, where trees for the same spe
ies set may be 
onstru
ted in a varietyof ways (either the optimality 
riteria may di�er, or the trees may be basedupon di�erent data sets).The agreement subtree problem was �rst posed by Finden and Gordon in1985[2℄, and a method for �nding a subtree on whi
h two binary trees agreedwas presented. Unfortunately, the heuristi
 did not guarantee that the subtreewould be of maximum 
ardinality. In [4℄, Kubi
ka et. al. presented an algorithmfor the agreement subtree problem on binary trees, whi
h had running timeO(n( 12+�) log2 n). Lower bounds on the minimum size of the agreement subtreeof two n-leaf binary trees were found by Kubi
ka et al in [5℄. In this paperwe present the �rst polynomial time algorithm for the problem of 
omputingthe maximum agreement subtree of two trees. The algorithm we present hasrunning time O(n4:5�(n2)), where �(n) is the inverse A
kerman fun
tion. Fortrees of maximum degree k, the algorithm has running time O(n2�(n2)).The organization of the remainder of the paper is as follows. In se
tion 2 wedes
ribe an O(n2�(n2)) algorithm for �nding the maximum agreement subtreeof two binary trees. In se
tion 3 we show how to extend the te
hniques ofse
tion 2 for the general 
ase, where the maximum degree of the trees are not
onstrained. We then dis
uss open problems in se
tion 4.2 Finding the Maximum Agreement Subtree ofBinary TreesWe now present an O(n2�(n2)) dynami
 programming algorithm for �nding themaximum agreement subtree of two binary trees on n labelled leaves.2.1 De�nitionsDe�ne a subtree of a tree T to be a subgraph of T whi
h is a 
omponent ofT � feg for some edge e 2 E(T ). For subtrees p; q of P;Q respe
tively, we will
ompute the size of the maximum agreement subtree t =MAST (p; q) on whi
hthey agree. Note that here p and q may not have the same label set. When twosubtrees p and q arise by deleting a single edge, we will say that p and q are2




omplementary. We spe
i�
ally need to keep tra
k of all pairs of 
omplementarysubtrees.We order the subtrees of P by in
lusion, and 
ompute a linear extensionL(P ) of this partial ordering. In the same way we 
onstru
t the linear orderingL(Q), and similarly we 
an 
ompute a linear ordering L on L(P ) x L(Q). Wethen 
omputeMAST (p; q) for ea
h p 2 L(P ) and q 2 L(Q), ordered by L, whereMAST(t,t') will be the number of leaves in the maximum agreement subtree oft and t0,Note that we do not 
omputeMAST (p; q) until we have 
omputedMAST (t; t0)for all subtrees t � p and t0 � q. There are O(n) of these subtrees formed bythese edge deletions, and ea
h su
h subtree t is naturally rooted at the vertexy in
ident to the edge e deleted in order to form t (re
all t is a 
omponent ofT � feg, for T 2 fP;Qg). Furthermore, ea
h subtree t has two 
hildren sub-graphs t1 and t2, sin
e the trees P and Q are binary; thus, the removal of thenode y from t will 
reate two subgraphs t1 and t2. These subgraphs are alsosubtrees by our de�nition.2.2 Algorithmi
 DetailsWe need to 
ompute the labels L(ti) whi
h appear in ea
h subtree ti. To
ompute L(ti), we �rst 
ompute L(t0i) for ea
h t0i � ti; then, L(ti) is just theunion of two label sets, sin
e ea
h Ti is binary. Thus, these 
omputations 
anbe 
ompleted using O(n) �nd operations, for a total 
ost of O(n�(n)), where�(n) is the inverse a
kerman fun
tion[8℄.Now assume p and q are subtrees of P and Q respe
tively, and that we have
omputed MAST (p0; q0) for all subtrees p0 � p and q0 � q. In parti
ular, wewill have 
omputed MAST (pi; qj), for i = 1; 2 and j = 1; 2.The 
omputation of MAST (p; q) then depends upon whether p or q areboth subtrees 
ontaining more than one leaf. If p 
ontains only one leaf x, thenMAST (p; q) = 1 if L(x) 2 L(q), and otherwise MAST (p; q) = 0. The 
asewhere q 
ontains only one leaf is handled similarly. When both subtrees p andq 
ontain at least two leaves, then the value ofMAST (p; q) is obtained by max-imizing the s
ore obtained from the di�erent 
ombinations of their 
onstituentsubtrees, p1; p2; q1; and q2. To summarize:MAST (p; q) =jL(p) \ L(q)j, if either p or q is a singleton, ormaxfMAST (p1; q1) +MAST (p2; q2);MAST (p1; q2) +MAST (p2; q1)g, otherwise.The 
omputation of MAST (P;Q) is then set to3



max(p1;p2) (q1;q2)fMAST (p1; q1)+MAST (p1; q2);MAST (p1; q2)+MAST (p2; q1)g,where (p1; p2) and (q1; q2) are both pairs of 
omplementary subtrees.2.3 The AlgorithmAlgorithm:Compute the list L(P ) of subtrees t � P , so thatif t � t0 then t appears before t0 in the list L(P ).Compute list L(Q) in the same way.Compute a total order L on L(P ) x L(Q), thepairs of subtree p; q, where p � P; q � Q.For ea
h (p; q) 2 L DOCompute MAST (p; q)end-doCompute MAST (P;Q)end-doend of algorithm2.4 Running time analysisThe initialization (
omputing all subtrees t and L(t) for all subtrees) involvesO(n) unions, and hen
e 
osts us O(n�(n)). Computing MAST (p; q) 
osts us asingle �nd if one (or both) of p or q is a singleton; else it 
osts us two additionsand one 
omparison. Sin
e there are O(n2) pairs (p; q) of subtrees, this 
osts usO(n2) �nds, additions, and 
omparisons, for a total of O(n2�(n2)). The �nal
omputation of sele
ting the max among O(n2) values involves O(n2) additions,and O(n2) 
omparisons. All in all, a total 
ost of O(n2�(n2)).2.5 Proof of Corre
tnessTheorem 1 The algorithm 
orre
tly determines the size of the maximum agree-ment subtree for two binary trees on n labelled leaves.Proof: The proof is by indu
tion on n. If n = 1, the proof is trivial: eitherthe trees are identi
al, or they are disjoint, and the algorithm handles ea
h 
ase
orre
tly. So assume true for all trees on fewer than n leaves.Let P and Q be two trees on n leaves ea
h, and let T be the maximumagreement subtree of P and Q. T must 
ontain at least three leaves, trivially,no matter how small n is. Let eT be an edge in T , 
reating a bipartition on thelabel set SjL(T ) into two parts, S1 and S2, with subtrees T 1 and T 2. Sin
e Pand Q both agree on T , ea
h of P and Q must 
ontain edges 
reating the samebipartition on SjL(T ); let these edges be eP and eQ.4



The removal of eP from P 
reates trees p1 and p2, and similarly we havetrees q1 and q2 
reated by removing eQ from Q. Sin
e P and Q agree with T ,we 
an say (without loss of generality) that Si � L(pi) \ L(qi), i = 1; 2. Thealgorithm will 
ompute the maximum agreement subtrees of pi and qj for ea
hi; j, and thus be able to determine that the maximum is obtained at p1; q1 andp2; q2, so that the maximum agreement subtree is obtained by using the leavesin T .One point to note is that pi and qj are not truly binary trees, sin
e theyhave ea
h a single node of degree two; however, supressing these degree twonodes 
reates binary trees whi
h we will 
all P 1; P 2; Q1; and Q2. It is then
lear to see that the algorithm would 
orre
tly handle the determination of themaximum agreement subtree of the various 
ombinations of P i and Qj , and aqui
k 
he
k of the algorithm reveals that this translates into the 
orre
t handlingof these rooted binary trees. Thus, the algorithm will 
orre
tly determine themaximum agreement subtrees of the various 
ombinations of the pi and qj , andthus dis
over the way that T was 
onstru
ted.3 Finding the Maximum Agreement Subtree ofArbitrary TreesThe only modi�
ation we need to make here is that ea
h subtree (as de�nedabove) may 
onsist of more than two subtrees, so that the 
omputation ofMAST (p; q) for p and q subtrees of P and Q respe
tively, will involve solvinga maximum mat
hing problem on a bipartite graph. That is, if p is a subtreeof P , and q a subtree of Q, and the subtrees of p and q are p1; p2; : : : ; pk andq1; q2; : : : ; qr, respe
tively, then we have 
omputed MAST (pi; qj) for ea
h i =1; 2; : : : ; k and j = 1; 2; : : : ; r. We 
an therefore weight the 
omplete bipartitegraph Kk;r by w(i; j) = MAST (pi; qj), and 
ompute the maximum mat
hingin this bipartite graph. This 
osts us O((jpj + jqj)2:5) [3℄, where jpj equals thedegree of the root of p, whi
h in turn equals the number of subtrees of p involvedin the 
omputation.Sin
e there are O(n) edges, there are O(n) subtrees, and hen
e O(n2)MAST
omputations to perform. The worst 
ase o

urs when ea
h of the trees arestars, and thus ea
h subtree (other than the single node subtrees) has n�1 sub-subtrees. For this 
ase, the MAST 
omputations in
ur a 
ost of O(n4:5�(n2)).However, for trees P andQ where the maximum degree of nodes are boundedby k, this algorithm has running time bounded by O(n2�(n2)), as in the 
asefor binary trees.
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4 Open ProblemsCan a better running time be a
hieved for this problem? Note that improvingthe running time on this algorithm probably is as hard as improving the bipartitemat
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