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Abstract Given a sequence {fn} of meromorphic functions on a plane domain D, there exists a (possibly

empty) open set U ⊂ D and a subsequence {fnk} which converges uniformly (with respect to the spherical

metric on Ĉ) on compact subsets of U, while no subsequence of {fnk} converges uniformly on compact subsets

of any larger open subset of D.
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1 Introduction

Let S = {fn} be a sequence of functions meromorphic on the plane domainD. If the collection of functions

in S is a normal family on D, then there is a subsequence S̃ = {fnk
} which converges uniformly (with

respect to the spherical metric on Ĉ) on compact subsets of D to a function meromorphic on D, possibly

identically ∞. In this paper, we consider what may be said concerning a completely general sequence of

meromorphic functions.

Let us agree on some terminology. We denote by χ the spherical metric on the extended complex plane

Ĉ (see [1, Subchapter 1.1]). A point z0 ∈ D is a regular point of S = {fn} (in the terminology of [1],

a C0-point of S) if S converges χ-uniformly on some neighborhood of z0 in D; otherwise it is irregular.

An irregular point z0 of S is reducible if S has a subsequence S′ such that z0 is a regular point of S′;

otherwise, it is irreducible. Thus, if z0 is an irreducible irregular point of S, no subsequence of S converges

χ-uniformly on any neighborhood of z0. Finally, we say that a sequence S is completely irreducible in D if

every irregular point z ∈ D of S is irreducible. In this case, there is a (possibly empty) open subset U ⊂ D

(namely, the complement in D of the set of irreducible irregular points of S) on compact subsets of which

S converges χ-uniformly, while no subsequence of S converges χ-uniformly on any open set containing a

point in D \ U. It is convenient to relativize this terminology to subsets of D. Thus, if T ⊂ D, we say

that S is completely irreducible in T if every irregular point z ∈ T of S is irreducible.
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Example 1. Let S = {fn}, where

fn(z) = n(z − 1/
√
n) z ∈ C.

Then fn(z) → ∞ for each z ∈ C, and fn → ∞ χ-uniformly on compact subsets of C\{0}. However, z = 0

is an irreducible irregular point, as fn(1/
√
n) = 0 for each n. It follows that S is completely irreducible

in C.
In this paper, we prove

Theorem 1. Let S = {fn} be a sequence of meromorphic functions defined on the plane domain D.

Then S has a subsequence S̃ which is completely irreducible in D.

Remarks. (1) Particular cases of Theorem 1 under special assumptions on the sequence S appear

in [1] as Lemmas 5.5 and 8.8; cf. [2, Theorem 2.24].

(2) The choice of subsequence S̃ (and the corresponding open subset U ⊂ D) is very far from canonical;

see Example 2 below.

As to the structure of the set of irregular points of a completely irreducible sequence, we have

Theorem 2. Let E be a closed set in C. There exists a sequence of polynomials {Pn} completely

irreducible in C whose set of irregular points is E.

Example 2. Let D = C. Take {gn} to be any sequence which converges χ-uniformly on compact

subsets of C (for instance, the sequence of partial sums of the power series expansion of an entire function).

Let {Pn} be a sequence of polynomials completely irreducible in C whose set of irregular points is all of

C. For n > 1, set f2n−1 = gn, f2n = Pn and consider the sequence S = {fn}. Then both S1 = {f2n−1}
and S2 = {f2n} are completely irreducible subsequences of S in C. Clearly, S1 converges uniformly on

each compact subset of C (so that U1 = C), while no subsequence of S2 converges on any open subset of

C (so that U2 = ∅).
Theorem 2 extends easily to general plane domains.

Theorem 3. Let D be a domain in C and E ⊂ D a (relatively) closed subset of D. Then there exists a

completely irreducible sequence {fn} of functions holomorphic in D whose set of irregular points (in D)

is E.

2 Proof of Theorem 1

In the proof of Theorem 1, we shall consider squares with sides parallel to the coordinate axes (and only

such squares). We denote by Q(z0, r) and Q(z0, r), respectively, the open and closed squares centered at

z0 having side length r.

We require the following simple geometric fact.

Lemma 1. Let Q be a closed square with side length R and let C be a collection of open squares having

side lengths greater than ε, the center of each of which lies in Q but in no other square of C. Then C
contains no more than C(R, ε) = {[2R/ε] + 1}2 squares.

Proof. We may assume that Q = {(x, y) : 0 6 x 6 R, 0 6 y 6 R}. For each 0 6 k 6 [R/(ε/2)], there

are no more than [R/(ε/2)] + 1 centers of squares with the stated property in Pk = {(x, y) : kε/2 6 x 6
(k+1)ε/2} ∩Q. Since there are [2R/ε] + 1 such strips Pk, there are at most {[2R/ε] + 1}2 such squares.

Remark. (3) The precise value of the bound above is of no particular importance; what matters is

that C(R, ε) < ∞ for each choice of R and ε.

The following result provides the key to the proof of Theorem 1.

Lemma 2. Let S be a sequence of functions meromorphic on a fixed neighborhood of the closed square

Q. Then S has a subsequence S̃ that is completely irreducible in Q.

Proof. If S has no reducible irregular points in Q, then it is completely irreducible in Q and we may

take S̃ = S. Otherwise, there exists at least one reducible irregular point of S in Q. Set S0 = S and
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let m1 be the smallest positive integer such that there exists in Q a reducible irregular point z(1, 1)

and a subsequence S(1, 1) of S0 which converges χ-uniformly in Q(z(1, 1), r(1, 1)), where 1/(1 +m1) <

r(1, 1) 6 1/m1. If S(1, 1) has no reducible irregular points in Q, put S̃ = S(1, 1). Otherwise, proceeding

inductively, we may define for ℓ = 1, . . . , k sequences S(1, ℓ), points z(1, ℓ), and numbers r(1, ℓ) satisfying

1/(1 +m1) < r(1, ℓ) 6 1/m1 such that for 2 6 ℓ 6 k, z(1, ℓ) is a reducible irregular point of S(1, ℓ − 1)

in Q and S(1, ℓ) is a subsequence of S(1, ℓ − 1) which converges χ-uniformly on Q(z(1, ℓ), r(1, ℓ)). By

Lemma 1, there is a largest such index k = k1. Set S1 = S(1, k1).

Suppose now that Sj = S(j, kj) (which is a subsequence of Sj−1 and hence of S) has been defined

for some j > 1. If Sj has no reducible irregular points in Q, we may take S̃ = Sj . Otherwise, let mj+1

(> mj) be the smallest positive integer such that there exists a reducible irregular point z(j + 1, 1) in

Q and a subsequence S(j + 1, 1) of Sj which converges χ-uniformly in Q(z(j + 1, 1), r(j + 1, 1)), where

1/(1 + mj+1) < r(j + 1, 1) 6 1/mj+1. If S(j + 1, 1) has no reducible irregular points in Q, we set

S̃ = S(j + 1, 1). Otherwise, proceeding inductively, we may define for ℓ = 1, . . . , k sequences S(j + 1, ℓ),

points z(j + 1, ℓ), and numbers r(j + 1, ℓ) satisfying 1/(1 +mj+1) < r(j + 1, ℓ) 6 1/mj+1 such that for

2 6 ℓ 6 k, z(j +1, ℓ) is a reducible irregular point of S(j +1, ℓ− 1) in Q and S(j +1, ℓ) is a subsequence

of S(j+1, ℓ−1) which converges χ-uniformly on Q(z(j+1, ℓ), r(j+1, ℓ)). By Lemma 1, there is a largest

such index k = kj+1. Set Sj+1 = S(j + 1, kj+1). Note that Sj+1 is a subsequence of Sj .

If this process terminates in the sense that for some j0, Sj0 has no reducible irregular points in Q,

we set S̃ = Sj0 and are done. Otherwise, we have a sequence {Sj} of subsequences of S, with Sj+1 a

subsequence of Sj for each j and an increasing sequence {mj} of positive integers with the property that,

for each j, Q contains no point z such that some subsequence of Sj converges χ-uniformly in Q(z, r) for

1/(1 +mj) < r 6 1/mj . Define S̃ to be the diagonal sequence defined by {Sj}, i.e., the sequence {fn},
where fn is the nth element of Sn. Clearly, S̃ is a subsequence of S. Moreover, S̃ is completely irreducible

in Q, for otherwise there would exist z0 ∈ Q and 0 < r < 1 such that some subsequence of S̃ converges

χ-uniformly in Q(z, r). Taking j such that 1/(1 + mj) < r 6 1/mj , we then obtain a contradiction, as

the j-tail {fn : n > j} of S̃ is a subsequence of the j-tail of Sj . 2

Proof of Theorem 1. Write D as a union of countably many closed squares D =
∪∞

n=1 Qn. Applying

Lemma 2 to S on Q1, we obtain a subsequence S̃1 of S which is completely irreducible in Q1. Suppose

now that sequences S̃1, . . . , S̃j have been defined such that for each 2 6 ℓ 6 j, S̃ℓ is a subsequence of S̃ℓ−1

which is completely irreducible in Qℓ and hence in Q1 ∪ · · · ∪Qℓ. Applying Lemma 2 to S̃j in Qj+1, we

obtain a subsequence S̃j+1 of S̃j which is completely irreducible in Qj+1 and hence in Q1 ∪ · · · ∪ Qj+1.

Defining S̃ as the diagonal sequence of {S̃j}, we obtain a subsequence of S which is completely irreducible

in
∪n

j=1 Qj for each n, hence in
∪∞

j=1 Qj = D. This completes the proof. 2

Remarks. (4) For bounded domains, Theorem 1 actually follows from a slightly modified version

of the proof of Lemma 2, without the additional diagonalization argument above. Indeed, in this case,

D ⊂ Q for some closed square Q, so Lemma 1 can be applied.

(5) The careful reader will have noticed that the assumption that the functions of S are meromorphic

in D plays no role whatsoever in the proof of Theorem 1, which accordingly applies to a completely

arbitrary sequence of functions defined on some plane domain D and taking values in Ĉ! It is also clear

that the assumptions on the domain and range of functions of S could be generalized very considerably.

In the absence of examples of sufficiently compelling interest, we leave such generalizations to the reader.

3 Proof of Theorems 2 and 3

Proof of Theorem 2. Suppose first that E has no finite accumulation point. Then E is either a

finite set {z1, z2, . . . , zk} or a countable set {zℓ} tending to infinity. In the first case, we may choose

Pn(z) = n(z − z1)(z − z2) · · · (z − zk); and in the second, Pn(z) = n(z − z1)(z − z2) · · · (z − zn). Then

Pn(z) = 0 for z ∈ E and n sufficiently large, while Pn(z) → ∞ for z /∈ E, χ-uniformly on compact subsets

of C \ E.
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If E has a finite accumulation point, choose a countable set B ⊂ E whose closure coincides with E.

Enumerate B as {zℓ} and set

dn = min
16i ̸=j6n

|zi − zj |,

Pn(z) =

(
3

dn

)n

(z − z1)(z − z2) · · · (z − zn).

Clearly dn → 0. Thus, if K is a compact set disjoint from E (so that dist(K,B) > 0), Pn → ∞ χ-

uniformly on K. Now suppose z0 ∈ E and let r > 0. Denote by ∆(z0, r) the open disc of radius r about

z0. For n sufficiently large, there exists an index k = k(n), 1 6 k 6 n, such that zk ∈ ∆(z0, r) and

Fn = {z : |z − zk| = dn/2} intersects ∆(z0, r). For z ∈ Fn, we have |z − zj | > dn/2, 1 6 j 6 n, so that

|Pn(z)| >
(

3

dn

)n (
dn
2

)n

=

(
3

2

)n

→ ∞.

On the other hand, Pn(zℓ) = 0 for all 1 6 ℓ 6 n. Thus, in each neighborhood of z0 there are, for n

sufficiently large, points at which Pn vanishes and points at which Pn takes on arbitrarily large values.

Thus z0 is an irreducible irregular point of {Pn}. 2

Proof of Theorem 3. Applying Theorem 2 to the closed set E ⊂ C, we obtain a completely irreducible

sequence of polynomials {Pn} whose set of irregular points is E. Defining fn = Pn|D, the restriction of

Pn to D, completes the proof. If it is desired that the sequence {fn} have D as its “natural” domain,

take a function g holomorphic on D which has ∂D as its natural boundary (for instance, a function whose

zeros accumulate at every point of ∂D) and set fn(z) = g(z) + Pn(z), z ∈ D. 2
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