
Class- I Optimization -Introduction 

Optimization types 

1. Calculus of Variations 

stationary values of integrals of the form  

 

(1)  

 

y’=H(x,y,y’)  

 has an extremum only if the Euler-Lagrange differential equation is satisfied, i.e., if  

 

(2)  

the fundamental lemma of calculus of variations states that, if  

 

(3)  

for all with continuous second partial derivatives, then  

 

(4)  

on .  

2. Control theory 
Control theory is an interdisciplinary branch of engineering and mathematics, that deals with 

the behavior of dynamical systems. The desired output of a system is called the reference. When 

one or more output variables of a system need to follow a certain reference over time, a 

controller manipulates the inputs to a system to obtain the desired effect on the output of the 

system. 
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Linear programming, sometimes known as linear optimization, is the problem of maximizing or 

minimizing a linear function over a convex polyhedron specified by linear and non-negativity 

constraints. Simplistically, linear programming is the optimization of an outcome based on some 

set of constraints using a linear mathematical model. 

3. Convex optimization 
Given a real vector space X together with a convex, real-valued function 

 

defined on a convex subset of X, the problem is to find the point x * in for which the 

number f(x) is smallest, 

Convex subset 
In Euclidean space, an object is convex if for every pair of 

points within the object, every point on the straight line 

segment that joins them is also within the object. For example, 

a solid cube is convex, but anything that is hollow or has a dent 

in it, for example, a crescent shape, is not convex. 

If S is a convex set, for any in S, and any 

nonnegative numbers such that 

, then the vector is in S. A vector of this type is 

known as a convex combination of . 

4. Game Theory 
Game theory is a branch of mathematics that deals with the analysis of games (i.e., situations 

involving parties with conflicting interests). 

Within game theory : Decision Theory - An optimal decision is a decision such that no other 

available decision options will lead to a better outcome. It is an important concept in decision 

theory. In order to compare the different decision outcomes, one commonly assigns a relative 

utility to each of them. 

Each decision d in a set D of available decision options will lead to an outcome o = f(d). 

All possible outcomes form the set O. Assigning a utility UO(o) to every outcome, we can 

define the utility of a particular decision d as 

 

We can then define an optimal decision dopt as one that maximizes UD(d) : 
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Solving the problem can thus be divided into three steps: 

1. predicting the outcome o for every decision d 

2. assigning a utility UO(o) to every outcome o 

3. finding the decision d that maximizes UD(d) 

4.  

General Necessary Condition for 
Optimality 

 

 

 

 

 

 

 



 

The Hessian matrix is the square matrix of second-order partial derivatives of a function. 

The Hessian matrix was developed in the 19th century by the Prussian mathematician 

Ludwig Otto Hesse and later on named after him. Hesse himself had used the term 

"functional determinants". 

Given the real-valued function 

 

if all second partial derivatives of f exist, then the Hessian matrix of f is the matrix 

 

where x = (x1, x2, ..., xn) and Di is the differentiation operator with respect to the ith 

argument: 
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Some mathematicians define the Hessian as the determinant of the above matrix. 

An n × n real symmetric matrix M is positive definite if z
T
Mz > 0 for all non-zero vectors 

z with real entries (i.e. z ∈ R
n
), where z

T
 denotes the transpose of z. 

For complex matrices, this definition becomes: a Hermitian matrix is positive definite if 

z
*
Mz > 0 for all non-zero complex vector 
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