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1. Cp(X) where X has a single

non-isolated point.

All topological spaces are assumed to be Ty-

chonoff (= completely regular Hausdorff). We

denote by Cp(X) the space of all continuous

real-valued functions endowed with the topol-

ogy of pointwise convergence on X; this topol-

ogy can be obtained as the restriction of the

Tychonoff product topology on the set RX to

its subset C(X). A topological space is Lin-

delöf if each open cover contains a countable

subcover. A classical example of a Lindelöf

space X such that the square X×X is not Lin-

delöf is provided by the Sorgenfrey line. The

following 2 problems have been asked by A.

Arhangel’skĭi in several published survey pa-

pers:

Problem 1. Characterize X for which Cp(X) is

Lindelöf.



Problem 2. Assume that Cp(X) is Lindelöf.

Does it follow that the product Cp(X)×Cp(X)

is Lindelöf?

The origin of these problems lies in the works

of H. Corson, in particular, ”The weak topol-

ogy of a Banach space”, TAMS, 101(1961),

1-15. Corson asked: assume that a Banach

space E with its weak topology w is Lindelöf,

is it true that the product (E, w)×(E, w) is Lin-

delöf? The answer is unknown. Let us men-

tion only that positive answers are obtained

for the weakly compactly generated Banach

spaces, in particular for C(X) in the case that

X is an Eberlein compact (M. Talagrand, 1975);

and for any dual Banach space X∗ (B. Cas-

cales, I. Namioka, J. Orihuela, 2003).

The same question about the preservation of

the Lindelöf property in the square of a topo-

logical group is open as well.

Coming back to the Cp(X) spaces it is known



that 1) for any Corson compact X, and 2) for

any space X such that Xn is hereditarily sepa-

rable for each natural n, the countable product

Cp(X)ω is Lindelöf.

No satisfactory solution to the general prob-

lems was found, but some important neces-

sary conditions for Cp(X) to be Lindelöf were

established.

Theorem 1. (M. Asanov, 1979) If Cp(X) is

Lindelöf, then for any finite n the tightness of

Xn is countable.

This property is not sufficient (”two arrows”

space).

Let us concentrate on the topological spaces

X which are simple in the following sense: ”al-

most” all points of X are isolated. Our goal

is to describe the properties of X which imply

the Lindelöf property of Cp(X).



Theorem 2. (A.L. , V. Malykhin, 1988)

Let X be a space with a single non-isolated

point. The following properties are equivalent

1) X is Lindelöf and for any finite n the tight-

ness of Xn is countable;

2) Cp(X) is Lindelöf;

3) Cp(X, M)) is Lindelöf for any separable metriz-

able space M ,

Corollary 1. Let X be a space with a single

non-isolated point. If Cp(X) is Lindelöf then

the countable product Cp(X)ω also is Lindelöf.

The question of the multiplicativity of the Lin-

delöf property in case where the spaces are

different also makes sense.

Theorem 3. (A.L. , V. Malykhin, 1988)

In the model of ZFC obtained by adding one

Cohen real there are two spaces with a single

non-isolated point X and Y such that both

Cp(X) and Cp(Y ) are Lindelöf but the product

Cp(X)× Cp(Y ) is not Lindelöf.



S. Todorcevic showed that such a pair of spaces

can not be constructed in ZFC only.

Theorem 4. (S. Todorcevic, 1991)

(PFA) Let X and Y be two spaces with at

most one non-isolated point. If the spaces

Cp(X), Cp(Y ) are Lindelöf then the product

Cp(X)× Cp(Y ) is also Lindelöf.

Actually S. Todorcevic uses the following com-

binatorial lemma which is the corollary of PFA.

Lemma 1. If I is a nonprincipal ℵ1-generated

ideal on a set S then either:

(a) there is uncountable A ⊆ S such that A∩B

is finite for every B in I, or

(b) S can be decomposed into countably many

sets Sn such that [S]ω ⊆ I for all n.

With the help of this Lemma S. Todorcevic

proves

Theorem 5. (PFA) Let X be a space with a

single non-isolated point. The following prop-

erties are equivalent



1) X is Lindelöf and the tightness of X is

countable;

2) Cp(X) is Lindelöf;

2. Cp(X) where X = X(A) (Michael

space).

O. Okunev and K. Tamano in a joint paper

(1996) studied the following construction. Given

a topological space X and a subset A ⊆ X, let

X(A) be the space obtained by retaining the

topology at each point of A and by declaring

the points of X \A isolated. Given two subsets

A and B of X, we have a natural one-to-one

mapping iAB : X(A) → X(B) (the identity map-

ping of the underlying set X); clearly, iAB is

continuous if A ⊆ B. Another simple observa-

tion is that the diagonal in X(A)×X(B) is closed

and homeomorphic to X(A∩B). In particular, if



A∩B = ∅, then the diagonal is closed and dis-
crete. Call a subset A of a space X holding if
the countable power (X(A))

ω is Lindelöf.
Theorem 6. (O. Okunev, K. Tamano)
1) If A is a set in a Polish space X such that
|X \A| < 2ω, then A is holding.
2) Let X be an uncountable Polish space. Then
there exists a family of pairwise disjoint holding
subsets {Aα : α < 2ω}.

With the help of this construction they proved
the following results in ZFC
Theorem 7. There exist separable, scattered,
σ-compact spaces X, Y such that Cp(X)ω, Cp(Y )ω

are Lindelöf but the product Cp(X)×Cp(Y ) is
not Lindelöf.

Denote by D = {0,1} the discrete space con-
sisiting of two points.
Theorem 8. There is a separable, scattered,
σ-compact space X such that Cp(X, D)n is Lin-
delöf for any finite n, but Cp(X, D)ω is not Lin-
delöf.



More strong result is known in the assumption

of (MA + ¬CH) even for the spaces C(X) en-

dowed with the compact-open topology.

Theorem 9. (L. Nahmanson, 1985)

(MA+¬CH) There exist two spaces X, Y such

that Ck(X)ω, Ck(Y )ω are Lindelöf but the prod-

uct Cp(X)× Cp(Y ) is not Lindelöf.

3. Cp(X) where X is a Mrówka

space.

Recall that a collection A of subsets of the

natural numbers ω is an almost disjoint family

if each A in A is infinite, and for any two differ-

ent elements A, B ∈ A the intersection A∩B is

finite. A maximal almost disjoint family (mad

family) is a maximal element in the family of all

almost disjoint families ordered by inclusion.

A topological space X is a Mrówka space or

Ψ-space if it has the form ω ∪ A, where A is



an almost disjoint family, and its topology is

generated by the following base: each single-

ton {n} is open for every n ∈ ω, and an open

canonical neighborhood of A ∈ A is of the form

{A∪B where B ⊆ ω and A\B is finite. For every

almost disjoint family A the space X = Ψ(A) is

a 0-dimensional locally compact first counatble

space, A is a closed discrete subspace of Ψ(A)

and ω is dense. Moreover, Ψ(A) is not normal

if A is a mad family.

Recently M. Hrusak, P. Szeptycki and A. Tamariz-

Mascarua published a paper (2005), where among

other things they proved

Theorem 10. Assume CH.

There is a maximal almost disjoint family A
such that for X = Ψ(A) the finite power Cp(X, D)n

is Lindelöf for every finite n, but the countable

product Cp(X, D)ω is not normal.

To the opposite direction A. Dow and P. Simon

proved



Theorem 11. Assume b > ℵ1.

Cp(Ψ(A),D) is not Lindelöf for any maximal

almost disjoint family A.

To the end, M. Hrusak, P. Szeptycki and A.

Tamariz-Mascarua posed the following ques-

tion which is particular case of the main prob-

lem.

Problem 3. Let A be an almost disjoint family

on ω, and assume that Cp(Ψ(A)) is Lindelöf.

Does it follow that the product

Cp(Ψ(A))×Cp(Ψ(A)) is Lindelöf?


