GAFA, Geom. funct. anal. Vol. 11 (2001) 1 – 0 1016-443X/01/010001-0 $ 1.50+0.20/0

© Birkhäuser Verlag, Basel 2001

GAFA Geometric And Functional Analysis

SYSTOLIC FREEDOM OF LOOP SPACE

M. Katz and A. Suciu

Abstract We observe greater systolic freedom via Sullivan’s telescopes. Namely, given integers m and n such that 2 ≤ m < n, we use rational homotopy theory to prove that every n-dimensional manifold admits metrics of arbitrarily small total volume, and satisfying the following property: every m-dimensional orientable submanifold of less than unit m-volume is necessarily torsion in homology.

1 Introduction

Does the total volume of a Riemannian manifold impose a constraint upon the volume of its submanifolds? This question has interested differential geometers since the work of M. Berger (see [Ber1] and [Ber2, p. 192]) in the 1970s, and of M. Gromov [G1,2] in the 1980s. In this note we answer this question in the negative (for all but 1-dimensional submanifolds), as follows.

Theorem 1.1. Let m and n be integers such that 2 ≤ m < n. Let X be an n-dimensional compact smooth manifold. Then X admits metrics of arbitrarily small total volume, such that every m-dimensional orientable submanifold of less than unit m-volume is null-homologous as a cycle with rational coefficients.

In other words, the manifold X admits a sequence of metrics (X, g_j) with vol(g_j ) → 0 as j → ∞, and such that for every orientable M ⊂ X we have vol_m(M) < 1 =⇒ [M] = 0 in H_m(X, Q) , where vol_m(M) is the volume induced by g_j . Such a phenomenon is called systolic freedom (modulo torsion). For m = 1 the theorem is false: the length of the shortest noncontractible loop is typically constrained by total volume (see section 2).

Our theorem generalizes a previous result by I. Babenko and the authors [BKS], concerning systolic freedom in middle dimension (the case n = 2m). The next step toward the proof of Theorem 1.1 was accomplished in [KS], where we reduced the problem to the examination of a finite list of CW complexes (the notion of systolic freedom can be extended in this setting). These complexes are the successive skeleta (up to the n^{th} skeleton) of the based loop space, Ω(S^{m+1}), of the sphere S^{m+1}.

The main idea of the present paper is to use rational homotopy theory to establish the systolic freedom of the skeleta of the loop space.

The starting point of our proof is a map from the p-fold Cartesian product (S^m)^{×p}, where p = [n/m], to the n-skeleton of the Eilenberg–Maclane space K(Z, m) which induces an epimorphism in rational homology in all dimensions through n. We construct a CW complex W by attaching cells to (S^m)^{×p} so as to replace the epimorphisms by isomorphisms. By Sullivan [S], the localisation at 0 (rationalisation) W_0 of W may be thought of as the n-skeleton of K(Q, m). Now a map from a compact complex X has image in a finite subcomplex of K(Q, m) and hence in a finite piece of W_0. If W_0 admits a telescope model, we can conclude that the image of X may be deformed into a copy of W inside W_0; in general, the argument is more delicate. Finally, the pullback arguments of [B], [BKS], and [KS] reduce the freedom of skeleta of the loop space to the freedom of (S^m)^{×p}, known since [K1].

The paper is organized as follows. Section 2 discusses systolic constraint and mentions a recent result of M. Freedman on freedom with Z_2-coefficients. Section 3 defines systolic freedom and the concept of an ‘m-meromorphic map’. Section 4 contains the technical statement of Theorem 1.1 and its proof, and also describes the pertinent telescoping ideas from rational homotopy theory. Section 5 contains some speculations regarding an alternative proof using higher order Whitehead products.

2 Systolic Freedom Versus Constraint

Our theorem shows that the total volume imposes no upper bounds on the size of the least-area homologically nontrivial submanifold. In contrast, let us recall two results on the existence of such bounds for related invariants.

The first result is M. Gromov’s inequality [G1] for essential manifolds, which we will state in the particular case of real projective space RP^n. Namely, all metrics g on RP^n obey the inequality min γ∼RP^1 g-length(γ) ≤ C_n^n √ vol(g), (1) where the minimum in the left-hand side is over all closed curves in RP^n which are homotopic to RP^1 ⊂ RP^n. Here the constant C_n is independent of g, and the n-th root ensures scale invariance. Gromov’s theorem generalizes classical results of Loewner and Pu in dimension 2 (see also [He2]).

The second result is an inequality similar to the above, but with length replaced by area. Namely, all metrics g on complex projective space C P^n obey Gromov’s inequality (see [G2, p. 262], or [KS, Theorem 2.6]): inf γ_Q ∼C P^1 g-area(γ_Q) ≤ C_n^n √ vol(g) , (2) where the infimum is over all rational 2-cycles γ_Q = ∑ k r_kσ_k (r_k ∈ Q) representing the generator [γ_Q] = [C P^1 ] ∈ H_2(C P^n , Q) = Q (the sharp value of the constant is^n √ n!, as discussed in [M, section 6.3] and [F, 1.8.2]).

Here by definition

g-area ( ∑ k r_kσ_k ) = ∑ k |r_k|g-area(σ_k) , (3)

and the area of a piecewise smooth singular 2-simplex σ_k is the integral of the pullback of g to the standard 2-simplex. This inequality was generalized by J. Hebda [He1].

The question whether inequality (2) remains valid for the complex projective plane if we work with coefficients in Z_2 is still open: inf γ_{Z2} ∼CP^1 g-area(γ_{Z2})^{??}≤ C_n^n √ vol(g) , (4) where γ_{Z2} is a 2-cycle with Z_2-coefficients (e.g. a possibly nonorientable surface) representing the nonzero element in H_2(C P^n , Z_2) = Z_2. Recent progress on Z_2-systolic freedom for 3-manifolds was made by M. Freedman [Fr], who proved that S^1 × S^2 is (1, 2)-systolically free modulo 2. This result implies in particular that the 4-manifold S^2 × S^2 does not obey an inequality of type (4).

It is still unknown whether RP^3 is (1,2)-systolically free modulo 2 (this question was originally posed [BeK, p. 622] in 1994), or in formulas: inf γ_{Z2} , σ_{Z2} g-length(γ_{Z2})g-area(σ_{Z2})^{??}≤ Const vol(g), (5)

for all metrics (RP^3, g), where the infimum is over all curves γ_{Z2} ∼ RP^1 and surfaces σ_{Z2} ∼ RP^2.

3 Pulling Back Metrics by m-meromorphic Maps

In [KS], we reduced the proof of the m-systolic freedom modulo torsion (see definition below) of all smooth n-manifolds, to the examination of a finite list of objects: the successive skeleta (up to the n^{th} skeleton) of the based loop space Ω(S^{m+1}). The price one has to pay is the enlargement of the category to that of CW complexes (see Definition 3.2).

Definition 3.1. Let (X, g) be a finite n-dimensional simplicial complex, endowed with a piecewise smooth metric g. Let m ≤ n. Let α ∈ H_m(X, Z). Define v(α) = inf_{M ∈α} vol_m(M) ,

where the infimum is taken over all piecewise smooth integer cycles M representing the class α. Here the volume of a (smooth) singular simplex is that of the pullback of the quadratic form g to the simplex, and we take absolute values of the coefficients to obtain the volume of the cycle, as in formula (3).

We define the systole modulo torsion, sys^∞, of (X, g) by setting sys^∞_m (g) = inf_{α∈Hm(X,Z)}

α≠torsion v(α) . Definition 3.2. An n-dimensional CW complex X is m-systolically free (modulo torsion) if

inf_g vol_n(g)^{m/n} sys^∞_m (g)

= 0 ,

where the infimum is taken over all piecewise smooth metrics g on a finite simplicial complex X^′ homotopy equivalent to X.

Here the choice of X^′ is immaterial by virtue of the pullback Lemma 3.6 below, which applies in particular to homotopy equivalences. The idea of the proof of the systolic freedom of the skeleta of the loop space is a reduction to the case of the product of spheres, for which systolic freedom was established in [K1] for m ≥ 3, and in [KS, Lemma 4.5 and Corollary 7.9] in the remaining case:

Proposition 3.3 ([K1], [KS]). The Cartesian product (S^m)^{×p} of p copies of the m-sphere is m-systolically free, for all m ≥ 2 and p ≥ 2.

We will carry out such a reduction by means of constructing a morphism from a skeleton of Ω(S^{m+1}) to a product of spheres, and applying pullback arguments developed in [B], [BKS], and [KS].

The morphisms from X to Y best suited to our problem are more flexible than continuous maps from X to Y . We still work with continuous maps, but we allow certain enlargements of the target Y of the map, which we will refer to as ‘meromorphic extensions’.

Definition 3.4. Let Y be an n-dimensional CW complex. A CW complex W is called a meromorphic extension of Y if W has the homotopy type of a finite CW complex obtained from Y by attaching cells e^d of strictly smaller than the top dimension, or in formulas: W ≃ Y ∪ ⋃ i e^{di} , where d_i ≤ n − 1 .

Definition 3.5. Let X^n and Y^n be finite CW complexes of dimension n. An m-meromorphic map, X −→ Y , is a pair (W, f) where W is a meromorphic extension of Y and f : X → W is a continuous map which induces a monomorphism in m-dimensional rational homology:

f_∗ : H_m(X, Q) → H_m(W, Q) is injective.

Our terminology is inspired by the observation that the blow-up map Y = X̂ → X of, say, a complex analytic manifold X admits a kind of an inverse: X −→ Y . Here the space W is obtained by coning off the exceptional divisor in Y = X̂, while the inverse is perturbed in a neighborhood of the blown up point (see [KS, Example 7.4] for details). Such maps are useful because of the following lemma on pulling back systolic freedom (cf. [KS, Proposition 7.10]).

Lemma 3.6 (Pullback Lemma). Let X −→ Y be an m-meromorphic map. If Y is m-systolically free modulo torsion, then so is X.

Example 3.7. Let us show how one can apply the pullback lemma to reduce the 2-systolic freedom of the complex projective plane C P^2 to that of the product S^2 × S^2.

Consider the decomposition C P^2 = S^2 ∪_h D^4, where h =^1_2 [e, e] is the Hopf map. Here e is the identity map of S^2, and [e, e] is the Whitehead product. Also consider the CW complex W = S^2 × S^2 ∪_{e1 −e2} D^3. Let f : C P^1 → W , f(e) = de_1 where d ≥ 2 is an even integer. Then f(h) = f (_1 2 [e, e] ) =^1_2 [ f(e), f(e) ] =^1_2 [de_1, de_1]

=^{d2}_2 [e_1, e_1] =^{d2}_2 [e_1, e_2] = 0 in π_3(W ) ,

since e_1 = e_2 in W , and so [e_1, e_1] = [e_1, e_2]. Thus f extends to a map f : C P^2 → W which is injective in 2-dimensional homology, and hence may be viewed as a 2-meromorphic map C P^2 −→ S^2 × S^2. Now Lemma 3.6 reduces the 2-systolic freedom of C P^2 to that of S^2 × S^2.

See also section 5 for a possible generalisation to C P^n using higher order Whitehead products.

The above argument is valid in view of the absence of torsion in π_{2m−1}(S^m) for m = 2. For m > 2, we use the following argument to find an m-meromorphic map to S^m × S^m (see proof of Lemma 4.4 in [KS]). Example 3.8. Let X = S^m ∪_a D^{2m} be a CW complex of dimension 2m with 3 cells of dimensions 0, m, and 2m, respectively. Let W = S^m×S^m ∪_{e1 −e2} D^{m+1}. Recall that the Whitehead product [e, e]∈π_{2m−1}(S^m) generates precisely the kernel of the suspension homomorphism. Suspension commutes with the homomorphism induced by the degree q self-map ϕ_q : S^m → S^m. Hence, if q is a multiple of the order of the (finite!) stable group π_{2m}(S^{m+1}), then the map ϕ_q sends π_{2m−1}(S^m) to the subgroup generated by Whitehead products. In particular, ϕ_q(a) = λ[e, e]. We now compose ϕ_q with the inclusion ι : S^m → W of S^m as the first factor of S^m × S^m ⊂ W . It follows that ι ∘ ϕ_q (a) = ι ( λ[e, e] ) = λ[e_1, e_1] = λ[e_1, e_2] = 0 ∈ π_{2m−1}(W ) .

Thus, the map ι ∘ ϕ_q extends to a map X → W . This proves the m-systolic freedom of X.

4 Proof of Systolic Freedom of Loop Space

The results of this section generalize the middle-dimensional systolic freedom, established in [BK], [BKS], and [KS, Theorem 1.5]. Let n = mp, where m ≥ 2 and p ≥ 2. Let (S^m)^{×p} denote the p-fold Cartesian product of m-spheres.

Theorem 4.1. Let X be a finite n-dimensional CW complex with unit m-th Betti number: b_m(X) = 1. Then X admits an m-meromorphic map to (S^m)^{×p}, and hence X is m-systolically free modulo torsion.

Proof. Let n = mp, where m is even (the case of m odd is easier; see [KS, section 10]). Let S = (S^m)^{×p}. Let ϕ_j be the selfmap of S defined by a degree j map on each factor. The map ϕ_j induces a scalar homomorphism (namely, multiplication by a power of j) in each cohomology group of S. Namely, ϕ^∗_j = ∧^ℓ(j· Id) = j^ℓ : H^{ℓm}(S) → H^{ℓm}(S). Let w = x_1 + · · ·+ x_p be the sum of the standard generators x_i of the cohomology group H^m(S) = Z^p. Then w^p = p! x_1 ∪ · · · ∪ x_p ≠ 0 in H^n(S) .

Now the class w defines a map f : S → K(Z, m) such that f^∗(u) = w, where u ∈ H^m(K(Z, m)) = Zis a generator. Recall that u is a multiplicative generator of the polynomial ring H^∗(K(Z, m)) ⊗ Q ∼= Q[u] (m even). Our proof will rely on the following lemma.

Lemma 4.2. The map f : (S^m)^{×p} → K(Z, m) extends to a map f : W → K(Z, m) which induces an isomorphism in rational homology through dimension n, where W is a finite CW complex obtained from S by attaching cells of dimension at most n − m + 1 < n. Furthermore, the maps ϕ_j extend to W for j divisible by a sufficiently large j_0, in the following two situations:

(a) if p = 2 or 3; (b) if m = 2.

Proof. Since w^p ≠ 0, the map f : (S^m)^{×p} → K(Z, m) induces an epimorphism H_k(S, Q) → H_k ( K(Z, m), Q ) (6) in each dimension less than n, and an isomorphism in dimension n. We will use the relative Hurewicz theorem to eliminate the successive kernels of the homomorphisms (6), and construct W by skeleta W^{(k)} inductively on k (cf. [S, p. 27]).

Let S = (S^m)^{×p} and let W^{(m)} = S^{(m)} = S^m ∨ · · · ∨ S^m. Next, let W^{(m+1)} = S^{(m)} ∪_{e1 −e2} D^{m+1} ∪_{e2 −e3} · · · ∪_{ep−1 −ep} D^{m+1}. Then W^{(m+1)} ≃ S^m.

Since the map ϕ_j acts by j· Id on π_m(W^{(m)}) = H_m(S), it extends to W^{(m+1)}.

We set W^{(2m)} = W^{(m+1)} ∪ S^{(2m)} and note that, by patching the two pieces, ϕ_j extends to W^{(2m)}. Note that W^{(2m)} ≃ S^m ∪_i D^{2m}_i , where i = 1, . . ., (_p 2 ) . We have W^{(2m)}/W^{(m+1)} ≃ ∨_iS^{2m}, i = 1, . . ., (_p 2 ) . Consider the exact sequence

π_{2m}(W^{(m+1)}) → π_{2m}(W^{(2m)}) → π_{2m}(W^{(2m)}, W^{(m+1)}) . (7) By Hurewicz’s theorem, the map ϕ_j induces multiplication by j^2· Id on the group

π_{2m}(W^{(2m)}, W^{(m+1)}) = H_{2m}(W^{(2m)}, W^{(m+1)}) = H_{2m}(∨_iS^{2m}) = Z(^{p2}) . Now consider the diagram

H_{2m+1} ( K(Z, m), W^{(2m)} )_∂ −−−→ H_{2m}(W^{(2m)})^{f∗}−−−→ H_{2m} ( K(Z, m) ) h1 h2 π_{2m+1} ( K(Z, m), W^{(2m)} )_∂ −−−→ π_{2m}(W^{(2m)}) , where h_i are the Hurewicz maps. By the relative Hurewicz theorem, the homomorphism h_1 is surjective. Thus ker(f_∗) = im(∂ ∘ h_1) = im(h_2 ∘ ∂). Hence, every element in ker(f_∗) is spherical.

Let α_i ∈ π_{2m}(W^{(2m)}), i = 1, . . ., (_p 2 ) −1, be a set of lifts via the Hurewicz homomorphism h_2, of a set of generators of the kernel of f. From the exact sequence (7), we have ϕ_j (α_i) = j^2α_i + t, where t ∈ π_{2m}(S^m) is of finite order. By Sullivan’s result on the nilpotence of the finite homotopy groups of spheres, there exists a j_0 such that if j_0|j then ϕ^2_j (α_i) = ϕ_j (j^2α_i + t) = j^4α_i + j^2t = j^4α_i, i.e. ϕ^2_j (α_i) is proportional to α_i.

It follows that ϕ^2_j extends to the next skeleton

W^{(2m+1)} = W^{(2m)} ∪_{αi} D^{2m+1}_i and therefore also to W^{(3m)} = W^{(2m+1)} ∪ S^{(3m)}, proving part (a) of the lemma.

We can similarly define W^{(ℓm)} = W^{((ℓ−1)m+1)} ∪S^{(ℓm)}, and use the Serre form of the relative Hurewicz theorem (see [MoT, pp. 95–98]) to define W^{(ℓm+1)} = W^{(ℓm)} ∪_{αi} D^{ℓm+1}_i for i = 1, . . ., (_p ℓ ) − 1 . Proceeding by induction, we extend f to the space W = W^{((p−1)m+1)} ∪ S, which is the desired meromorphic extension of S (cf. Definition 3.4).

Note that for p ≥ 4 the above argument does not yield an extension of ϕ_j to W^{(3m+1)} because already the group π_{3m}(W^{(2m+1)}, W^{(m+1)}) cannot be shown to be finite using Hurewicz’ theorem.

For m = 2, we can understand the effect of ϕ_j on π_{2ℓ}(W^{(2ℓ)}) easily using the Hopf fibration over C P^n . We argue inductively. To the extent that ϕ_j already acts on W^{(2ℓ)}, the family (ϕ_j ) localizes homology of the space W^{(2l)}. Therefore by [S, p. 19], the family also localizes homotopy, so that we have the same corollary as for the spheres: the map on d torsion of π_i(W^{(2l)}) induced by ϕ_d is nilpotent. To show that the action of ϕ_j is scalar on π_{2ℓ}(W^{(2ℓ)}), it therefore suffices to show that this group has rank precisely rank ( H_{2ℓ}(W^{(2ℓ)}) ) − 1 = (_p l ) − 1 . Consider the exact sequence of pair (W^{(2ℓ)}, W^{(2l−1)}):

π_{2ℓ}(W^{(2ℓ−1)}) → π_{2ℓ}(W^{(2ℓ)}) → π_{2ℓ}(W^{(2ℓ)}, W^{(2ℓ−1)})

= H_{2ℓ}(W^{(2ℓ)}, W^{(2ℓ−1)}) = Z(^{pℓ})

by Hurewicz. We need to show that the group π_{2ℓ}(W^{(2ℓ−1)}) is finite. Now the map W^{(2ℓ−1)} → C P^{ℓ−1} , where C P^{ℓ−1} ⊂ C P^∞ = K(Z, 2) has already been constructed, and induces an isomorphism in rational homology in all dimensions. By the Serre–Hurewicz theorem, the group π_i(C P^{ℓ−1} , W^{(2ℓ−1)}) is finite for all i. The exact sequence of the pair shows that the groups π_i(W^{(2ℓ−1)}) are all finite except π_2 and π_{2ℓ−1}, since π_{2ℓ−1}(C P^{ℓ−1} ) = π_{2ℓ−1}(S^{2ℓ−1}) = Zfrom the exact sequence of the Hopf fibration, proving part (b) of the lemma. □ The lemma provides a quick proof of the theorem in the cases (a) and (b), as follows. We appeal to rational homotopy theory, to conclude that the rationalisation W_0 of W can be thought of as the n-skeleton of K(Q, m) = K(Z, m)_0. Due to the existence of the selfmaps ϕ_j of W , according to D. Sullivan [S], the space W_0 admits a model as an infinite telescope on W , whose j-th stage is the cylinder of the self-map ϕ_j of W induced by a degree j map on each of the factors in S^m × · · · × S^m = S.

Now let X be a finite n-dimensional CW complex with b_m(X) = 1. Consider a map from X to K(Q, m) defined by any non-torsion m-dimensional cohomology class. The map may be assumed to have image in W_0, viewed as the skeleton of the classifying space. Being compact, the image of X lies in a finite piece of the telescope structure of W_0. Hence it can be retracted to the final stage, W , of the finite piece. Now W is just the space (S^m)^{×p}, with some cells of dimension at most n − m + 1 < n attached. Hence W is a meromorphic extension of S. We thus obtain an m-meromorphic map X −→ (S^m)^{×p}. The pullback Lemma 3.6 completes the proof in the 2 cases mentioned in Lemma 4.2.

In the general case p ≥ 4, m ≥ 3, we need a more delicate argument. We rely on the following property of maps of compact spaces into rationalisations.

Lemma 4.3. Let S be a CW complex admitting a telescope model (i.e. there are self-maps which localize homology). Assume that a CW complex W is obtained from S by attaching cells of dimension at most k. Then the image of a compact space mapping into the rationalisation W_0 of W may always be deformed into a subcomplex of W_0 which is homotopy equivalent to a copy of S with cells of dimension at most k + 1 attached.

Proof. Recall that S_0 is obtained as the direct limit in the following construction:

S_0 = ∐_j S × I / (x, 1) ∼ ( ϕ_j ∘ id_j (x), 0 ) . Here id_j : S → S is the identification of the j-th and (j + 1)-th levels.

A local CW complex is built inductively by attaching cones over the local sphere using maps of the local spheres into the lower ‘local skeletons’.

For each cell of dimension ≤ k attached to S, we attach a corresponding local cell to S_0, which contains cells σ^{di} of dimension d_i ≤ k+1. A map from a compact space X into W_0 has image in a finite subcomplex W^′_0 ⊂ W_0, which may be assumed to be of the following form: take a finite piece

S^′_0 =^N∐_j S × I / (x, 1) ∼ ( ϕ_j ∘ id_j (x), 0 ) of the infinite telescope S_0, and attach, to S^′_0, at most finitely many cells from among the σ^{di} . Namely, W^′_0 = S^′_0 ∪_i σ^{di} .

From the homotopy equivalence S^′_0 ≃ S, we obtain the equivalence W^′_0 ≃ S ∪_i σ^{di} , since each attaching map is an element of a homotopy group and hence a homotopy invariant, while homotopy groups commute with direct limits by a simple compactness argument. □ To complete the proof of Theorem 4.1, we argue as follows. Let W_0 be the rationalisation of the space W of the lemma. By the universal property of a localisation [S, p. 18], the map from W to the local space K(Q, m) induced by f extends to a map W_0 → K(Q, m). Thus W_0 may be thought of as the n-skeleton of K(Q, m). Recall that W is obtained from S by adding cells of dimension at most n − m + 1.

If X is compact, by Lemma 4.3 the image of the map can be deformed into a space W^′_0 obtained from S by attaching cells of dimension at most n − m + 2. The space W^′_0 is thus a meromorphic extension (cf. Definition 3.4) of S only if m ≥ 3. The case m = 2 is handled as above, using the Hopf fibration over K(Z, 2) = C P^∞ .

Since we rely on an existence theorem for rationalisations, what we lose control of in this version of the proof is the exact form of the meromorphic extension of S, which admits a continuous map from X. □

Corollary 4.4. Every finite n-dimensional CW complex is m-systolically free modulo torsion, provided 2 ≤ m < n.

Proof. Recall that Theorem 1.6 of [KS] reduces the general case to that of the successive skeleta of the loop space Ω = Ω(S^{m+1}), arising from the cell decomposition of I. James, Ω ≃ S^m ∪ e^{2m} ∪ e^{3m} ∪ · · · , (8) with precisely one cell in each dimension divisible by m (see [W]). We now apply Theorem 4.1 to the n-skeleton of Ω, to prove its m-systolic freedom modulo torsion, completing the proof of the corollary.

Our proof of Theorem 1.6 of [KS] can be simplified by using the telescope model for the localisation Ω_0 = K(Q, m) of the loop space Ω = Ω(S^{m+1}). Such a model exists by [S], since Ω admits self-maps defined by mapping a loop to its j-th iterate, which induce multiplication by j in all homology groups.

Namely, let X be a finite n-dimensional CW complex, and let b = b_m(X) be its m-th Betti number. A choice of a basis for a maximal lattice in H^m(X) defines a map X → K(Z^b, m). The composition of this map with the canonical map K(Z^b, m) → K(Z^b, m)_0 = Ω^{×b}_0 , induces an isomorphism H_m(X, Q) → H_m(Ω^{×b}_0 , Q). Now we argue as above. We use the compactness of X to construct a projection to the final level of a finite piece of the telescope.

By the pullback Lemma 3.6, it remains to prove the m-systolic freedom of the n-skeleton of Ω^{×b}. Next, we apply the carving up technique of [KS], to reduce the problem to the m-systolic freedom of the closures of the topdimensional cells in the n-skeleton (Ω^{×b})^{(n)} of Ω^{×b}.

The cell decomposition of (Ω^{×b})^{(n)} induced by the James decomposition (8) contains only cells of dimensions divisible by m. In particular, there are no cells of codimension 1.

The absence of codimension 1 cells in (Ω^{×b})^{(n)} is the crucial ingredient of the carving up technique. It allows us to isolate the different cell closures in (Ω^{×b})^{(n)} from each other. This is accomplished by inserting long cylinders based on the boundary, in (Ω^{×b})^{(n−m)}, of each top-dimensional cell. The absence of cells of codimension 1 guarantees that these cylinders have positive codimension, and thus make no contribution to total n-dimensional volume.

The effect of the long cylinders is to minimize the interaction between distinct top-dimensional cells, so that an m-cycle traveling from one to the other would have to pay a heavy price in terms of its m-volume. The formal argument, using coarea and isoperimetric inequalities, appears in [KS, Appendix B].

Each of the top-dimensional cells in (Ω^{×b})^{(n)} is a product of skeleta Ω^{(mpi)} of Ω. Each Ω^{(mpi)} admits a meromorphic map to (S^m)^{×pi} by Theorem 4.1. Thus there exists a meromorphic map ∏ i Ω^{(mpi)} −→ ∏ i (S^m)^{×pi} = (S^m)^{×(Σipi)} = (S^m)^{×p}.

The m-systolic freedom of ∏ i Ω^{(mpi)} now follows from the systolic freedom of products of spheres (cf. Proposition 3.3). □

5 Speculations Regarding Higher Order Whitehead Products

It is tempting to try to generalize the argument of Example 3.7 using higher order Whitehead products, so as to derive the systolic freedom of C P^n , or of the appropriate skeleton of the loop space, from the systolic freedom of the Cartesian product (S^2)^{×n}.

We form the analogue of the space W of Example 3.7 by defining W_n to be the CW complex obtained from (S^2)^{×n} by attaching n − 1 copies of a 3-cell along differences of consecutive 2-spheres in the product (S^2)^{×n}: W_n = (S^2)^{×n} ∪_{e1 −e2} D^3 ∪_{e2 −e3} · · · ∪_{en−1 −en} D^3 .

The top-dimensional cell of (S^2)^{×n} is attached by means of the n^{th} order Whitehead product a_n = [e_1, . . ., e_n] of the 2-dimensional generators. Thus W_n = W^{(2n−2)} n ∪_{an} D^{2n} where W^{(i)} denotes the i-skeleton. Furthermore, C P^n = C P^{n−1} ∪_h D^{2n} where n! h = [e, e, . . ., e] (9) (cf. [P, p. 416], [A, p. 460], [H, p. 39]). Now let f = ϕ_d be a self-map of S^2 of degree d. By virtue of formula (9), we can write f(n! h) = f ( [e, e, . . ., e] ) ∈ [ f(e), f(e), . . ., f(e) ] = [de_1, de_1, . . ., de_1] . Since e_i = e_j in W^{(2n−2)}_n for all i and j, we have f(n! h) ∈ [de_1, de_2, . . ., de_n] = d^n[e_1, e_2, . . ., e_n] . Since f(n! h) = n! f(h), we obtain f(h) ∈^{dn}_{n!} [e_1, e_2, . . ., e_n] + t ⊂ π_{2n−1}(W^{(2n−2)}_n ) assuming the fraction is an integer (e.g. if n! divides d), where t ∈ π_{2n−1}(W^{(2n−2)} n ) is a torsion element of order dividing (n!).

Now the problem of the torsion element t can be handled by replacing C P^n by the 2n-skeleton of a model of Ω(S^3) (cf. (8)). Then the attaching map h^′ is a Whitehead product and we may set d = 1, to obtain h^′ ∈ [e_1, . . ., e_n] ⊂ π_{2n−1}(W^{(2n−2)}_n ) .

Now the set [e_1, . . ., e_n] ⊂ π_{2n−1}(W_n) clearly contains zero, corresponding to the attaching map a_n of the top-dimensional cell in the product of spheres. However, this class may also contain other elements, due to ambiguity in the choice of the extension to the fat wedge. For instance, the 4-skeleton of the space W_3 = S^2 × S^2 × S^2 ∪_{e1 −e2} D^3 ∪_{e2 −e3} D^3 is homotopy equivalent to the 2-sphere with three distinct 4-cells attached along the same class [e, e]. There are thus 9 possibilities for extending the inclusion S^2 ∨ S^2 ∨ S^2 → W_3 to the fat wedge W^{(4)}_3 → W_3.

Thus, the indeterminacy of the higher order Whitehead product is an obstruction to the attempted generalisation of the proof of Example 3.7. On the other hand, attaching higher-dimensional cells to reduce the rank of all homology groups to at most 1 may resolve the indeterminacy and yield an alternative proof of the main theorem.

Acknowledgment. We are grateful to Shmuel Weinberger and to Emanuel Dror-Farjoun for helpful discussions of rational homotopy theory. Ivan Babenko carefully went over an early version of this paper and made a number of pertinent suggestions and corrections, for which we thank him.

References

[A] M. Arkowitz, Whitehead products as images of Pontrjagin products, Trans. Amer. Math. Soc. 158 (1971), 453–463.

[B] I. Babenko, Asymptotic invariants of smooth manifolds, Russian Acad.

Sci. Izv. Math. 41 (1993), 1–38.

[BK] I. Babenko, M. Katz, Systolic freedom of orientable manifolds, Ann.

Sci. École Norm. Sup. 31 (1998), 787–809; see http://arXiv.org/abs/math.DG/9707102.

[BKS] I. Babenko, M. Katz, A. Suciu, Volumes, middle-dimensional systoles, and Whitehead products, Math. Res. Lett. 5 (1998), 461–471; see

http://arXiv.org/abs/math.DG/9707016.

[BeK] L. Berard-Bergery, M. Katz, On intersystolic inequalities in dimension 3, Geometric And Functional Analysis 4 (1994), 621–632.

[Ber1] M. Berger, Systoles et applications selon Gromov, Séminaire N. Bourbaki, exposé 771, Astérisque 216 (1993), 279–310.

[Ber2] M. Berger, Encounter with a geometer, Part I, Notices Amer. Math.

Soc. 47:2 (2000), 183–194.

[BoT] R. Bott, L. Tu, Differential Forms in Algebraic Topology, Springer, 1982.

[F] H. Federer, Geometric Measure Theory, Springer, 1969. [Fr] M. Freedman, Z_2-Systolic-Freedom, Geometry and Topology Monographs 2 (1999), Proceedings of the Kirbyfest, 113–123; see http://www.maths.warwick.ac.uk/gt/GTMon2/paper6.abs.html.

[G1] M. Gromov, Filling Riemannian manifolds, J. Differential Geom. 18 (1983), 1–147.

[G2] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces, Progress in Math. 152, Birkhäuser, Boston, MA, 1999.

[H] R. Hain, Iterated Integrals and Homotopy Periods, Memoirs of Amer.

Math. Soc. 291, 1984.

[He1] J. Hebda, The collars of a Riemannian manifold and stable isosystolic inequalities, Pacific J. Math. 121 (1986), 339–356.

[He2] J. Hebda, Two geometric inequalities for the torus, Geom. Dedicata 38:1 (1991), 101–106.

[K1] M. Katz, Counterexamples to isosystolic inequalities, Geom. Dedicata 57 (1995), 195–206.

[K2] M. Katz, Appendix D to reference [G2] above.

[KS] M. Katz, A. Suciu, Volume of Riemannian manifolds, geometric inequalities, and homotopy theory, in Tel Aviv Topology Conference: Rothenberg Festschrift (M. Farber, W. Lück, S. Weinberger, eds.), Contemp. Math. 231, Amer. Math. Soc., Providence, RI (1999), 113–136; see

http://arXiv.org/abs/math.DG/9810172.

[M] F. Morgan, Geometric Measure Theory. A Beginner’s Guide, Academic Press, 1995.

[MoT] R. Mosher, M. Tangora, Cohomology Operations and Applications in Homotopy Theory, Harper & Row, New York, 1968.

[P] G.J. Porter, Higher order Whitehead products and Postnikov systems, Ill. J. Math. 11 (1967), 414–416.

[Q] D. Quillen, Rational homotopy theory, Ann. of Math. 90 (1969), 205– 295.

[S] D. Sullivan, Genetics of homotopy theory and the Adams conjecture, Ann. of Math. 100 (1974), 1–79.

[W] G.W. Whitehead, Elements of Homotopy Theory, Grad. Texts in Math.

61, Springer-Verlag, New York, 1978.

Mikhail G. Katz, Department of Mathematics and Computer Science, Bar Ilan University, Ramat Gan, 52900, Israel katzmik@macs.biu.ac.il,

http://www.cs.biu.ac.il/~katzmik

Alexander I. Suciu, Department of Mathematics, Northeastern University, Boston, MA 02115, USA alexsuciu@neu.edu,

http://www.math.neu.edu/~suciu

Submitted: January 2000 Final version: April 2000