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ADDITIVITY PROPERTIES OF TOPOLOGICAL DIAGONALIZATIONS
TOMEK BARTOSZYNSKI', SAHARON SHELAH*, AND BOAZ TSABAN*

Abstract. We answer a question of Just, Miller, Scheepers and Szeptycki whether certain diagonaliza-
tion properties for sequences of open covers are provably closed under taking finite or countable unions.

§1. Introduction. In [7] Just, Miller, Scheepers and Szeptycki studied a unified
framework for topological diagonalizations and asked about the additivity of the
corresponding families of sets. In this paper we answer their question. Some of the
properties considered in [7] were studied earlier by Hurewicz (Ug,(I".T')), Menger
(Usin(T.@)). Rothberger (S;(@. @). traditionally known as the C” property), Gerlits
and Nagy (S;(Q, I), traditionally known as the y- property). and others.

We have tried to be as concise as possible in this paper. An extension of this paper
containing the basic definitions, complete proofs, extended results and consequences
is available online [1].

§2. Preliminaries. By a set of reals we mean a subset of R \ Q. Recall that each
separable, zero-dimensional metric space is homeomorphic to a set of reals. Let X
be a set of reals. A countable open cover Z of X is said to be

1. an w-cover if X is not in % and for each finite subset F of X, there is a set
U € % such that F C U;
2. ay-cover if it is infinite and for each x in X theset {U € # : x ¢ U} is finite.

Let @, Q, and T" denote the collections of all countable open covers, w-covers,
and y-covers of X, respectively. Let & and % be any of these three classes. We
consider the following three properties which X may or may not have.

S1(&/,%B): For each sequence (U, © n € w) of elements of &, there exist
elements U, € %,.n € w, such that {U, : n € w} is a member of Z.

Siin( . #): For each sequence (%, : n € w) of elements of &/, there exist finite
sets 7, C %,, n € w, such that | J 75, 18 an element of %.
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Usin(#7. &): For each sequence (%, : n € w) of elements of »/ which do not
contain a finite subcover, there exist finite sets 7, C %, such that {7}, : n €
'} is a member of %.
Many equivalences hold among these properties, and the surviving ones appear
in the following diagram (where an arrow denotes implication), to which no arrow
can be added except perhaps from Uz, (I, T') or Uz (T, Q) to Sg, (I, Q) [7].

Uin(T.T) —— Ui (T. Q)

7

U(T. @)

Siin(l. Q)
e
Si(I.T) —— Si(I,Q) Si(T. @)
Sin(Q. Q)
/
SI(QT) —=S(Q.Q) Si(@.0)

TueoreM 2.1 (folklore). Si(@.@).Si(T.@) and U, (T. @) are countably additive.

Proor. Given X = J,,, X». where each X, has the appropriate selection prop-
erty, let (%, : n € w) be a sequence of covers. Partition @ into infinite sets
(A, : n € o) and apply the selection principle to X; and the covers (%, : n € 4;).
Afterwards take the union of the selected covers. -

DEFINITION 2.2. Let 0'® = {f € »® : f is non-decreasing}, and for f, g € '®
let £ <* g mean that f(n) < g(n) for all but finitely many n. A family F C »!® is

1. dominating if for every g € »'® thereis f € F such that g <* 1,
2. finitely dominating if every g € w'® there are f1. f5..... fx € F such that

g S*max{fl,...,fk},
3. unbounded if for every g € @'? thereis f € F such that f £* g.

THEOREM 2.3 ([6. 8. 12]). For a set of reals X:

1. X satisfies Ug (. T) iff for every continuous mapping X > x ~ fy € o'®,
{fx:x € X} is bounded,

2. X satisfies Ug, (T, @) iff for every continuous mapping X > x ~ f € 1,
{fx: x € X} is not dominating,

3. X satisfies Ugy (T, Q) iff for every continuous mapping X > x ~ fr € o!®,
{fx:x € X} isnot finitely dominating.

For completeness, we sketch a proof for (1). The proofs for (2) and (3) are
similar.

PROOE. (—) Suppose that X satisfies Ug, (I, T') and x ~ f is a continuous
mapping. Then {f : x € X} satisfies U, (I, T'). Define U = {x : f,(n) < k}
forn.k € w.and %, = {U] : k € w} forn € w. Assume that for each n, %,
does not contain a finite subcover of { f : x € X} (we leave the other case to the
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reader). Apply Uy, (I, T) to get a y-cover which in turn will give us a function which
bounds {fy:x € X}.

(<) It suffices to show Uz, (@.T) (since Ug, (. T) implies Ug, (I, T)). Suppose
that (%, : n € w) is a sequence of open covers of X. Since X is zero-dimensional,
by passing to finer covers we can assume that %, = {U}' : k € w}, where the sets U’
are clopen. Define a continuous mapping x ~ f'y as fy(n+1) = f(n) + min{k :
x € UMY If g € o bounds {fy : x € X}, then {Ujcg U} 1 n € o} isa
y-cover of X. .

An immediate consequence of Theorem 2.3 is that U, (T, T') is countably additive.
But not all properties we consider are provably additive: In [5] it was proved that,
assuming the Continuum Hypothesis, 51 (€. I') is not finitely additive. In Problem 5
of [7] it was asked which of the remaining properties is countably, or at least finitely,
additive. In [10] it was proved that S;(I", T") is countably additive. We will show that
assuming (a small portion of) the Continuum Hypothesis, none of the remaining
properties is finitely additive.

83. Negative results. The following theorem is a generalization of the construc-
tions of [7] and [11].

THEOREM 3.1. Assume that 2° is not the union of < 280 meager sets. There exist
sets of reals X, X» € S1(Q. Q) such that X; U X> € U, (T. Q).

Proor. For simplicity we will work in Z®, where Z denotes the set of integers.
We will construct sets Xj, X, € Z® such that X; + X, = {x; + x» : x1 € X),
Xy € Xp} = Z”. Since 2 - max(xy,xp) > x1 + x; it follows that X; U X; is 2-
dominating. Thus by Theorem 2.3(3), X; U X> & Uz (T. Q).

Let {fo : @ < 2™} enumerate Z°, {(#2 : n € w) : a < 2™} enumerate all
countable sequences of countable families of open sets, and let 0 = {¢q € Z? :
v°n q(n) = 0}.

We construct X = {x; : f < 2™}UQand X, = {x; : f < 2%} UQ by induction
ona < 2%, Let X} = {x}: f < a} fori = 1,2 be given. We will describe how to
choose x and x2.

LemMa 3.2 ([7]). Assume that 2¢ is not the union of < 2% meager sets. Suppose
that Y C 7 has size < 2%, Then Y satisfies S;(Q. Q).

We give a proof as a hint to the proof of a forthcoming assertion.

PrOOF. Suppose that (%, : n € w) = (U] : n.k € w) is a sequence of w-
covers of Y. For each F € [Y]<° let fr(n) = min{k : F C U}}. The set
Hp = {x € Z” :¥>°n x(n) # fr(n)} is meager in Z*. Thus any z & Upc[yy<o Hr
gives the desired selector. =

For i = 1,2, say that a is i-good if for each n Z is an w-cover of XC’;. Assume
that « is i-good. Apply Lemma 3.2 and choose a selector U’ € %' such that
{U> :n € w} is an w-cover of X. We make the inductive hypothesis that for each
i-good B < a, {Unﬁ‘i :n € w} is an w-cover of X/. For each finite F C X/, and
each i-good f < a, define Géﬁ = U{Uf’i :F C Uf‘i}. Observe that Géﬁ is open
dense in Z” since Q C X..
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LEMMA 3.3. Assume that 2% is not the union of < 2% meager sets. Let {U, : y <
4 < 2%} be a family of open dense subsets of 7. Then for every f € Z” there are
X1, X2 € ﬂ},d U, such that x| + x, = f.

Proor. Consider f—Y = {f—x:x € Y} andletx; €, _; U,NN,_,(f = U,).
It follows that x; + x, = f for some x; € ﬂ;,d U,. B

Apply Lemma 3.3 to find x1, x2 € N{Gi 1 i = 1.2, F € [X]]<*. i-good f§ <
a}, such that x! + x2 = f,. The induction hypothesis remains true after the
construction step.

We have that X7 4+ X, = Z®, so it remains to check that X; € 5;(Q. Q) fori = 1,2.
Fix i. Suppose that (%, : n € ) is a sequence of w-covers of X;, and let o be such
that (%, :n € w) = (% : n € w). Clearly, (%% : n € w) is an w-cover of X/ so
we have to show that the selector {U2" : n € w} chosen at the step « is an w-cover
of X;. Take any F € [X;]<* and write it as F = Fy U F’, where Fy = F N X}
and F/ = F\ Fy = {x;}l,x;z,...,x;é}, where o < 1 < f» < --- < fy. Note that

x;;l € G’F(‘)’ and for j > 1, x}}jﬂ € G;:u{x;jlu..,xli}* which finishes the proof. -

Let Qporel be the collection of all countable Borel w-covers of X'. A modification
of the above proof gives us the following stronger result, which settles the additivity
question in the case of Borel covers.

THEOREM 3.4. Assume that 2 is not the union of < 280 meager sets. There exist
sets X1, X, € SI(QBorel» QBorel) such that X\ U X, & Uﬁ,,(l"., Q)

Proor. We will need the following definition [11]: A cover = {U, : n €
w} € Qporel 1s called w-fat if for every F € [X]<® and finitely many nonempty
open sets O, ..., Oy, there exists U € % such that F C U and none of the sets
UNOoy,....UnN Oy is meager. Let Q%‘(‘)ml be the collection of all countable w-fat
Borel covers of X. We will use some simple properties of these covers (the proofs
are easy — see [1]).

LEMMA 3.5. Assume that % is a countable collection of Borel sets. Then U% is
comeager if, and only if, for each nonempty basic open set O there exists U € % such
that U N O is not meager.

COROLLARY 3.6. Assume that % is an w-fat cover of some set X'. Then:
1. For each finite F C X and finite family & of nonempty basic open sets, the
set
UWUe%:FCUandforeachOeF, UNO & A}
is comeager.
2. For each element x in the intersection of all sets of this form, % is an w-fat
cover of X U {x}.

A modification of the proof of Lemma 3.2 gives the following.

LEMMA 3.7. Assume that 2¢ is not the union of < 28 meager sets. If Y C Z has
size < 2% then Y satisfies S (Q%‘;ml, Q%‘fml).

The following lemma justifies our focusing on w-fat covers.

Lemma 3.8. Assume that X is a set of reals such that for each nonempty basic open
set O, X N O is not meager. Then every countable Borel w-cover % of X is an w-fat
cover of X .
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Let Z° = {fa : @ < 2%}, and {G, : a < 2™} be all dense G subsets of Z*.
Let {0, :n € w} and {F,, : m € w} be all nonempty basic open sets and all finite
families of nonempty basic open sets, respectively, in Z®. Let {{%Z% : n € w) :
a < 2%} be all sequences of countable families of Borel sets.

We construct, by induction on o < 2%, sets X; = {x;g : p< 2%} (i = 1,2) which
have the property needed in Lemma 3.8. At stage o > 0 set X! = {x’ﬁ p < al
and consider the sequence (#* : n € w). Say that « is i-good if for each n Z® is
an w-fat cover of X. In this case, by Lemma 3.7 there exist elements U®' € %
such that (U*' : n € w) is an w-fat cover of X. We make the inductive hypothesis
that for each i-good f < . (U}" - n € w) is an w-fat cover of X/.. For each finite
F C X!, i-good f < . and m define

Géﬁ =U{UM . F C U andforeach 0 € 7, U nO ¢ #}.

By the inductive hypothesis, G}fn is comeager.

Set
Y, = ﬂ Gy N ﬂ{G’F€1 1< 2, i-good f < a, m € w, Finite F C X;}
f<a
Let k = o mod @. Use Lemma 3.3 to pick x0, x} € Oy N Y, such that x0 + x} =*

fo. By Corollary 3.6(2), the inductive hypothesis is preserved.
Thus each X; satisfies S; (Q . Q¢ ) and its intersection with each nonempty

basic open set has size 2. By Lemma 3.8, Q%‘érel = Qporel for X;. Finally, Xy + X
is dominating, so X, U X is 2-dominating. -

84. Consistency results.

THEOREM 4.1 (folklore). It is consistent that the properties S|(Q.T), S;(Q. Q).
and S1(@, @) are countably additive.

ProorF. It is well known that the Borel Conjecture implies that S;(@.@) =
[29]1<% . Thus S;(Q. T) = $1(Q. Q) = [2°]<™. 4

We do not know if any of the properties S;,(Q. Q), Si (T, Q). and S, (I, Q) is
consistently closed under taking finite unions, however U, (", Q) is.

DEFINITION 4.2.

1. For any finite-to-one function f € w® and an ultrafilter % on w let f (%) be
the ultrafilter {X Cw: f~'(X) € #}.

2. Two ultrafilters  and 7” on w are nearly coherent if there is a finite-to-one
function f* € w® such that /(%) = f (7).

3. Let NVCF stand for the statement: any two non-principal ultrafilters % and 7
on o are nearly coherent.

4. Let Dg, be the family of subsets of w!® that are not finitely dominating.

THEOREM 4.3. NCF iff Dy, is closed under finite unions.

PRrROOF. («) As this was also proved by Blass [4, Proposition 4.11], we omit our
proof (see [1]).

(—) Note that the relation Y € Dy, is witnessed by a filter and a function, that is
there exists a function g € @'® such that the family { X /5 : f € Y}isafilter base,
where X /55 = {n: f(n) < g(n)}. and can therefore be extended to an ultrafilter.
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Suppose that Y1, Y> € Dg, and let r € ! and ultrafilters %, %, witness that.
By NCF thereexists h € w® such that 2(%) = h(%,). Without loss of generality we
can assume (see [2]) that i € '®. Let I, = h~'({n}) forn € w andlet g € ' be
any function such that g(min(Z,)) > r(max(l,)). n € . Suppose that F; € [Y{]<*
and F, € [Y2]<“. We will show that g is not dominated by max(F;, F;). By the
choice of r, X’ € % and X' € %,. Since h(#%,) = h(%,) it follows

max(F) max(F,)
that theset B = {n € w : LN X] ) # ¢ and I, N X () # (¢} is infinite.

max(F

Foreveryn € Bandi = 1.21let k! € I, N Xr;aX(Fi). It follows that for i = 1,2,
g(min(1,)) > r(max(1,)) > r(k}!) > max(F;)(k?) > max(F;)(min(Z,)). .
THEOREM 4.4. It is consistent that Uy, (T, Q) is countably additive.

ProoF. By Theorem 2.3(3). if Dy, is countably additive so is Uy, (I, Q). By [3]
it is known that VCF is consistent. It is easy to see that if g, is finitely additive,
then it is countably additive. Together with Theorem 4.3 this finishes the proof. -

Remark 4.5. 1. Whereas the results in this paper settle all additivity problems for

the classical types of covers (namely, general open covers, w-covers, and y- covers),
there remain many open problems when t-covers are considered — see [1].
2. We have recently found out that in [9], Scheepers used the Continuum Hy-
pothesis to construct two sets satisfying S;(Q, Q) such that their union does not
satisfy Sg,(Q, Q). This is extended by our Proposition 3.1, which is extended fur-
ther by Theorem 3.4. Moreover, the Continuum Hypothesis is stronger than our
assumption that the real line is not the union of less than continuum many meager
sets.
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