
Integer Programming 

Definitions 
 Pure Integer Programming – all variables should be integers 

 Mixed integer Programming – Some variables should be integers 

 Binary integer programming – The integer variables are 0/1 

Naïve solution 
 Rounding  real solution 

Problems: 

 Resulting solution can be unfeasible 

 Resuting solution can be highly unoptimal 

 Example 
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 Solution 1 2x =1.5,x  2 is not feasible if rounded. 

 Example for non-optimality: 
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Max x  + 5x

x  + 10x  20
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, with x as positive integers. 

 the optimal solution for the LP relaxation is 
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x  + 5x

x  =2,x  9 / 5

Z


. If a graphical solution 

were not available (which would be the case with more decision variables), then the 

variable with the noninteger value x2 would normally be rounded in the feasible 

direction to x2= 1. The resulting integer solution is: 
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x  =2,x  1




. Notice that this 

solution is far from the optimal solution 
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Second Naïve solution 

 Enumerating all possible solutions. 

Problems: 

 The number of possible solutions can be very high  

 In the case of non-BIP, the number of possibilities for each variable is large 



Practical solutions 
 Branch and Bound 

 Cutting planes. 

Examples of problems 
 Building factories 

 Investments in stocks 

 Graph problems 

o MST 

o Shortest path 

o Max flow problem 

o Traveling salesman. 

o Phylogeny 

 Site Selection - In this global economy, many corporations are opening up new plants in 

various parts of the world to take advantage of lower labor costs, etc. Before selecting a 

site for a new  plant, many potential sites may need to be analyzed and compared. (The 

California Manufacturing Co. example had just two potential sites for each of two kinds 

of facilities.) Each of the potential sites involves a yes-or-no decision of the following 

type. “Each yes-or-no decision: Should a certain site be selected for the location of a 

certain new facility? Its decision variable is yes x=1 else, x=0. In many cases, the 

objective is to select the sites so as to minimize the total cost of thenew facilities that 

will provide the required output. 

Either-Or Constraints 
 Consider the important case where a choice can be made between two constraints, so 

that only one (either one) must hold (whereas the other one can hold but is not 

required to do so). For example, there may be a choice as to which of two resources to 

use for a certain purpose, so that it is necessary for only one of the two resource 

availability constraints to hold mathematically. To illustrate the approach to such 

situations, suppose that one of the requirements in the overall problem is that
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Either 3x  + 2x  18

or x  + 4x   16




Can be translated into:
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Either 3x  + 2x  18+M;M>>0

            x  + 4x   16

or 3x  + 2x  18

    x  + 4x   16+M









leading to: 
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3x  + 2x  18+My

  x  + 4x   16M(1-y)

y=0,1



  

Branch and Bound. – pure IP problems. 
1) Branch - Divide the problems to sub problems 



2) Keep the best score up to now (usually rounding continuous results). 

3) Bound - Eliminate bas directions ( fathoming)  if: 

a) Their optimal (continuous) value is worse or equal to the best score up to now. 

b) They are unfeasible 

c) The optimal solution of a branch is integer and is equal to the floor of the optimal 

continuous general solution – in this case stop. 

Definitions 
 Search tree: A graphical tree structure where each node corresponds to a particular relaxed 

problem and each arc represents a restriction on one of the integer variables. 

 Fathoming: Determination that it is not necessary to explore the descendants of a particular 

node in the search tree. 

 Live node: A node in the search tree that has not yet been fathomed. 

 Incumbent: Best objective function value found so far in the enumeration process, and 

corresponding feasible solution. 

 Partitioning: Dividing the relaxed feasible region into mutually exclusive parts by either 

fixing a variable at some integer value or restricting it to some upper or lower bound..  A 

more general term is separation. 

 Branching: Selecting a live node for partitioning.   

 Backtracking : Moving from a fathomed node to a live node in such a manner that the entire 

search tree is systematically explored so as to guarantee that the optimal solution is not 

overlooked. 

 Relaxation: replacing the integer problem with the continuous one. 

Examples 
Example 1: 0-1 Knapsack problem 

 Maximize  z = 4x1 + 9x2 + 6x3 

 subject to 5x1 + 8x2 + 6x3 ≤ 12 

  xj = 0 or 1,   j = 1, 2, 3 

 



B&B tree shown in Fig. 1.  The order in which the variables appear is determined by the “bang 

for buck” rule designed to provide tight upper bounds and increase the likelihood of fathoming 

(see Table 1).  This speeds convergence. 

 

 Table 1. Bang for buck table 

Variable, j 1 2  3 

Benefit/cost, cj  / aj 0.8 1.25 1.0 
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Figure 1.  Search tree for knapsack problem 

 

All optimal solutions are needed. 
4) Branch - Divide the problems to sub problems 

5) Keep the best score up to now (usually rounding continuous results). 

6) Bound - Eliminate bas directions ( fathoming)  if: 

a) Their optimal (continuous) value is worse or equal to the best score up to now. 

b) They are unfeasible 



c) The optimal solution of a branch is integer and is equal to the floor of the optimal 

continuous general solution – in this case stop, and store the results. 

d) If indeed an optimal solution was found – check whether it is unique in this branch 

Nearly optimal solutions 
One can weaken the requests and get a much faster algorithm. If one  looks for a suboptimal 

result: Z*=Z**(1-alpha), or Z*=Z**-K, then the bound step can be performed much faster. We 

can stop if : 

 either our best score up to now obeys the condition Z>Z**(1-alpha), or Z>Z**-K 

 or fathom the branch of the bound on its optimal results (bound) is smaller than the best 

current results Z*-K or Z*(1-alpha) 

Mixed Integer Programming 

Maximize  Z= f(x)=
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 xj0  for j=1,…,n 

 xj is integer for j=1,2,…,I 

 The choice of branching variable: we only consider the integer-restricted variables that have 

a noninteger value in the optimal solution for the LP relaxation of the current subproblem. 

 The values assigned to the branching variable: xjxj*  and xjxj*+1  

 The bound value may be noninteger 

 Only integer-restricted variables should be integral 

Example 

Maximize Z=4X1-2X2+7X3-X4 
Subject to: 

X1    +5X3     10 

X1+ X2 -  X3    1 

6X1-5X2        0 

-X1   +2X3- 2X4 3 

Xj0  for j=1—4 
Xj is an integer for j=1—3 

 Optimal solution X=(5/4, 3/2, 7/4, 0) with Z=14.25 

 Integer solution: X=(1, 1, 1, 0) with Z=9 



 First Branch x1 around 1-2 

Subproblem-1 
Maximize Z=4X1-2X2+7X3-X4 
Subject to 

  X1    +5X3     10 

  X1+ X2 -  X3    1 

  6X1-5X2        0 

  -X1   +2X3- 2X4 3 

  X11 

  Xj0  for j=1—4 
  Xj is an integer for j=1—3 
The relaxation of subproblem-1 has 
Solution (1, 6/5, 9/5, 0) with Z=14.2 
Subproblem-2 

Maximize Z=4X1-2X2+7X3-X4 
Subject to 

  X1    +5X3     10 

  X1+ X2 -  X3    1 

  6X1-5X2        0 

  -X1   +2X3- 2X4 3 

  X12 

  Xj0  for j=1—4 
  Xj is an integer for j=1—3 
The relaxation of subproblem-2 has 
No feasible solution  
 
Second branch-x2 –only branch sub problem-1 

Subproblem-3 
Maximize Z=4X1-2X2+7X3-X4 
Subject to 

  X1    +5X3     10 

  X1+ X2 -  X3    1 

  6X1-5X2        0 

  -X1   +2X3- 2X4 3 

  X11, X21 

  Xj0  for j=1—4 
  Xj is an integer for j=1—3 
The relaxation of subproblem-3 has 
Solution (5/6, 1, 11/6, 0) with Z=14+1/6 
 
Subproblem-4 
Maximize Z=4X1-2X2+7X3-X4 
Subject to 

  X1    +5X3     10 



  X1+ X2 -  X3    1 

  6X1-5X2        0 

  -X1   +2X3- 2X4 3 

  X11, X22 

  Xj0  for j=1—4 
  Xj is an integer for j=1—3 
The relaxation of subproblem-4 has 
Solution (5/6, 2, 11/6, 0) with Z=12+1/6 
Subproblem-5 
Maximize Z=4X1-2X2+7X3-X4 
Subject to 

  X1    +5X3     10 

  X1+ X2 -  X3    1 

  6X1-5X2        0 

  -X1   +2X3- 2X4 3 

  X11, X21, X10 

  Xj0  for j=1—4 
  Xj is an integer for j=1—3 
The relaxation of subproblem-5 has 
Solution (0, 0, 2, 1/2) with Z=13.5 
 
Subproblem-6 
Maximize Z=4X1-2X2+7X3-X4 
Subject to 

  X1    +5X3     10 

  X1+ X2 -  X3    1 

  6X1-5X2        0 

  -X1   +2X3- 2X4 3 

  X11, X21, X11 

  Xj0  for j=1—4 
  Xj is an integer for j=1—3 
The relaxation of subproblem-6 has 
No feasible solution 
 

Sumamry of Steps for each iteration: 
1. Branching: Among the remaining (unfathomed) subproblems, select the one that was 

created most recently. (Break ties according to which has the larger bound.) Among the 

integer-restricted variables that have a noninteger value in the optimal solution for the 

LP relaxation of the subproblem, choose the first one in the natural ordering of the 

variables to be the branching variable. Let xj be this variable and xj* its value in this 

solution. Branch from the node for the subproblem to create two new subproblems by 

adding the respective constraints xj  [xj*] and xj  [xj*] +1. 

2. Bounding: For each new subproblem, obtain its bound by applying the simplex method 

(or the dual simplex method when reoptimizing) to its LP relaxation and using the value 

of Z for the resulting optimal solution. 



3. Fathoming: For each new subproblem, apply the three fathoming tests given below, 

and discard those subproblems that are fathomed by any of the tests. 

Test 1: Its bound Z*, where Z* is the value of Z for the current incumbent. 

Test 2: Its LP relaxation has no feasible solutions. 

Test 3: The optimal solution for its LP relaxation has integer values for the integer 

restricted variables. (If this solution is better than the incumbent, it becomes the new 

incumbent and test 1 is reapplied to all unfathomed subproblems with the new larger Z*.) 

Optimality test: Stop when there are no remaining subproblems; the current incumbent is 

optimal.1 Otherwise, perform another  iteration. 

 

Cutting plans 

Automatic Problem Preprocessing for Pure BIP 
Automatic problem preprocessing involves a “computer inspection” of the user-supplied 

formulation of the IP problem in order to spot reformulations that make the problem 

quicker to solve without eliminating any feasible solutions. These reformulations fall into 

three categories: 

1. Fixing variables: Identify variables that can be fixed at one of their possible values 

(either 0 or 1) because the other value cannot possibly be part of a solution that is both 

feasible and optimal. 

2. Eliminating redundant constraints: Identify and eliminate redundant constraints 

(constraints 

that automatically are satisfied by solutions that satisfy all the other constraints). 

3. Tightening constraints: Tighten some constraints in a way that reduces the feasible 

region for the LP relaxation without eliminating any feasible solutions for the BIP 

problem. 

These categories are described in turn. 

Fixing Variables. One general principle for fixing variables is the following. If one 

value of a variable cannot satisfy a certain constraint, even when the other variables equal 

their best values for trying to satisfy the constraint, then that variable should be fixed at 

its other value. 

 

Eliminating Redundant Constraints. Here is one easy way to detect a redundant 

constraint. 

If a functional constraint satisfies even the most challenging binary solution, then it has 

been made redundant by the binary constraints and can be eliminated from further 

consideration. For a < constraint, the most challenging binary solution has variables equal 

to 1 when they have nonnegative coefficients and other variables equal to 0. (Reverse 

these values for a > constraint.) 


