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Abstract

We introduce multiple-view geometry for algebraic curves, with appli-
cations in both static and dynamic scenes. More precisely, we show when
and how the epipolar geometry can be recovered from algebraic curves.
For that purpose, we introduce a generalization of Kruppa’s equations,
which express the epipolar constraint for algebraic curves. For planar
curves, we show that the homography through the plane of the curve in
space can be computed. We investigate the question of three-dimensional
reconstruction of an algebraic curve from two or more views. In the case
of two views, we show that for a generic situation, there are two solu-
tions for the reconstruction, which allows extracting the right solution,
provided the degree of the curve is greater or equal to 3. When more than
two views are available, we show that the reconstruction can be done by
linear computations, using either the dual curve or the variety of inter-
secting lines. In both cases, no curve fitting is necessary in the image
space.

For dynamic scenes, we address the question of recovering the trajec-
tory of a moving point, also called trajectory triangulation, from moving,
non-synchronized cameras. Two cases are considered. First we address
the case where the moving point itself is tracked in the images. Secondly,
we focus on the case where the tangents to the motion are detected in the
images. Both cases yield linear computations, using the dual curve or the
variety of intersecting lines.

Eventually, we present several experiments on both synthetic and real
data, which demonstrate that our results can be used in practical situa-
tions.

1 Introduction

Visual servoing is a central engineering issue. In that context, geometric com-
puter vision is an important device, that usually focuses on points and lines in
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static environments or linear motions. A panorama of the past decade work, in
that framework, can be found in [14, 25] and references to earlier work in [13].

In contrast, we introduce multiple-view geometry for algebraic curves, that
leads to applications in both static and dynamic scenes. For clarity, we shall
separate these two cases.

1.1 Static scenes

We first consider static configurations. When considering curves in static scenes,
the litterature, until recently, was rather sparse, especially for non-planar alge-
braic curves. Given known projection matrices [44, 39, 40] show how to recover
the 3D position of a conic section from two and three views, and [46] show how
to recover the homography matrix of the conic plane, and [10, 50] show how to
recover a quadric surface from projections of its occluding conics.

Reconstruction of higher-order curves were addressed in [31, 30, 5, 42, 43]. In
[5] the matching curves are represented parametrically where the goal is to find
a re-parameterization of each matching curve such that in the new parameter-
ization the points traced on each curve are matching points. The optimization
is over a discrete parameterization, thus, for a planar algebraic curve of degree
n, which is represented by 1

2n(n + 3) points, one would need n(n + 3) minimal
number of parameters to solve for in a non-linear bundle adjustment machinery
— with some prior knowledge of a good initial guess. In [42, 43] the reconstruc-
tion is done under infinitesimal motion assumption with the computation of
spatio-temporal derivatives that minimize a set of non-linear equations at many
different points along the curve. In [30] only planar algebraic curves were consid-
ered, whereas in [31], the plane of non-planar algebraic curve 3D reconstruction
is addressed.

On the problem of recovering the camera geometry (projection matrices,
epipolar geometry, multi-view tensors) from matching projections of algebraic
curves, the literature is sparse. [28, 30] show how to recover the fundamen-
tal matrix from matching conics with the result that 4 matching conics are
minimally necessary for a unique solution. [30] generalize this result to higher
order curves, but consider only planar curves and [31] generalizes this result to
non-planar curves.

In this paper we address the general issue of multi-view geometry of algebraic
curves from both angles: (i) recovering camera geometry (fundamental matrix
or homography in the case of planar curve), and (ii) reconstruction of the curve
from its projections across two or more views. Short versions of this work were
published in [30, 31].

We start with the recovery of camera parameters from matching curves.
We show how one can compute, without any knowledge on the camera, the
homography induced by a planar curve. Then we introduce the generalized
Kruppa equation, which embodies the epipolar constraint of two projections
of an algebraic curve. In this context, we establish a necessary and sufficient
condition on the degree and genus of the algebraic curves, for the epipolar
geometry to be determined up to a finite-fold ambiguity.

We then shift to the reconstruction of algebraic curves from multiple views.
We address three representations of curves:

1. The standard representation, by the set of points lying on the curve, in
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which we show that the reconstruction from two views of a curve of degree
d admits two solutions, one of degree d and the other of degree d(d − 1).

2. The dual curve representation, made of the tangent planes to the curve, for
which we derive the minimal number of views necessary for reconstruction
as a function of the curve degree and genus.

3. The representation by the set of lines intersecting the curve in space, for
which we also derive the minimal number of views necessary for recon-
struction as a function of curve degree alone.

The latter two cases do not require any curve fitting in the image space.

1.2 Dynamic scenes

Next we turn our attention to dynamic scenes, where both scene points and cam-
eras may move simultaneously. Recently a new body of research has appeared
which considers configurations of independently moving points, first with the
pioneering work of Avidan and Shashua [3], and then in other contributions
[9, 18, 22, 36, 51, 54, 55]. A common assumption of these works is that the
motion must occur along a straight line or a conic section. When the motion is
linear and at constant velocity, the recovery of the trajectory is done linearly.
However for quadratic trajectories, the computations are non linear. Some au-
thors have also considered the case where the motion is captured by tangential
measurements within the images [47], but remained in the case of linear or
quadratic trajectories.

We present a complete generalization and address the problem of general
trajectory triangulation of moving points from non-synchronized cameras [32,
33]. Two cases are considered:

1. The motion is captured in the images by tracking the moving point itself.

2. The tangents of the motion only are extracted from the images.

In both problems, since the cameras are allowed to move and are not syn-
chronized (the pictures from two different cameras are made at different time
instants), the conventional ”triangulation” based photogrammetry approach will
not apply here. Therefore we looked for more sophisticated mathematical tools
to solve these problems.

The motion is recovered by triangulation of the trajectory of the moving
point, which is regarded as a piecewise algebraic curve. For this purpose, we
use the second and third representations, as introduced above.

In both cases these representations of curves allow:

1. The recovery of a more standard representation of the trajectory.

2. The computation of the set of positions of the moving point at each time
instant an image was made.

Furthermore, a theorem is given on the number of independent constraints, a
camera provides on the motion of the point, as a function of the camera motion.
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1.3 Paper organization

The paper is organized as follows. First in a background section 2, we present
the mathematical material necessary for an overall understandings of this work.
In section 3, we present of full multiple-view theory for curves in static envi-
ronments. We start by showing how the epipolar geometry can be recovered
from curves. Then we address the issue of three-dimensional reconstruction of
curves, from still images. The case of dynamic scenes is the subject of sec-
tion 4, where we show how trajectory triangulation can be done, from mov-
ing non-synchronized cameras, from point-based and tangential measurements.
Eventually, we present experments for both static and dynamic scenes, which
demonstrate that the theoretical results, developped in the core of the paper,
can also be applied in practice, for any situation where structure from motion
must be used.

2 Background in algebraic geometry

This section provides a brief introduction to algebraic geometry, and algebraic
curves in particular, necessary for the overall understanding of our work. For
more technical and comprehensive introduction, we refer to [23, 24, 26].

2.1 Algebraic variety

The central concept to be used in this paper is the definition of an affine variety.
This is the locus of common zeros of a family of polynomials. More precisely,
consider a family of polynomials in n variables. The locus of their common
zeros defines an algebraic variety in the n-dimensional affine space. When the
polynomials are all homogeneous, this variety can also be regarded as being
embedded in the (n− 1)-dimensional projective space, and is called a projective
variety. Let us go through a more formal formulation.

2.1.1 Affine variety

The affine space of dimension n, meaning the set of n−tuples of numbers
(x1, ..., xn), will be denoted by An. When dealing with applications, the points
have real coordinates and the varieties are defined by equations with real coeffi-
cients. However algebraic varieties are well behaved when regarded as complex
varieties. So we shall consider all of them as varieties defined by equations with
complex coefficients. This allows using all the power of algebraic geometry.
For the computations, however, after the result is obtained over the complex
numbers, we eventually consider only the real solutions.

Definition 1 Given a polynomial F in the polynomial ring C[X1, ...., Xn], we
say that a point P in the n−dimensional affine space An, regarded as a n−tuple
(P1, ....., Pn), is a zero of F if F (P ) = 0.

Definition 2 An algebraic variety in the affine space A
n is a subset of A

n being
the common zeros of a family of polynomial {Fi}:

Z({Fi}) = {P ∈ A
n|Fi(P ) = 0 for all i}
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It is clear that the variety will not be affected if we add to the family all the
combinations:

∑
i GiFi, where all but a finite number of Gi are zeros. Hence

a variety of A
n is always defined by the ideal ([34]) generated by its defining

family. We immediately deduce that:

Proposition 1 The union of two varieties is a variety. The intersection of any
family of varieties is a variety. The empty set and the whole space are varieties.

Then the varieties are the closed sets of a topology called the Zariski topology.
This topology is extremely different from the usual topology, based on Euclidean
distance. Indeed the closed sets in the Zariski topology are very small, since
they are made only of points, which are solutions of a system of polynomial
equations. On the contrary the open sets are very large.

Given an ideal I in C[X1, ..., Xn], we shall denote by Z(I) the variety it
defines. Since the polynomial ring is noetherian, we get:

Proposition 2 A variety is always defined by a finite set of equations, namely
the generators of the ideal, which defines the variety.

As each ideal defines a variety, any subset S of An defines an ideal as follows:

I(S) = {F ∈ C[X1, ..., Xn]|∀P ∈ S, F (P ) = 0}

There is a relationship between ideals of C[X1, ..., Xn] and varieties of An.
The following properties can be proven:

Proposition 3 1. If S1 ⊂ S2 are two subsets of An, then I(S2) ⊂ I(S1).

2. If I1 ⊂ I2 are two ideals of C[X1, ..., Xn], then Z(I2) ⊂ Z(I1).

3. For any two subsets S1 and S2 of An, we have: I(S1∪S2) = I(S1)∩I(S2).

4. For any ideal I ⊂ C[X1, ..., Xn], I(Z(I)) =
√

I, the radical of I, defined
by

√
I = {F ∈ C[x1, ..., xn] | ∃r, F r ∈ I}.

5. For any subset S ∈ An, Z(I(S)) = S, the closure of S.

Note that the fourth point is a direct consequence of the Hilbert’s Nullstel-
lensatz:

Theorem 1 When the ground field is algebraically closed (which is the case for
complex varieties), the following holds. Let I be an ideal of C[X1, ..., Xn], and
let F ∈ C[X1, ..., Xn] which vanishes at all points of Z(I). Then F r ∈ I for
some integer r > 0.

We end this very short introduction by defining irreducibity and dimension.

Definition 3 A variety is said to be irreducible, if it cannot be expressed as the
union of two non-empty proper sub-varieties.

Any variety can be decomposed as the union of irreducible subvarieties.
Given such a decomposition, we can discard all the irreducible subvarieties
which are included in larger irreducible subvarieties. Then the decomposition,
obtained by this process, is minimal. The subvarieties appearing in the minimal
decomposition, are called the irreducible components of the variety.
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Definition 4 The dimension of a variety X if the supremum of all integers
k such that there exists a chain Z0 ⊂ Z1 ⊂ .... ⊂ Zk of distinct irreducible
sub-varieties of X.

The definition of the dimension is based on the Zariski topology and is very
easy to write. In contrast, defining the dimension by the number of independant
parameters necessary to describe the variety, is more challenging. However it
can been proven that these approaches are equivalent.

2.1.2 Projective variety

As we defined an affine variety to be a subset of an affine space An, defined by
polynomials equations, we shall define a projective variety to be a subset of a
projective space Pn defined by homogeneous polynomials.

The properties of projective varieties are very similar to those of affine vari-
eties.

2.2 Relation between affine and projective varieties

As mentioned above, an affine varieties is defined by a set of polynomials equa-
tions in n variables. Such a set defines an affine variety in the n−dimensional
affine space. On the other hand to define projective varieties, we need ho-
mogeneous polynomials. Consider a set of homogeneous polynomials in n + 1
variables. This set defines a projective variety in the n−dimensional projective
space. However one can also consider this set defines an affine variety in the
(n + 1)−dimensional affine space. This latter variety is called the affine cone
over the former projective variety, since it is a cone whose section with a generic
hyperplane gives a model of the related projective variety.

There exists also another relation, of major importance, between affine and
projective varieties. Consider a projective variety, say Vp ⊂ Pn, defined by
homogeneous equations fi(X1, ..., Xn+1) = 0. If the hyperplane at infinity in
Pn is defined by xn+1 = 0, then the variety defined by fi(X1, ..., Xn, 1) = 0 is
an affine variety, say Va, included in n−dimensional affine space. Vp is called
the projective closure of Va. Va can be regarded as the affine piece of Vp and the
varieties defined by fi(X1, ..., Xn, 0) = 0 is made of the points infinity of Vp.

2.3 Algebraic planar curves

An algebraic curve is an algebraic variety of dimension 1. Since we shall make
an extensive use of algebraic curves in the sequel, we present here material more
specifically related to algebraic curves. We shall first focus on planar algebraic
curves, meaning curves embedded in a plane. Such a curve is defined by a single
polynomial.

2.3.1 Definitions

Definition 5 A polynomial f is said to be square-free if it cannot be written as
a product like: f = g2h, where g and h are non constant polynomials.

Definition 6 A planar algebraic curve C is a subset of points, whose projective
coordinates satisfy an homogeneous square-free polynomial equation: f(x, y, z) =
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0. The degree of f is called the order or degree of C. The curve is said to be
irreducible, when the polynomial f cannot be divided by a non-constant polyno-
mial.

Note that when two polynomials define the same curve, they must be equal
up to a scalar. For convenience and shorter formulation, we define a form
f ∈ C[x, y, z] of degree n to be an homogeneous polynomial in x, y, z of total
degree n.

As mentionned before, the degree of a planar curve is simply the degree of its
defining polynomial. To better understand the geometric meaning of this notion,
consider a curve C embedded in the projective plane defined by f(x, y, z) = 0.
Let L be a line generated by two points a and b. A point p = a + λb on L
is located on the curve if J(λ) = f(a + λb) has a root. Since the degree of J ,
as function of λ, is the degree of f , the degree of C is the number of points a
general line in the plane meets the curve.

2.3.2 Tangency and singularities

Let (ax, ay, az) and (bx, by, bz) be the projective coordinates of a and b respec-
tively. The intersection of L and C is made of the points {pλ}, such that the
parameters λ satisfy the equation:

J(λ) ≡ f(ax + λbx, ay + λby, az + λbz) = 0

Taking the first-order term of the a Taylor-Lagrange expansion:

J(λ) = f(a) + λ(∂f
∂x

(a)bx + ∂f
∂y

(a)by + ∂f
∂z

(a)bz)

= f(a) + λgrada(f)T b

= 0

If f(a) = 0, a is located on the curve. Furthermore let assume that grada(f)T b =
0, then the line L and the curve C meet at a in two coincident points. A point
is said to be regular is grada(f) 6= 0. Otherwise it is a singular (or multiple)
point. The set of singular points or singularities is denoted by sing(C). When
the point a is regular, the line L is said to be tangent to the curve C at a.

Proposition 4 The set of singularities sing(C) is finite.

Proof: A singular point a is such that: f(a) = 0 and grada(f) = 0 . Thus it
is located as the intersection of four distinct curves. Hence there are at most a
finite number of such points.

Definition 7 Let C be a curve, defined by a polynomial f . Let p be a point on
C. The multiplicity of p is the smallest m such as there exists (i, j, k) ∈ N3 with
i + j + k = m and:

∂mf

∂ix∂jy∂kz
(p) 6= 0.

The multiplicity of p is denoted by m(p, C) or simply m(p) if there is no ambi-
guity.
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Note that m(p, C) = 1 if p is a regular point of C. Otherwise m(p, C) > 1.
If m(p, C) = 2, the point is called a double point, if m(p, C) = 3, a triple point,
etc. If the point p is translated to the origin, then the affine part of the curve
(obtained by pluging z = 1 in f) is given by the following polynomial:

faffine = fm + fm+1 + ... + fd,

where fi is a form of degree i and m the multiplicity of p. Since fm is a form in
two variables, we can write it as a product of linear factors fm =

∏
lri

i , where li
are distinct lines. The lines li are tangent to the curve at the singular point p.
A singular point is said to be ordinary if all its tangents are distinct. A double
point is a node if it is ordinary and a cups otherwise.

Definition 8 Given a planar algebraic curve C, the dual curve is defined in the
dual plane, as the closure of the set of all lines tangent to C at simple points.
The dual curve is algebraic and thus can be described as the set of lines (u, v, w),
that are the zeros of a form φ(u, v, w) = 0.

Proposition 5 Let C be a curve of degree d, which only singularities are nodes.
The degree of the dual curve D is:

m = d(d − 1) − 2(#nodes),

where (#nodes) is the number of nodes.

2.3.3 Inflexions points and Hessian curves

We will also need to consider the notion of inflexion point:

Definition 9 An inflexion point a of a curve C is a simple point of it whose
tangent intersects the curve in at least three coincident points. This means that
the third order term of the Taylor-Lagrange development of J(λ) must vanish
too.

It will be useful to compute the inflexion points. For this purpose we define
the Hessian curve H(C) of C, which is given by the determinantal equation:

| ∂2f
∂xi∂xj

|= 0

It can be proven (see [48]) that the points where a curve C meets its Hessian
curve H(C) are exactly the inflexion points and the singular points. Since the
degree of H(C) is 3(d − 2), there are 3d(d − 2) inflexion and singular points
counting with the corresponding intersection multiplicities (Bezout’s theorem,
see [48]).

2.3.4 Genus and rational curves

The genus of the algebraic curve can be defined in numerous manners. Some
definitions are topological, some are analytic, and some are algebraic. For fur-
ther details, the reader should consult [45]. Here it is sufficient to provide a
partial definition of it.
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Definition 10 For a planar algebraic curve, which degree is d and which only
singularities are nodes, the genus is defined as being the following number:

g =
(d − 1)(d − 2)

2
− (#nodes),

where #nodes is the number of nodes.

The genus is zero if and only if the curve is globally given by a parametric
representation by homogeneous polynomials of same degree in the projective
case, or by rational functions in the affine case. Such a curve is called rational.

2.4 Algebraic spatial curves

An algebraic spatial curve is defined as being the intersection of two or more
algebraic surfaces. In a more formal way, it is defined by a set of homogeneous
equations:

Fi(X, Y, Z, T ) = 0

In the body of this article, this representation is referred as the point-based
representation. A point P = [X, Y, Z, T ]T on the curve is said to be singular if:
gradP(Fi) = 0 for all i.

2.4.1 Dual curve

Let X be an irreducible curve in P3, defined by the following family of poly-
nomials: {Fi}i. As in the case of planar curves, there is a natural concept of
duality. The dual curve is the set of planes tangent to the curve at a simple
point. It turns out that the dual curve is also an algebraic variety of the dual
three-dimension projective space, P3∗ (Figure 1). Moreover in general the dual
curve is simply a surface of P

3∗, meaning a variety of dimension 2 (see [23]).
The relation between a curve and its dual curve is bijective in the sense that a
curve is completely determined by its dual curve. Therefore a spatial algebraic
curve can be represented either as the solution of a family of equations or by its
dual curve.

Figure 1: The dual curve is the set of planes tangent to the curve at simple points.

Given a curve X ⊂ P3, let Υ ∈ C[A, B, C, D] be the polynomial defining the
dual curve X∗ ⊂ P3∗. The computation of Υ from X is done by the following
elimination problem:
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Eliminate X, Y, Z, λi from the following system:

Fi(X, Y, Z, 1) = 0


A

B

C


 − ∑

λigradP(Fi(X, Y, Z, 1)) = 0

AX + BY + CZ + D = 0,

where P = [X, Y, Z]T . This system simply expresses the fact that the tangent
plane to the curve at a point [X, Y, Z, 1] must be a linear combination of the
gradients (that is the normals) of the surfaces defining the curve. The practical
computation is done by an elimination engine, say Gröbner basis engine for
instance [7, 16, 17].

The conversion from the dual curve to the original curve is done by a similar
elimination problem since the duality is an involution, that is the dual curve of
the dual curve is the curve itself. Hence if Υ ∈ C[A, B, C, D] is the polynomial
defining the dual curve X∗ ⊂ P3∗, the original curve X is recovered as follows:

Eliminate A, B, C, λ from the following system:

Υ(A, B, C, 1) = 0


X

Y

Z


 − λgradΠ(Υ(A, B, C, 1)) = 0

AX + BY + CZ + T = 0,

where Π = [A, B, C]T .

2.4.2 Curve representation in G(1, 3)

There exists a third and very useful representation of spatial algebraic curves.

It is well known that a line in P
3 can be represented by its Plücker coordinates

as point of P5 lying on special quadric, called the Grassmannian of lines of P3

and denoted by G(1, 3) [4, 14, 23]. Therefore we shall denote by L a line in

P3 and by L̂ its Plücker coordinates which makes it a point of P5. We proceed
to show that a curve in P3 can be represented as a subvariety of G(1, 3) which
leads to very useful applications.

A smooth irreducible curve X which degree is d and embedded in P3 is
entirely determined by the set of lines meeting it [23] (Figure 2).

Figure 2: The set of lines intersecting a spatial curve completely determines the curve
itself.
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We define the following set of lines:

Λ = {L ⊂ P
3|L ∩ X 6= ∅}

The following facts are well known [23]:

1. Λ is an irreducible subvariety of G(1, 3).

2. There exists a homogeneous polynomial Γ, which degree is d, such that:

Z(Γ) ∩ G(1, 3) = Λ,

where Z(Γ) = {L̂ ∈ P5|Γ(L̂) = 0}.

3. Γ is defined modulo the d−th graded piece of the ideal defining G(1, 3),
that is modulo I(G(1, 3))d.

4. The dimension of the d−th graded piece of the homogeneous coordinate
ring of G(1, 3), that is of S(G(1, 3))d is for d ≥ 2:

Nd =

(
d + 5

d

)
−

(
d − 2 + 5

d − 2

)
.

5. It is sufficient to pick Nd generic points on Λ to find Γ modulo I(G(1, 3))d.

Each such point L̂ yields one linear equation on Γ:

Γ(L̂) = 0.

f we put this high-flown terminology down to earth, it says this. The subva-
riety Λ is the intersection of G(1, 3) with some hypersurface defined by a poly-
nomial Γ. There exists a whole family of hypersurfaces that intersect in G(1, 3)
exactly over Λ. This means that the polynomial Γ is not uniquely defined and is
computable only modulo the quadratic equation defining G(1, 3). That is, two
polynomials Γ1 and Γ2 such that Λ = Z(Γ1) ∩ G(1, 3) = Z(Γ2) ∩ G(1, 3) satisfy
an equation as follows:

Γ2(L1, ..., L6) = Γ1(L1, ..., L6) + R(L1, ..., L6)(L1L6 − L2L5 + L3L4),

for some polynomial R. Therefore the space of all possible Γ is the quotient of
the space of all homogeneous polynomials of degree d in 6 variables, denoted
S5, by I ∩S5, where I is the ideal generated by the polynomial defining G(1, 3).
Therefore its dimension is Nd =

(
d+5

d

)
−

(
d−2+5

d−2

)
. Eventually, in order to recover

the original curve X in P3 it is sufficient to compute one of the polynomials Γ.
This justifies the following definition.

Definition 11 Any element of the equivalence class of Γ is said to be the Chow
polynomial of the curve X.

Moreover, it is sufficient to find Nd linearly independent equations to find
the Chow polynomial of X .

The previous properties provides us with a way to compute Γ from a set of
discrete measurements extracted from image sequences. However we proceed to
show, how one can recover Γ from the usual point based representation of the
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curve. Let {Fi} the family of polynomials defining the curve. The computation
of Γ is done as follows:

Eliminate X, Y, Z from the following system:

Fi(X, Y, Z, 1) = 0

L̂ ∨




X

Y

Z

1


 = 0,

where L̂ = [L1, L2, L3, L4, L5, L6] ∈ P
5 represents a line meeting the curve and

∨ is the join operator (see [4, 14]). The join of L̂ and the point P = [X, Y, Z, 1]T

vanishes to express the fact that P lies on the line represented by L̂.
When given Γ as a result of the previous elimination, we shall compute its

normal form (to get a canonical representation of Γ) with respect to the equation
defining G(1, 3):

L1L6 − L2L5 + L3L4 = 0

Given the Chow polynomial, it is easy to obtain the point-based representa-
tion. Let Γ be the Chow polynomial of the curve. Follow the following proce-
dure:

1. Pick three generic points, Q1, Q2, Q3 on the plane at infinity (last coordi-
nate zero).

2. Consider a point P = [X, Y, Z, 1]T in the affine piece of P3. The point
P is lying on X if any linear combination of the three lines (PQi)i=1,2,3

is a zero of the Chow polynomial. This yields
(
d+2

d

)
equations defining

completely the curve X .

This simple algorithm makes use of the fact that a point P of P3 is repre-
sented as a plane included in G(1, 3) generated by three lines passing through
P. Hence a point is lying on the curve if the plane that represents it in G(1, 3)
is included into the hypersurface defined by the Chow polynomial of the curve.

In many applications, the sequences of locations of a moving point at each
time instant an image was made is much more useful than the standard repre-
sentation of the trajectory. Therefore we show how the Chow polynomial can
be directly used for computing the intersection of the trajectory with a line.
This line will be an optical ray in practice.

As before we shall denote the Chow polynomial by Γ. Each 2D point p

generates an optical ray Lp which is a zero of Γ. Lp is given by M̂p where M̂

is a 6 × 3 matrix, which is a polynomial function of the camera matrix M. M̂

maps an image point to the optical ray it generates with the optical center [14].
In order to compute where this optical ray meets the curve, we use the following
procedure:

1. Pick three random and arbitrary points R1,R2,R3 in P3.

2. Give a parametric representation of Lp: P(λ) = A + λB (A and B are
two distinct points of the line, arbitrary chosen).

3. Build the following parametric lines Li(λ) = P(λ) ∨ Ri, for i = 1, 2, 3.
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4. For every triplet α, β, γ, we have Γ(αL1(λ) + βL2(λ) + γL3(λ)) = 0, for
P(λ) to be located on the curve. This yields 1

2 (d + 1)(d + 2) equations on
λ.

5. Find the solution of the previous system. Let λ0 be that solution. Note
that for solving the previous system it is enough to solve the first uni-
variate polynomial equation and then to check which root is common to
all the equations.

6. The point P(λ0) = A + λ0B is the 3D point that we are looking for.

This algorithm, as the previous one, is also based on the fact that to a point
in P3 corresponds a unique plane in G(1, 3). This plane is spanned by three
lines passing through the point in P3. Therefore the points R, i = 1, 2, 3 are
used to generate these three lines.

Note that in this algorithm in some very special cases, there might be more
than one solution to the system in λ. This will be the case if the optical ray
meets the curve at more than one point. This happens if an image was made
when the moving point passed through either a point of the trajectory that
occludes another point or a point of tangency of the curve with a line passing
through the camera center. Those two cases are singular so they appear with
probability zero. However in case of a singular point, the ambiguity can solved
by looking at neighboring points.

3 Static configurations

Recovering epipolar geometry from curve correspondences requires the estab-
lishment of an algebraic relation between the two image curves, involving the
fundamental matrix. Hence such an algebraic relation may be regarded as an
extension of Kruppa’s equations. In their original form, these equations have
been introduced to compute the camera-intrinsic parameters from the projec-
tion of the absolute conic onto the two image planes [38]. However it is obvious
that they still hold if one replaces the absolute conic by any conic that lies on
a plane that does not meet any of the camera centers. In this form they can
be used to recover the epipolar geometry from conic correspondences [28, 30].
Furthermore it is possible to extend them to any planar algebraic curve [30].
Moreover a generalization for arbitrary algebraic spatial curves is possible and
is a step toward the recovery of epipolar geometry from matching curves [31].

We start by the case of planar curves which is much more simple than the
general case.

We shall use the following notations in this section. X will denote a spatial
curve, either planar or not, whereas the image curves will be denoted by Yi, i =
1, 2 and defined by polynomials fi, i = 1, 2. The dual image curves Y ∗

i are
defined by the polynomials φi. The camera matrices will always be denoted by
Mi. F, e1 and e2 are respectively the fundamental matrix, the first and the
second epipole. We will also need to consider the two following mappings, that
we call in the sequel the epipolar mappings, γ : p → e1 ∧ p and ξ : p → Fp.
Both are defined on the first image plane; γ associates a point to its epipolar
line in the first image, while ξ sends it to its epipolar line in the second image.
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3.1 Epipolar geometry from planar curves

The spatial curve X is assumed to be planar and might have singular points.

3.1.1 Introductory properties

Let H be the homography induced by the plane of curve in space. Given a point
p in the first image lying on Y1, Hp, also denoted h(p), must lie in the second
image curve Y2. Since these curves are irreducible, there exists a simple relation
between Y1, Y2 and h:

∃λ, ∀x, y, z, f2(h(x, y, z)) = λf1(x, y, z) (1)

Now we proceed to prove some further elementary properties about two
views of a planar curve. Those properties will be necessary in the sequel. We
shall denote by εi the set of epipolar lines, in image i, tangent to Yi at regular
points.

Proposition 6 The two sets ε1 and ε2 are projectively isomorphic. Further-
more the elements of ε1 and ε2 are in correspondence through the homography
H.

Proof: The line joining e1 and p, is tangent to Y1 at p if λ = 0 is a dou-
ble root of the equation: f1(p + λe1) = 0. This is equivalent to say that
gradp(f1)

T e1 = 0. Moreover if p′ ∼= Hp (where ∼= means equality up a

to scale factor), gradp′(f2)
T e2 = gradHp(f2)

T He1 = df2(h(p)) ◦ dh(p).e1 =

d(f2 ◦ h)(p).e1 = λdf1(p).e1 = λgradp(f1)
T e1.

Therefore the line generated by e1 and p is tangent to Y1 if and only if the
line given by e2 ∧ Hp is tangent to Y2. Given a line l ∈ ε1, its corresponding
line l′ ∈ ε2 is given by: H−T l = l′. 1

Note that since epipolar lines are transformed in the same way through any
regular homography, the two sets ε1 and ε2 are in fact projectively related by
any homography.

Proposition 7 The inflexions (respectively the singularities) of the two image
curves are projectively related by the homography through the plane of the curve
in space.

Proof: The simple relation (1) implies this double property:



∂f1

∂x
(p)

∂f1

∂y
(p)

∂f1

∂y
(p)


 = HT




∂f2

∂x
(Hp)

∂f2

∂y
(Hp)

∂f2

∂y
(Hp)




[ ∂2f1

∂xi∂xj
(p)] = HT [ ∂2f2

∂xi∂xj
(Hp)]H

.

The first relations implies the conservation of the singularities by homography,
whereas the second relation implies the conservation of the whole Hessian curve
by homography.

Using further derivation, we immediately get:

1By duality HT sends the lines of the second image plane into the lines of the first image
plane. Here we have showed that HT induces to one-to-one correspondence between ε2 and
ε1.
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Proposition 8 The multiplicity and the number of distinct tangents at a sin-
gularity is the same in both images.

3.1.2 Extended Kruppa’s equations

Roughly speaking, the extended Kruppa’s equations state that the sets of epipo-
lar lines tangent to the curve in each image are projectively related. A similar
observation has been made in [2] for epipolar lines tangent to apparent contours
of objects, but it was used within an optimization scheme. Here we are looking
for closed-form solutions, where no initial guesses are required. In order to de-
velop such a closed-form solution for the computation of the epipolar geometry,
we need a more quantitative approach, which is given by the following theorem:

Theorem 2 For a generic position of the camera centers, the dual image curves
and the epipolar mappings are related as follows. There exists a non-zero scalar
λ ∈ C, such as for all p in the first image plane, the following equality holds:

φ2(ξ(p)) = λφ1(γ(p)) (2)

Proof: First it is clear, by proposition 6, that both sides of the this equations
define the same algebraic set, that is the union of the tangent lines to Y1 pass-
ing through the first epipole e1. This set has been denoted by ε1. Moreover
by propositions 7 and 8 the two dual curves have same degree, which is a nec-
essary condition for the equation to hold. It is left to show that each tangent
appears with the same multiplicity in each side. It is easily checked by a short
computation (where ∧ is the cross product, which embodies the same informa-
tion than the join operator ∨): φ2(ξ(p)) = φ2(e2 ∧ Hp) = φ2(h(e2) ∧ h(p)) ∼=
φ2◦(th)−1(p). 2 Then it is sufficient to see that the dual formulation of equation
(1) is given by φ2 ◦ (th)−1 ∼= φ1.

3.1.3 Recovering epipolar geometry from matching conics

Let C1 (respectively C2) be the full rank (symmetric) matrix of the conic in
the first (respectively second) image. The equations of the dual curves are
φ1(u, v, w) = lT C∗

1l = 0 and φ2(u, v, w) = lTC∗
2l = 0 where l = [u, v, w]T , C∗

1

and C?
2 are the adjoint matrices of C1 and C2 (see [48]).

Hence the extended Kruppa’s equations reduce in that case to the classical
ones:

FT C∗
2F

∼= [e1]×C∗
1[e1]×. (3)

From equation (3), one can extract a set, denoted Eλ, of six equations on
F, e1 and an auxiliary unknown λ. By eliminating λ it is possible to get five
bi-homogeneous equations on F and e1.

Theorem 3 The six equations, Eλ, are algebraically independent.

Proof: Using the following regular isomorphism: (F, e1, λ) 7−→ (D?
2FD−1

1 ,D1e1, λ) =
(X,y, λ), where D1 =

√
C1 and D?

2 =
√

C?
2, the original equations are mapped

into the upper-triangle of XT X = λ[y]2×. Given this simplified form, it is pos-
sible of compute a Gröbner basis [7]. Then we can compute the dimension of

2Indeed for a regular 3 × 3 matrix H: Hx∧Hy = det(H)H−T (x∧ y). Then since φ2 is a
homogeneous polynomial, the last equality is true up to the scale factor, det(H)deg(φ2).
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the affine variety in the variables (X,y, λ), defined by these six equations. The
dimension is 7, which shows that the equations are algebraically independent.

Note that the equations Eλ imply that Fe1 = 0 (one can easily deduce it from
the equation 3 3). In order to count the number of matching conics, in generic
positions, that are necessary and sufficient to recover the epipolar geometry, we
eliminate λ from Eλ and we get a set E that defines a variety V of dimension
7 in a 12-dimensional affine space, whose points are (e1,F). The equations in
E are bi-homogeneous in F and e1 and V can also be regarded as a variety of
dimension 5 into the bi-projective space P2 × P8, where (e1,F) lie. Now we
project V into P8, by eliminating e1 from the equations, we get a new variety
Vf which is still of dimension 5 and which is contained into the variety defined
by det(F) = 0, whose dimension is 7 4. Therefore two pairs of matching conics
in generic positions define two varieties isomorphic to Vf which intersect in a
three-dimensional variety (5 + 5− 7 = 3). A third conic in generic position will
reduce the intersection to a one-dimensional variety (5 + 3 − 7 = 1). A fourth
conic will reduce the system to a zero-dimensional variety. These results can be
compiled into the following theorem:

Theorem 4 {Four conics} or {three conics and a point}
or {two conics and three points} or {one conic and five points}
in generic positions are sufficient to compute the epipolar geometry.

A similar result has been formulated independently in [28].

3.1.4 Recovering epipolar geometry from higher order planar curves

Now we proceed to analysis the case of planar algebraic curves which degree d ≥
3. Since one cannot get a three-dimensional reconstruction from a single planar
algebraic curve, a further analysis of the dimension of the set of solutions of
the extended Kruppa’s equations, in that case, is not really relevant. Therefore
we concentrate on recovering the epipolar geometry through the computation
of the homography induced by the plane of the curve in space.

We will show next that a single matching pair of planar curves, which genus
g ≥ 1(which implies that the degree d ≥ 3), is sufficient for uniquely recovering
the homography matrix induced by the plane of the curve in space, whereas two
pairs of matching curves (residing on distinct planes) are sufficient for recovering
the fundamental matrix.

From equation (1), we get
(
d+2

d

)
− 1 equations on the entries of the homog-

raphy matrix. Let V the variety in P8 defined by these equations. We give a
sufficient conditions for V to be discrete.

Proposition 9 For V being a finite set, it is sufficient that g ≥ 1.

Proof: The homography matrix must leave the Weierstrass points ([20, 24])
globally invariant. The number of Weierstrass point is always finite and is at

3It is clear that we have: FT C?
2Fe1 = 0. For any matrix M, we have: ker(MT ) = im(M)T .

In addition, C2 is invertible. Hence Fe1 = 0.
4Since it must be contained into the projection to P

8 of the hypersurface defined by
det(Fe1) = 0
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least 2g + 2. Then for g ≥ 1, there are enough Weierstrass points to constraint
the homography matrix up to a finite-fold ambiguity.

Hence follows immediately:

Theorem 5 Two planar algebraic curves which genus are greater or equal to
1 and that are lying on two generic planes are sufficient to recover the epipolar
geometry.

However solving equations (1) requires big machinery either symbolic or nu-
merical. Moreover the computation of Weierstrass points, introduced in the
proof of the previous proposition, is quite heavy. Hence we propose a simpler
algorithm that works for a large category of planar curves. This simpler algo-
rithm is true for non-oversingular curves, e.g. when a technical condition about
the singularities of the curve holds. A curve of degree d, whose only singular
points are either nodes or cusps, satisfy the Plücker’s formula (see [53]):

3d(d − 2) = i + 6δ + 8κ,

where i is the number of inflexion points, δ is the number of nodes, and κ is the
number of cusps. For our purpose, a curve is said to be non-oversingular when
its only singularities are nodes and cusps and when i + s ≥ 4, where s is the
number of all singular points.

Since the inflexion and singular points in both images are projectively re-
lated through the homography matrix (proposition 7), one can compute the
homography through the plane of the curve in space as follows:

1. Compute the Hessian curves in both images.

2. Compute the intersection of the curve with its Hessian in both images.
The output is the set of inflexion and singular points.

3. Discriminate between inflexion and singular points by the additional con-
straint for each singular point a: grada(f) = 0.

At first sight, there are i! × s! possible correspondences between the sets
of inflexion and singular points in the two images. But it is possible to further
reduce the combinatory by separating the points into two categories. The points
are normalized such that the last coordinates is 1 or 0. Then separate real points
from complex points. It is clear that real points are mapped to real points.
Now by genericity (the plane of the curve in space does not pass through the
camera centers), complex points are mapped to complex points. Indeed consider
the point p = (α, β, ε) + i(γ, δ, 0), where ε ∈ {0, 1}. Let A = (aij)ij be the
homography matrix. Then Ap = (a11(α+ iγ)+a12(β + iδ)+a13ε, a21(α+ iγ)+
a22(β + iδ) + a23ε, a31(α + iγ) + a32(β + iδ) + a33ε). In order Ap to be a real
point, two algebraic conditions on A and p must be satisfied. This cannot hold
in general. Therefore we can conclude that each category of the first image must
be matched with the same category in the second image. This should be used
to reduce the combinatory. Then the right solution can be selected as it should
be the one that makes the system of equations extracted from (1) the closest
to zero or the one that minimizes the Hausdorff distance (see [27]) between the
set of points from the second image curve and the reprojection of the set of
points from the first image curve into the second image. For better results, one
can compute the Hausdorff distance on inflexion and singular points separately,
within each category.
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3.2 Epipolar geometry from non-planar curves

Here X be a smooth irreducible curve in P
3, whose degree is d ≥ 2. Since

the case of planar curve has been treated above, X is assumed to be a non-
planar curve. Before defining and proving the extended Kruppa’s equations for
arbitrary curve, we need to establish a number of facts about the projection of
a spatial curve onto a plane by a pinhole camera.

3.2.1 Single view of a spatial curve

Let M be the camera matrix, O the camera center, R the retinal plane and Y

the image curve. Our first concern is the study of the singularities of the Y .

Proposition 10 The curve Y will always contain singularities.

Proof: Singularities correspond to optical rays that meet the curve X in at least
two distinct points or are tangent to X. Let G(1, 3) denote the Grassmannian
of lines in P3. Consider the subvariety SX of G(1, 3) generated by the set of
chords and tangents of X , a chord being a line meeting X at least twice. Let
S(X) = ∪L∈SX

L be the union of lines that are elements of SX . It is well known
that S(X) is an irreducible subvariety of P3 and that dim(S(X)) = 3, unless X

is planar, which has been excluded (see [23]). Hence S(X) = P3 and O ∈ S(X),
that is, at least one chord is passing through O.

The process of singularity formation with projection is illustrated in the
figure 3. In the proposition below we will investigate the nature of those singu-
larities.

Figure 3: A singularity of the image curve corresponds to an optical ray meeting the
curve in space at least twice.

Proposition 11 For a generic position of the camera center, the only singu-
larities of Y will be nodes.

Proof: This is a well known result. See [26] for further details.
We define the class of a planar curve to be the degree of its dual curve. Let

m be the class of Y . We prove that m is constant for a generic position of the
camera center.
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Proposition 12 For a generic position of O, the class of Y is constant.

Proof: For each position of O 6∈ R, we get a particular curve Y or equivalently
Y ?, which is the dual curve of Y . Let Y be this family of dual curves parame-
terized by O. Then Y ⊂ P2?×P3. Then it is known that Y is flat [26, 23, 12, 11]
over an open set of P3. Since P3 is irreducible, this open set must be dense. On
the other hand, the degree is constant for a flat family of varieties. Hence the
degree of Y ? is constant for a generic position of O.

Note that using Proposition 11, it is possible to give a formula for m as a
function of the degree d and the genus g of X . For a generic position of O, Y

will have same degree and genus as X . As mentionned above, we have:

m = d(d − 1) − 2(]nodes),

g =
(d − 1)(d − 2)

2
− (]nodes),

where ]nodes denotes the number of nodes of Y (note that this includes complex
nodes). Hence the genus, the degree and the class are related by:

m = 2d + 2g − 2.

3.2.2 Extended Kruppa’s equations

We are ready now to investigate the recovery of the epipolar geometry from
matching curves. The major result here is that the Extended Kruppa’s Equations
still hold in the general case of non-planar algebraic curves.

Theorem 6 Extended Kruppa’s equations

For a generic position of the camera centers with respect to the curve in space,
there exists a non-zero scalar λ, such that for all points p in the first image, the
following equality holds:

φ2(ξ(p)) = λφ1(γ(p)) (4)

Once again observe that if X is a conic and C1 and C2 the matrices that
respectively represent Y1 and Y2, the extended Kruppa’s equations reduce to
the classical Kruppa’s equations, that is: [e1]

T
x C?

1[e1]x ∼= FT C?
2F, where C?

1

and C?
2 are the adjoint matrices of C1 and C2.

Proving these extended Kruppa’s equations requires the establishment of
these three steps:

1. φ1 and φ2 have equal degrees, that is, the image curves have the same
class.

2. If εi is the set of epipolar lines tangent to the curve in image i, then ε1

and ε2 must be projectively isomorphic.

3. Moreover in each corresponding pair of epipolar lines, (l, l′) ∈ ε1 × ε2, the
multiplicity of l and l′ as points of the dual curves Y ?

1 and Y ?
2 must be

the same.

The first step is obviously necessary for the equation (4) to hold. It is true,
as stated in Proposition 12. As previously, let m be the common degree of φ1

and φ2. The second point is necessary to prove that both sides of equation (4)
represent the same geometric set, that is here the union of lines in ε1. This
point holds thanks to the following lemma:
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Lemma 1 The sets of epipolar lines tangent to the image curve in each image
are projectively related.

Proof: This is due to the fact that a pair of corresponding epipolar lines is the
trace in the images of a plane containing the baseline joining the two camera
centers. Hence the two lines are tangent to the image curves if and only if the
plane they define (which contains the baseline) is tangent to the curve in space.
Therefore the two sets ε1 and ε2 are composed of the traces in the images of the
planes containing the baseline and tangent to the curve in space. Hence these
two sets are projectively related.

Finally we can prove Theorem 6.
Proof: Since each side of equation (4) represents the union of lines in ε1, it can
be factorized into linear factors, satisfying the following:

φ1(γ(x, y, z)) =
∏

i

(α1ix + α2iy + α3iz)ai

φ2(ξ(x, y, z)) =
∏

i

λi(α1ix + α2iy + α3iz)bi ,

where
∑

i ai =
∑

j bj = m. It is left to prove that for all i, ai = bi. Observe
that ai > 1, when the epipolar line is tangent to the image curve in at least two
distinct points. Hence one must prove that the number of tangency points for
each element of ε1 is the same for its corresponding element in ε2. This number
must also be the number of tangency points of the plane, defined by these two
corresponding elements in ε1 and ε2. Hence this third assertion holds using the
same argument as in Lemma 1.

By eliminating the scalar λ from the extended Kruppa’s equations (4) we
obtain a set of bi-homogeneous equations in F and e1. Hence they define a
variety in P

2 × P
8. This gives rise to an important question. How many of

those equations are algebraically independent, or in other words what is the
dimension of the set of solutions? This is the issue of the next section.

3.2.3 Dimension of the set of solutions

Let {Ei(F, e1)}i be the set of bi-homogeneous equations on F and e1, extracted
from the extended Kruppa’s equations (4). Our first concern is to determine
whether all solutions of equation (4) are admissible, that is whether they satisfy
the usual constraint Fe1 = 0. Indeed we prove the following statement:

Proposition 13 As long as there are at least 2 distinct lines through e1 tangent
to Y1, equation (4) implies that rankF = 2 and Fe1 = 0.

Proof: The variety defined by φ1(γ(p)) is then a union of at least 2 distinct
lines through e1. If equation (4) holds, φ2(ξ(p)) must define the same variety.

There are 2 cases to exclude: If rankF = 3, then the curve defined by
φ2(ξ(p)) is projectively equivalent to the curve defined by φ2, which is Y ?

1 . In
particular, it is irreducible.

If rankF < 2 or rankF = 2 and Fe1 6= 0, then there is some a, not a multiple
of e1, such that Fa = 0. Then the variety defined by φ2(ξ(p)) is a union of lines
through a. In neither case can this variety contain two distinct lines through
e1, so we must have rankF = 2 and Fe1 = 0.
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As a result, in a generic situation every solution of {Ei(F, e1)}i is admissible.
Let V be the subvariety of P2 × P8 × P2 defined by the equations {Ei(F, e1)}i

together with Fe1 = 0 and e2
T F = 0T , where e2 is the second epipole. We

next compute the lower bound on the dimension of V , after which we would be
ready for the calculation itself.

Proposition 14 If V is non-empty, the dimension of V is at least 7 − m.

Proof: Choose any line l in P2 and restrict e1 to the affine piece P2 \ l. Let (x, y)
be homogeneous coordinates on l. If Fe1 = 0, the two sides of equation (4) are
both unchanged by replacing p by p + αe1. So equation (4) will hold for all p

if it holds for all p ∈ l. Therefore equation (4) is equivalent to the equality of 2
homogeneous polynomials of degree m in x and y, which in turn is equivalent
to the equality of (m+1) coefficients. After eliminating λ, we have m algebraic
conditions on (e1,F, e2) in addition to Fe1 = 0, e2

T F = 0T .
The space of all epipolar geometries, that is, solutions to Fe1 = 0, e2

T F =
0T , is irreducible of dimension 7. Therefore, V is at least (7 −m)-dimensional.

For the calculation of the dimension of V we introduce some additional
notations. Given a triplet (e1,F, e2) ∈ P2 ×P8 ×P2, let {q1α(e1)} (respectively
{q2α(e2)}) be the tangency points of the epipolar lines through e1 (respectively
e2) to the first (respectively second) image curve. Let Qα(e1, e2) be the 3d
points projected onto {q1α(e1)} and {q2α(e2)}. Let L be the baseline joining
the two camera centers. We next provide a sufficient condition for V to be
discrete.

Proposition 15 For a generic position of the camera centers, the variety V

will be discrete if, for any point (e1,F, e2) ∈ V , the union of L and the points
Qα(e1, e2) is not contained in any quadric surface.

Proof: For generic camera positions, there will be m distinct points {q1α(e1)}
and {q2α(e2)}, and we can regard q1α, q2α locally as smooth functions of e1,
e2.

We let W be the affine variety in C3×C9×C3 defined by the same equations
as V . Let Θ = (e1,F, e2) be a point of W corresponding to a non-isolated point
of V . Then there is a tangent vector ϑ = (v, Φ,v′) to W at Θ with Φ not a
multiple of F.

If χ is a function on W , ∇Θ,ϑ(χ) will denote the derivative of χ in the
direction defined by ϑ at Θ. For

χα(e1,F, e2) = q2α(e2)
T Fq1α(e1),

the extended Kruppa’s equations imply that χα vanishes identically on W , so
its derivative must also vanish. This yields

∇Θ,ϑ(χα) = (∇Θ,ϑ(q2α))T Fq1α

+ qT
2αΦq1α + qT

2αF(∇Θ,ϑ(q1α))

= 0.

(5)

We shall prove that ∇Θ,ϑ(q1α) is in the linear span of q1α and e1. (This means
that when the epipole moves slightly, q1α moves along the epipolar line, see
figure 4.)
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Figure 4: The point q1α(e1) is a smooth function of e1. When e1 moves slightly,
q1α(e1) moves along the epipolar line.

Consider κ(t) = f(q1α(e1 + tv)), where f is the polynomial defining the
image curve Y1. Since q1α(e1 + tv) ∈ Y1, κ ≡ 0, so the derivative κ′(0) = 0. On
the other hand, κ′(0) = ∇Θ,ϑ(f(q1α)) = gradq1α

(f)T∇Θ,ϑ(q1α).

Thus we have gradq1α
(f)T∇Θ,ϑ(q1α) = 0. But also gradq1α

(f)T q1α = 0

and gradq1α
(f)T e1 = 0. Since gradq1α

(f) 6= O (q1α is not a singular point of
the curve), this shows that ∇Θ,ϑ(q1α), q1α, and e1 are linearly dependent. q1α

and e1 are linearly independent, so ∇Θ,ϑ(q1α) must be in their linear span.
We have that qT

2αFe1 = qT
2αFq1α = 0, so qT

2αF∇Θ,ϑ(q1α) = 0: the third
term of equation (5) vanishes. In a similar way, the first term of equation (5)
vanishes, leaving

qT
2αΦq1α = 0.

The derivative of χ(e1,F, e2) = Fe1 must also vanish, which yields:

e2
T Φe1 = 0.

From the first equality, we deduce that for every Qα, we have:

QT
αMT

2 ΦM1Qα = 0.

From the second equality, we deduce that every point P lying on the baseline
must satisfy:

PT MT
2 ΦM1P = 0.

The fact that Φ is not a multiple of F implies that MT
2 ΦM1 6= 0, so together

these two last equations mean that the union L∪{Qα} lies on a quadric surface.
Thus if there is no such quadric surface, every point in V must be isolated.

Observe that this result is consistent with the previous proposition, since
there always exist a quadric surface containing a given line and six given points.
However in general there is no quadric containing a given line and seven given
points. Therefore we can conclude with the following theorem.

Proposition 16 For a generic position of the centers of projections, there is
no quadric containing the line L and the tangency points Qα(e1, e2)α=1,...,m.
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Proof: First, one can observe that when the genus g of X is equal or greater
to 2, then the result is obvious. Indeed the intersection of a quadric and X

has at most 2d points (by Bezout’s theorem) and there are m > 2d points of
tangency, which are distinct for a generic line L.

To handle, the general case, let us introduce some notations. Consider the
product of m instances of P3: H = P3× ...×P3. Then a m−tuple (Q1, ..., Qm) ∈
H is such that the points Qi lie on a quadric if the matrix W has rank at most 9,
where:

W =




x2
1 ... x2

m

x1y1 ... xmym

x1z1 ... xmzm

x1t1 ... xmtm
y2
1 ... y2

m

y1z1 ... ymzm

y1t1 ... ymtm
z2
1 ... z2

m

z1t1 ... zmtm
t21 ... t2m




and [xi, yi, zi, ti] are the homogeneous coordinates of Qi. This defines a closed
subvariety of H , that we shall denote S.

Consider now the following set:

Σ = {(L,Q1(e1, e2), ...,Qm(e1, e2)) ∈ G(1, 3)× H},

where G(1, 3) is the Grassmannian of lines of P3. The set Σ of course depends
on both L (that is on the center of projections) and X . Let us show that Σ is
an algebraic variety.

A point Q ∈ P3 is a tangency point of a plane containing L with X , if and
only if the two following conditions are satisfied: (i) Q ∈ X and (ii) the tangent
to X at Q intersects L (in projective space).

The Plücker coordinates of the tangent TQ to X at Q are homogenous poly-
nomial functions of the coordinates of Q (given by the Gauss map). TQ intersects
L if and only if the join TQ∨L vanishes [4], which yields a bi-homogeneous equa-
tion on the coordinates of Q and of those of L. We shall denote this equation
φ(Q, L) = 0.

For a polynomial F ∈ R[X, Y, Z, T ], where R is some ring, we write Fi for
the polynomial in R[Xi, Yi, Zi, Ti], obtained from F by substituting the variables
X, Y, Z, T by the the variables Xi, Yi, Zi, Ti. Therefore the set Σ is made of the
common zeros of the polynomials F11, ..., Fr1, ..., F1m, ..., Frm, φ1, ..., φm, where
F1, ..., Fr are the polynomials defining X . Thus Σ can be viewed as an closed
subvariety of G(1, 3) × H .

Let π1 and π2 be the canonical projections: π1 : Σ −→ G(1, 3) and π2 :
Σ −→ H . Therefore for a line L, if there exists a quadric containing L and the
tangency points Q1(e1, e2), ...,Qm(e1, e2) then π2(π

−1
1 (L)) is included into the

closed subvariety S defined above.

Thus a line L, for which there exists a quadric containing L and the tangency
points, must lie in in π1(π

−1
2 (S)). This is a subset of a proper closed subvariety

of G(1, 3). This completes the proof.

Eventually, we conclude this section by the following corollary.
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Corollary 1 For a generic position of the centers of projection, the generalized
Kruppa equation defines the epipolar geometry up to a finite-fold ambiguity if
and only if m ≥ 7.

Since different curves in generic position give rise to independent equations,
this result means that the sum of the classes of the image curves must be at least
7 for V to be a finite set. Observe that this result is consistent with the fact that
four conics (m = 2 for each conic) in general position are sufficient to compute
the fundamental matrix, as shown in [28, 30]. Now we proceed to translate the
result in terms of the geometric properties of X directly using the degree and
the genus of X , related to m by the following relation: m = 2d + 2g − 2. Here
are some examples for sets of curves that allow the recovery of the fundamental
matrix:

1. Four conics (d = 2, g = 0)in general position.

2. Two rational cubics (d = 3, g = 0) in general position.

3. A rational cubic and two conics in general position.

4. Two elliptic cubics (d = 3, g = 1) in general position (see also [30]).

5. A general rational quartic (d = 4, g = 0), and a general elliptic quartic
(d = 4, g = 1).

3.3 Three-dimensional reconstruction

We turn our attention to the problem of reconstructing an algebraic curve
from two or more views, given known camera matrices (epipolar geometries are
known). The basic idea is to intersect together the cones defined by the cam-
era centers and the image curves. However this intersection can be computed
in three different spaces, giving rise to different algorithms and applications.
Given the representation in one of those spaces, it is possible to compute the
two other representations as shown in section 2 and in [29].

We shall mention that in [19] a scheme is proposed to reconstruct the out-
line of an algebraic surface from a single view by blowing-up the projection.
This approach results in a spatial curve defined up to an unknown projective
transformation. In fact the only computation this reconstruction allows is the
recovery of the projective properties of the curve. Moreover this reconstruction
is valid for irreducible curves only. However reconstructing from two projections
not only gives the projective properties of the curve, but also the relative depth
of it with respect to others objects in the scene and furthermore the relative
position between irreducible components.

3.3.1 Homography recovery for planar curve

We begin by restricting our attention to planar curves. We proceed to the
recovery of the homography matrix induced by the plane of the curve in space.
This approach reduces the reconstruction problem to finding the roots of a
uni-variate polynomial. Let ei, i = 1, 2 be the first and second epipole. Let
S be any homography, which can be extracted from the epipolar geometry by
S = [e2]×F, where [e2]× is the matrix representing the cross-product by e2.
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Then the homography through the plane of the curve in space can be written
as: H = S+ e2h

T (see [49, 35]). We define µ to be such that: He1 = µe2.
5 As

seen in equation (1), the two image curves and the homography H are related
as follows:

∃λ, ∀p, f1(p) = λf2(Hp)

This implies:
λgradp(f1) = HT gradHp(f2),

for any p in the first image. Let gi = gradei
(fi), i = 1, 2. Thus the previous

expression, applied to e1, can be re-written as follows:

λg1 = µd−1(ST + heT
2 )g2.

We define β to be β = eT
2 g2 = df2(e2) and η to be η = λ

µd−1 . Hence h =
1
β
(ηg1 − ST g2). Thus H = S + 1

β
e2(ηg

T
1 − g2S) = (I − 1

β
e2g

T
2 )S + η

β
e2g

T
1 .

Substituting this expression of H into equation (1) yields:

λf1(p) = f2((I +
1

β
e2g

T
2 )Sp +

η

β
e2g

T
1 p).

Then after elimination of λ, we get a set of
(
d+2

d

)
− 1 equations of degree

d in η. Hence the problem is equivalent to find the common solutions to this
set of equations. This can be achieved by picking one equation, solving it and
keeping only solutions that are solutions of the whole system.

Now we turn back our attention to the general case. We shall investigate
three different types of representation, each leading to a particular reconstruc-
tion algorithm.

3.3.2 Reconstruction in point space

Let the camera projection matrices be M1 and M2. They are assumed to be
known at any level of ambiguity: projective, affine or Euclidean. Hence the
two cones defined by the image curves and the camera centers are given by:
∆1(P) = f1(M1P) and ∆2(P) = f2(M2P). The reconstruction is defined
as the curve whose equations are ∆1 = 0 and ∆2 = 0. It is clear that the
original space curves is contained within the intersection on these two viewing
cones. However since each cone has degree d (the same than the space curve),
by Bezout theorem, the intersection must have degree d2. This implies that
the intersection contains more than just the original space curve. It turns out,
by the following theorem, that this intersection contains, in general, only two
irreducible components (separated curves). One has degree d and the other has
degree d(d−1). Therefore if d ≥ 3, since the original space has degree d, we can
extract the right component which is the answer of the reconstruction problem.
When d = 2 (the curve is a conic), however, the reconstruction problem admits
two solutions, which are both conics, and a third view is necessary to select the
right conic.

Theorem 7 For a generic position of the camera centers, that is when no epipo-
lar plane is tangent twice to the curve X, the curve defined by {∆1 = 0, ∆2 = 0}

5Note that it is not possible to normalize H such that He1 = e2, because H is given as a
function of S by H = S + e2h

T , which constraints its norm.
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has two irreducible components. One has degree d and is the actual solution of
the reconstruction. The other one has degree d(d − 1).

Proof: For a line l ⊂ P3, we write σ(l) for the pencil of planes containing l.
For a point p ∈ P2, we write σ(p) for the pencil of lines through p. There is a
natural isomorphism between σ(ei), the epipolar lines in image i, and σ(L), the
planes containing both camera centers. Consider the following covers of P1:

1. X
η−→ σ(L) ∼= P1, taking a point x ∈ X to the epipolar plane that it

defines with the camera centers.

2. Y1
η1−→ σ(e1) ∼= σ(L) ∼= P1, taking a point y ∈ Y1 to its epipolar line in

the first image.

3. Y2
η2−→ σ(e2) ∼= σ(L) ∼= P1, taking a point y ∈ Y2 to its epipolar line in

the second image.

If ρi is the projection X → Yi, then η = ηiρi. Let B the union set of branch
points of η1 and η2. It is clear that the branch points of η are included in B.
Let S = P1 \ B, pick t ∈ S, and write XS = η−1(S), Xt = η−1(t). Let µXS

be
the monodromy: π1(S, t) −→ Perm(Xt), where Perm(Z) is the group of permu-
tations of a finite set Z. It is well known that the path-connected components
of X are in one-to-one correspondence with the orbits of the action of im(µXS

)
on Xt. Since X is assumed to be irreducible, it has only one component and
im(µXS

) acts transitively on Xt. Then if im(µXS
) is generated by transposi-

tions, this will imply that im(µXS
) = Perm(Xt). In order to show that im(µXS

)
is actually generated by transpositions, consider a loop in P1 centered at t, say
lt. If lt does not go round any branch point, then lt is homotopic to the constant
path in S and then µXS

([lt]) = 1. Now in B, there are three types of branch
points:

1. branch points that come from nodes of Y1: these are not branch points of
η,

2. branch points that come from nodes of Y2: these are not branch points of
η,

3. branch points that come from epipolar lines tangent either to Y1 or to Y2:
these are genuine branch points of η.

If the loop lt goes round a point of the first two types, then it is still true
that µXS

([lt]) = 1. Now suppose that lt goes round a genuine branch point of η,
say b (and goes round no other points in B). By genericity, b is a simple two-fold
branch point, hence µXS

([lt]) is a transposition. This shows that im(µXS
) is

actually generated by transpositions and so im(µXS
) = Perm(Xt).

Now consider X̃ , the curve defined by {∆1 = 0, ∆2 = 0}. By Bezout’s
Theorem X̃ has degree d2. Let x̃ ∈ X̃. It is projected onto a point yi in Yi, such
that η1(y1) = η2(y2). Hence X̃ ∼= Y1 ×P1 Y2; restricting to the inverse image of
the set S, we have X̃S

∼= XS ×S XS . We can therefore identify X̃t with Xt×Xt.
The monodromy µX̃S

can then be given by µX̃S
(x, y) = (µXS

(x), µXS
(y)). Since

im(µXS
) = Perm(Xt), the action of im(µX̃S

) on Xt ×Xt has two orbits, namely

{(x, x)} ∼= Xt and {(x, y)|x 6= y}. Hence X̃ has two irreducible components.
One has degree d and is X , the other has degree d2 − d = d(d − 1).
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Solving the system defined by ∆1(P) = 0 and ∆2(P) = 0 can be done by
Gröbner basis computation. Then as mentioned above, for d ≥ 3, the actual
solution can be extracted. However the case of planar curves can be treated
more easily.

3.3.3 Reconstruction in the dual space

As above, let X be the curve in space, that we want to reconstruct. Let X?

be the dual variety of X , that is, the set of planes tangent to X . Since X is
supposed not to be a line, the dual variety X? must be a hypersurface of the
dual space [23]. Hence let Υ be a minimal degree polynomial that represents
X?. Our first concern is to determine the degree of Υ.

Proposition 17 The degree of Υ is m, that is, the common degree of the dual
image curves.

Proof: Since X? is a hypersurface of P
3?, its degree is the number of points

where a generic line in P3? meets X?. By duality it is the number of planes in
a generic pencil that are tangent to X . Hence it is the degree of the dual image
curve. Another way to express the same fact is the observation that the dual
image curve is the intersection of X? with a generic plane in P3?. Note that this
provides a new proof that the degree of the dual image curve is constant for a
generic position of the camera center.

For the reconstruction of X∗ from multiple view, we will need to consider
the mapping from a line l of the image plane to the plane that it defines with
the camera center. Let µ : l 7→ MT l denote this mapping [15]. There exists a
link involving Υ, µ and φ, the polynomial of the dual image curve: Υ(µ(l)) = 0
whenever φ(l) = 0. Since these two polynomials have the same degree (because
µ is linear) and φ is irreducible, there exist a scalar λ such that

Υ(µ(l)) = λφ(l),

for all lines l ∈ P2?. Eliminating λ, we get (m+2)(m+1)
2 − 1 linear equations on

Υ. Since the number of coefficients in Υ is (m+3)(m+2)(m+1)
6 , we can state the

following result:

Proposition 18 The reconstruction in the dual space can be done linearly using

at least k ≥ m2+6m+11
3(m+3) views.

Proof: The least number of views must satisfy k( (m+2)(m+1)
2 −1) ≥ (m+3)(m+2)(m+1)

6 −
1.

The lower bounds on the number of views k for few examples are given
below:

1. for a conic locus, k ≥ 2,

2. for a rational cubic, k ≥ 3,

3. for an elliptic cubic, k ≥ 4,

4. for a rational quartic, k ≥ 4,

5. for a elliptic quartic, k ≥ 4.
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Moreover it is worth noting that the fitting of the dual image curve is not
necessary. It is sufficient to extract tangents to the image curves at distinct
points. Each tangent l contributes to one linear equation on Υ: Υ(µ(l)) = 0.

However one cannot obtain more than (m+2)(m+1)
2 − 1 linearly independent

equations per view.

3.3.4 Reconstruction in G(1, 3)

The spatial curve X admits Γ as a Chow polynomial. Let d be the common
degree of X and Γ. Let f be the polynomial defining the image curve, Y .
Consider the mapping that associates to an image point its optical ray: ν : p 7→
M̂p, where M̂ is a 3 × 6 matrix, which entries are polynomials functions of M

[15]. Hence the polynomial Γ(ν(p)) vanishes whenever f(p) does. Since they
have same degree and f is irreducible, there exists a scalar λ such as for every
point p ∈ P2, we have:

Γ(ν(p)) = λf(p).

This yields
(
d+2

d

)
− 1 linear equations on Γ.

Hence a similar statement to that in Proposition 18 can be made:

Proposition 19 The reconstruction in G(1, 3) can be done linearly using at

least k ≥ 1
6

d3+5d2+8d+4
d

views.

For some examples, below are the minimal number of views for a linear recon-
struction of the curve in G(1, 3):

1. for a conic locus, k ≥ 4,

2. for a cubic, k ≥ 6,

3. for a quartic, k ≥ 8.

As in the case of reconstruction in the dual space, it is not necessary to
explicitly compute f . It is enough to pick points on the image curve. Each
point yields a linear equation on Γ: Γ(ν(p)) = 0. However for each view, one
cannot extract more than 1

2d2 + 3
2d independent linear equations.

4 Dynamic configurations

4.1 Trajectory triangulation from point measurements

Now we turn to consider the case of dynamic scenes. A moving point is viewed
in one or several sequences. The camera matrices are assumed to be known
over each sequence. However the cameras are not assumed to be synchronized.
We want to recover the trajectory of the moving point. The trajectory recovery
is then naturally done in the Grassmannian of lines G(1, 3). Let Γ be a Chow
polynomial of the curve X generated by the motion of the point and let be d its
degree. For now we will assume that d is known. We shall show in section 4.1.3
how this assumption can be addressed.

We first generate the number of independent measurements necessary to
recover the point trajectory. Then we analyze carefully to which extent the
measurements extracted from a particular sequence are independent and provide
enough constraints to recover the trajectory. Finally we generalize our results
to a general framework for trajectory recovery.
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4.1.1 How many measurements are necessary?

Each 2D point extracted from the images contributes one linear equation in Γ:

Γ(M̂p) = 0, (6)

where M is the camera matrix and M̂ is the 6× 3 matrix mapping each image
point to its optical ray, as before. Thus the following result is immediate:

Proposition 20 The recovery of the trajectory of a moving point can be done
linearly using at least k ≥ 1

12d4 + 2
3d3 + 23

12d2 + 7
3d independent measurements.

Proof: The number of degrees of freedom of the Chow polynomial that must be
constrained is Nd − 1 =

(
d+5

d

)
−

(
d−2+5

d−2

)
= 1

12d4 + 2
3d3 + 23

12d2 + 7
3d.

The lower bounds on k for few examples:

1. for a moving point on a conic locus, k ≥ 19,

2. for a moving point on a cubic, k ≥ 49,

3. for a moving point on a quartic, k ≥ 104.

A natural question is to know how many independent equations of type 6
each camera provides. This is the issue described in the next section.

4.1.2 Which measurements are actually independent?

We start by the simple case of a static camera.

Proposition 21 A static camera provides
(
d+2

d

)
− 1 constraints on Γ.

Proof: All the optical rays generated by a static camera belong to a plane
included into the Grassmannian G(1, 3). Therefore a static camera allows to
recover the intersection with a plane of the subvariety of G(1, 3) we are looking
for. This intersection is a curve of degree d. Therefore a static camera yields(

d+2
d

)
− 1 constraints on the Chow polynomials of the curve.

Note that when the camera is static, all the optical rays pass through the
same point, the camera center. Hence the space of curves of a given degree
constrained to pass through the optical rays contains the space of curves of the
same degree passing through the camera center. This has a practical conse-
quence. If several static cameras are viewing a moving point, the recovery of
the trajectory might lead to a parasite solution, i.e. a curve passing through
the camera centers. If such a parasite solution exists it must be eliminated.

Let us now consider a moving camera over a trajectory modeled by an al-
gebraic curve of degree k. The question is to know how many independent
measurements this camera provides on a point moving over a trajectory of de-
gree d. When the number of measurements is large enough, this can be viewed
as computing the number of degrees of freedom of the family of curves of degree
d over the surface generated by the optical rays generated by the tracked point
and the camera center. This is a question of algebraic geometry.
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Theorem 8 Fundamental Theorem

A camera moving along a curve of degree k ≥ 1 provides H(k, d) constraints on
the Chow Polynomial Γ of the trajectory of degree d ≥ 1 a moving point , where

H(1, 1) = 4
H(2, 1) = 5
H(1, 2) = 12
H(2, 2) = 17
H(k, 2) = 18 for k ≥ 3

H(k, d) =





Nd −
(
d−k+5

5

)
+

(
d−k+3

5

)
− 1 if k ≤ d − 2

Nd − 7 if k = d − 1
Nd − 1 if k ≥ d



 for d ≥ 3

Proof: The proof is based on cohomological computation [26]. Let X (resp. Y )
be the point (resp. camera center) trajectory. Each observation generates an
optical ray joining the camera center and the point. Let L1, ....,Ln be these n

lines joining X and Y . Let ΓX and ΓY be the Chow polynomial of X and Y

respectively. We shall denote by Z(ΓX) and Z(ΓY ) the sets where they vanish.
Let V = Z(ΓX) ∩ Z(ΓY ) ∩ G(1, 3). For n >> 1, we have

{ Γ ∈ H0(P5,OP5(d)) : Γ(Li) = 0 , i = 1, . . . , n} =

{ Γ ∈ H0(P5,OP5(d)) : Γ|V ≡ 0 } = IV,P5(d) .

So, we want to compute dim(IV,P5(d)), which is the dimension of the space of
ΓX , or, equivalently, h0(V,OV (d)) = h0(OP5(d)) − dim(IV,P5(d)). Since V is a
complete intersection of degree (d, k, 2) in P5, the dimension of IV,P5(d) should
be equal to

h0(OP5(d − 2)) + h0(OP5(d − k)) − h0(OP5(d − k − 2)) + 1.

As a consequence

h0(V,OV (d)) = Nd −
(
h0(OP5(d − k)) − h0(OP5(d − k − 2)) + 1

)
.

If several independently moving cameras are viewing a moving point, then
the number of constraints this whole camera rig provides is the sum of each
H(k, d) for each camera until the Nd − 1 constraints are obtained.

4.1.3 A general framework for trajectory recovery from known cam-

eras

At this point we are in a position to propose a general framework for trajectory
recovery. A set of non-synchronized cameras Mi, i = 1, ..., m which are either
static or moving is viewing at a set of points Pj , j = 1, ..., n either static or
moving. Since each camera is regarded as a dynamic system, the camera matri-
ces are time dependent. Hence the camera matrix i at time ki will be denoted
by Miki

. Note that the cameras are independent and in particular they are not
supposed to be synchronized. Therefore the time samples are different between
every two cameras. This means that the indices ki are independent between two
cameras. Let pijki

be the projection of the point Pj onto the camera i at time
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ki. All the Miki
are known for all i and all ki. This can be achieved during a

preprocess by tracking static points over each sequence.

For a given point Pj , the optical rays Lijki
= M̂ipijki

, for all i and ki, meet
the trajectory of Pj . Then according to the geometric entity generated for all
i and ki by those rays, the motion of Pj can be recovered. Here we provide a
table that gives the correspondence between the motion of the point and the
geometry of the optical rays.

Motion of Pj Geometric entity
generated by {Lijk}

Static point Plane in P5

included in G(1, 3)
Point moving on a line Hyperplane section

of G(1, 3)
Point moving on a conic Intersection of a quadric

of P5 with G(1, 3)
... ...

Point moving on a curve Intersection of a
hypersurface

of degree d of degree d with G(1, 3)

Therefore this framework provides us with a way of segmenting static points
from moving points and then to reconstruct the location of the former and the
trajectory of the latter.

This framework can be seen as a complete generalization of [3], where only
the case of moving points on a line was presented using the formalism of the
linear line complex.

4.2 Trajectory triangulation from tangential measurements

This second part is devoted to trajectory triangulation from tangential mea-
surements of the motion. For this purpose, we shall use the dual curve of the
trajectory. A theoretical result, similar to theorem 8, is given. Finally the
interesting case of a synchronized stereo rig receives a special attention.

Let P be a moving point in P3. At each time instant, only the tangent
of the motion is extracted from the images. Hence the natural reconstruction
scheme to be used is based on the dual space representation. Let X be the curve
generated by the motion of the point and X∗ be its dual curve. Let d and m

be the degree of X and X∗ respectively. Then X∗ is given by a polynomial Υ
of degree m.

4.2.1 How many measurements are necessary ?

Consider that a moving point is viewed by either static or dynamic non-synchronized
cameras. Assume that in each image, the tangent to the trajectory is extracted.
Each such tangent l yields a linear constraint on Υ:

Υ(MT l) = 0,
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where M is the camera matrix 6. This leads immediately to the following results:

Proposition 22 The reconstruction of the trajectory of a moving point can

be done by tangential measurements using at least k ≥ (m+3)(m+2)(m+1)
6 − 1

independent measurements.

Note that the case of conics were presented in [47]. Here we summarize the
minimal value of k in few cases:

1. for a moving point on a conic locus, k ≥ 9,

2. for a moving point on a rational cubic, k ≥ 34,

3. for a moving point on an elliptic cubic, k ≥ 83,

4. for a moving point on a rational quartic, k ≥ 83.

4.2.2 Which measurements are actually independent?

We shall proceed in a very similar way than for the case of the Chow polynomial.
Therefore we will start by analyzing the case where the center of projection is
static.

Proposition 23 A static camera provides
(
m+2

m

)
− 1 constraints on Υ.

Proof: The set of all the planes passing through the camera center is a plane
of the dual projective space P3∗. Therefore a static camera allows to recover
the intersection in P3∗ of the dual curve with a plane . This intersection is a
curve of degree m. Therefore a static camera yields

(
m+2

m

)
− 1 constraints on

the polynomial Υ defining the dual curve.

Now we shall consider the general case of a moving camera. Here the result
is much simpler than in the case of the Chow polynomial.

Theorem 9 Fundamental Theorem When the camera is moving, indepen-
dently of the point, along any trajectory, we have enough constraints to recover
the dual trajectory of the moving point.

Proof: In order to compute the polynomial Υ defining the dual curve X∗, we
need N =

(
m+3

m

)
− 1 tangent planes to X in a generic situation. Let Y be the

curve along which the camera center is moving. In the projective space P3, any
plane is meeting any curve. Hence the set of all the planes meeting Y is the
dual space itself. Therefore it is enough to pick N point over Y and N tangents
of X . Since the motions of the moving point and of the camera centers are
independent, N images are in general sufficient.

6If M is the camera matrix, by duality MT maps a line of the image to a plane. It is easy
to see that this plane passes trough the camera center O. Therefore it is the plane generated
by O and the image line
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4.2.3 Synchronized stereo rig

The case of a synchronized stereo rig has not been considered in the context of
point measurements, because in that case such a synchronized stereo rig would
allow a classical triangulation technique. However in the case of tangential mea-
surements, using a synchronized stereo rig can reduce the number of necessary
measurements. Note that since the information is made from the tangents to
the motion, not from the moving point itself, the reconstruction cannot be done
point wise despite the synchronization between the two cameras. However this
synchronization can be used to reduce the number of views necessary for the
reconstruction as follows. At each time t, there are now two measurements l1
and l2 which are the tangents of the motion in the two sequences. Each tangent
contributes one linear equation on Υ. Moreover the pencil of planes defined
by MT

1 l1 and MT
2 l2 (where Mi are the camera matrices) is included into the

variety X∗ and then Υ must vanish over all points of this pencil. This can be
expressed more algebraically. For all λ1 and λ2, we have:

Υ(λ1M1l1 + λ2M2l2) = 0.

This yields
(

m+1
m

)
= m + 1 linear equations on Υ. Therefore the following

lower bound is easily obtained:

Proposition 24 The reconstruction of the trajectory of a moving point from
a synchronized stereo rig using tangential measurements, can be done using at

least k ≥ 1
6

m(m2+6m+11)
m+1 independent pairs of images.

Some values of k:

1. for a moving point on a conic locus, k ≥ 3,

2. for a moving point on a rational cubic, k ≥ 7,

3. for a moving point on an elliptic cubic, k ≥ 12,

4. for a moving point on a rational quartic, k ≥ 19.

5 Experiments

5.1 Epipolar geometry

5.1.1 Homography recovery from a single planar curve by point ex-

traction

In the first experiment, we consider the problem of recovering the homography
matrix induced by a planar cubic across two images (see Figure 5) using the
method described in 3.1.4 (i.e. without prior knowledge of the epipolar geome-
try). The cubic equations of the image curves were recovered by least-squares
fitting. The recovered homography was then used to re-project the curve from
one image onto the other. The reprojection error was at subpixel values (see
Figure 6).
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Figure 5: The two images of a cubic curve.

Figure 6: The reprojected curve is overlaid on the second image cubic. The bottom
display shows an enlarged section of the curve and the overlaid reprojected curve —
the error is at subpixel values.
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Figure 7: The curves of order 4 as an input of the reconstruction algorithm.

5.1.2 Recovering homography from planar curves correspondences

Given two images of the same curve of order 4 (see Figure 7) and the epipolar
geometry, we compute the plane and the homography matrix, using the algebraic
approach described in 3.3.1. To demonstrate the accuracy of the algorithm, the
reprojection of the curve in the second image is shown in the figure 8. The 3D
rendering of the correct solution is shown 9.

Finally, the equation of the correct solution on its plane is given by:
f(x, y, z) = 9006922504387547

9007199254740992
z4

−

4947731105035649
1152921504606846976

yz3 +
1070847909255857

147573952589676412928
y2z2

−

5458927196207623
1208925819614629174706176

y3z +
3969428158337415

2475880078570760549798248448
y4

−

7563069091264439
1152921504606846976

xz3 +
5911661048544087

295147905179352825856
xyz2

−

7447102119819593
302231454903657293676544

xy2z +
3625625302714855

618970019642690137449562112
xy3 + 4936178943362411

295147905179352825856
x2z2

−

8944822903795571
302231454903657293676544

x2yz + 7158022235457567
309485009821345068724781056

x2y2
−

6146225343803339
302231454903657293676544

zx3 + 7423176283805271
618970019642690137449562112

x3y +
6539339092801811

618970019642690137449562112
x4

The curve is drawn on figure 10.

5.1.3 Epipolar geometry from points and conic correspondences

We proceeded to the recovery of the epipolar geometry from conics and points
correspondences extracted from real images. The extraction has been done
manually and the conics were fitted by classical least square optimization.

The recovery of the epipolar geometry has been done using four conics and 1
point. First the fundamental matrix is computed using three conics and 1 point,
which leads to a finite number of solutions (see theorem 4). The computation
is too intense for the standard computer algebra packages. We have found that
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Figure 8: Reprojection of the curve onto the second image.
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Figure 9: The curve of order 4 as an output of the reconstruction algorithm.
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Figure 10: The original curve.
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Figure 11: The two images that were used. The epipoles and the corresponding
epipolar lines tangents to the conics are drawn on the images.

Fast Gb 7, a powerful software tool for Gröbner basis computation, introduced
by J.C. Faugere [16, 17] is one of the few packages that can handle this kind of
computation. Then the additional conic is used to select the right solution.

The images used for the experiments together with results and comments
are presented in figure 11

5.1.4 Recovering epipolar geometry from spatial curves correspon-

dences

We proceed to the computation of the epipolar geometry from a rational cubic
and two conics. The curves are randomly chosen, as well as the camera.

7Logiciel conçu et réalisé au laboratoire LIP6 de l’université Pierre et Marie CURIE.
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Hence the cubic is defined by the following system:

226566665956452626ZX − 1914854993236086169ZT−

791130248041963297Y Z − 1198609868087508022Z2+
893468169675527814XT + 285940501848919422T 2

−

179632615056970090Y T + 277960038226472656Y 2 = 0

555920076452945312XY + 656494420457765614ZX−

1755155973545148735Y Z − 1749154450800074954Z2+
984240461094724954XT − 61309565864179510Y T−

1802588912007356295ZT + 291319745776795474T 2 = 0

1111840152905890624X2
− 2905335341664005486ZX−

793850352563738017Y Z + 1286890161434843658Z2+
1713207647519936006XT − 248798847306328202Y T−

2942349361064284313ZT + 398814386951585134T 2 = 0

The first and the second conic are respectively defined by:

25X + 9Y + 40Z + 61T = 0
40X2

− 78XY + 62ZX + 11XT + 88Y 2+
Y Z + 30Y T + 81Z2

− 5ZT − 28T 2 = 0

and

4X − 11Y + 10Z + 57T = 0
−82X2

− 48XY − 11ZX + 38XT − 7Y 2+
58Y Z − 94Y T − 68Z2 + 14ZT − 35T 2 = 0

The camera matrices are given by:

M1 =




−87 79 43 −66
−53 −61 −23 −37
31 −34 −42 88




M2 =




−76 −65 25 28
−61 −60 9 29
−66 −32 78 39




Then we form the Extended Kruppa’s Equations for each curve. From a
computational point of view, it is crucial to enforce the constraint that each λ

is different from zero. Mathematically this means that the computation is done
in the localization with respect to each λ.

As expected, we get a zero-dimension variety which degree is one. Thus there
is a single solution to the epipolar geometry given by the following fundamental
matrix:

F =




− 511443
13426 − 2669337

13426 − 998290
6713

84845
2329

23737631
114121

14061396
114121

1691905
228242

3426650
114121

8707255
228242
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Figure 12: A spatial quartic

5.2 Three-Dimensional Reconstruction

5.2.1 Reconstruction of spatial curves

We start with a synthetic experiment followed later by a real image one. Con-
sider the curve X , drawn in figure 12, defined by the following equations:

F1(x, y, z, t) = x2 + y2 − t2

F2(x, y, z, t) = xt − (z − 10t)2

The curve X is smooth and irreducible, and has degree 4 and genus 1. We
define two camera matrices:

M1 =




1 0 0 5
0 0 1 −2
0 −1 0 −10




M2 =




1 0 0 −10
0 0 −1 0
0 1 0 −10




The reconstruction of the curve from the two projections has been made
in the point space, using Fast Gb. As expected there are two irreducible
components. One has degree 4 and is the original curve, while the second has
degree 12.

5.2.2 Heteroscedastic Estimation

We shall see below that both reconstruction in G(1, 3) and trajectory triangu-
lation lead to estimate a parameter θ in some projective space Pn, where θ is
constrained by a set of equations ZT

i θ = 0. The vector Zi which represents an
hyperplane in the space where θ lies come from measurements xi. Let φ be the
function that sends a measurement xi to the vector Zi. In practice xi is some
feature extracted from the image, namely a point in our cases.

The function φ is not linear. This causes that even if the basic measurements
xi are all corrupted by the same additive noise, the vector Zi will be distorted
by different noises. Therefore, assume that xi = x̃i + εi, where x̃i is the true
value and εi an additive noise. Assume that εi ∼ N (0,Cxi). Then at the first
order we have:

Zi = φ(xi) = φ(x̃i) + dφ(x̃i).εi,
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Figure 13: An electric thread.

so the covariance matrix of Zi, say Czi is given by:

Czi = JxiCxiJx
−T
i ,

where Jxi is the Jacobian matrix of φ at x̃i. This shows that even if the matrices
Cxi are all equal, the matrices Czi are still different. Note that at the first order
the mean of Zi is still zero. Since each vector Zi is distorted by a different noise,
we will refer to this situation as a heteroscedastic noise estimation problem.

It is well known that in case of heteroscedastic noise, the standard least
square algorithm even in its normalized form has large instability [37]. In order
to remedy to this problem, three major methods exist:

1. renormalization method of Kanatani, see [6],

2. approximated likelihood estimation, see [6],

3. general error in variable estimation, see [37].

Please refer to these articles for further details. Those three methods give
excellent results when the dimensionality of the problem is small. In our case,
the number of parameters is rather high (more than 20). Therefore none of
these method is completely robust. Their performance depend on the initial
guess of the solution.

5.2.3 3D reconstruction using the Grassmannian G(1, 3)

For the next experiment, we consider seven images of an electric wire — one
of the views is shown in figure 13 and the image curve after segmentation and
thinning is shown in figure 14. Hence for each of the images, we extracted a set
of points lying on the thread. No fitting is performed in the image space. For
each image, the camera matrix is calculated using the calibration pattern. Then
we proceeded to compute the Chow polynomial Γ of the curve in space. The
curve X has degree 3. Once Γ is computed, a reprojection is easily performed,
as shown in figure 15.

5.3 Dynamic scenes

As mentioned above, the Chow polynomial is not uniquely defined. In order to
get a unique solution, we have to add some constraints to the estimation problem
which do not distort the geometric meaning of the Chow polynomial. This is
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Figure 14: An electric thread after segmentation and thinning.

Figure 15: Reprojection on a new image.

simply done by imposing the Chow polynomial to vanish over Wd additional
arbitrary points of P

5 which do not lie on G(1, 3). The number of additional
points necessary to get a unique solution is Wd =

(
d+5

d

)
− Nd, where d is the

degree of the Chow polynomial.

5.3.1 Synthetic trajectory triangulation

Let P ∈ P3 be a point moving on a cubic, as follows:

P(t) =




t3

2t3 + 3t2

t3 + t2 + t + 1
t3 + t2 + t + 2




It is viewed by a moving camera. At each time instant a picture is made ,we

get a 2D point p(t) = [x(t), y(t)]T = [
mT

1
(t)P(t)

mT
3

(t)P(t)
,
mT

2
(t)P(t)

mT
3

(t)P(t)
]T , where MT (t) =

[m1(t),m2(t),m3(t)] is the transpose of the camera matrix at time t.
Then we build the set of optical rays generated by the sequence. The Chow

polynomial is then computed and given below:

Γ(L1, ..., L6) = −72L2
2L3 + L3

1 − 5L1L4L5−
18L1L3L6 + 57L2L3L5 + 48L2L4L5 − 43L1L2L4−
10L1L3L5 + 21L1L5L6 − 30L1L4L6 − 108L2L3L6+
41L1L2L5 + 69L1L2L6 − 26L1L2L3 − 36L2L

2
4−

21L2L
2
5 + 3L3L

2
5 − 9L2

3L5 − 12L2
4L5 + 6L4L

2
5+

4L2
1L4 + 20L3

2 − 13L3
3 + 8L3

4 − L3
5 + 108L2

2L6−
120L2

2L5 + 27L2
3L6 − 25L2

1L6 + 57L2L
2
3+

84L2
2L4 + 7L1L

2
3 − L2

1L5 + 31L1L
2
2+

5L2
1L3 + L1L

2
5 − 11L2

1L2 + 7L1L
2
4
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Figure 16: The 3D locations of the point

Figure 17: A moving point over a conic section

At this point we perform the algorithm described in section 2 and get exactly
the sequence of locations of the moving point P(t). We show in figure 16 the
recovered discrete locations of the point in 3D.

5.3.2 Trajectory triangulation from real images

A point is moving over a conic section. Four static non-synchronized cameras
are looking at it. We show in figure 17 one image of one sequence.

The camera matrices are computed using the calibration pattern. Every
2D measurement p(t) is corrupted by additive noise, which we consider as an
isotropic Gaussian noise N (0, σ). The variance is estimated to be about 2 pixels.

For each 2D point p(t), we form the optical ray it generates L(t) = M̂p(t).
Then the estimation of the Chow polynomial is made using the optical rays
L(t). In order to avoid the problem of scale, the Plücker coordinates of each
line are normalized such that the last coordinate is equal to one. Hence the
lines are represented by vectors in a five-dimensional affine space, denoted by
La(t). Hence if θ is a vector containing the coefficient of the Chow polynomial
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Figure 18: The trajectory rendered in the calibration pattern

Γ, θ is the solution of the following problem:

Z(La(t))T θ = 0, for all t,

with ‖ θ ‖= 1. As mentioned above, this estimation problem is characterized
by a heteroscedastic noise. More precisely, each Z(La(t)) has the following
covariance matrix:

CL(t) = JM̂




σ 0 0
0 σ 0
0 0 0


 M̂TJT ,

where M is the camera matrix and J is the Jacobian matrix of the normalization
of L(t). That is for L(t) = [L1, L2, L3, L4, L5, L6]

T , we have:

J =




1
L6

0 0 0 0 −L1

L2

6

0 1
L6

0 0 0 −L2

L2

6

0 0 1
L6

0 0 −L3

L2

6

0 0 0 1
L6

0 −L4

L2

6

0 0 0 0 1
L6

−L5

L2

6




The result to be presented has been computed using the method introduced in
[6]. However the two other methods have similar performance. The result is
stable where starting with a good initial guess. In order to handle more general
situations we further stabilize it by incorporating some extra constraints that
come some our a-priori knowledge of the form of the solution. Then the final
result is very robust and is presented in figure 18.

5.3.3 Trajectory triangulation and dual curve

The experiments using the dual curve are more complex. These experiments
contains two stages. The first one - estimation of the dual curve itself - is very
similar to the computation of the Chow polynomial and is simply another case
of estimation with heteroscedastic noise. Given the dual curve, two further
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computations can be performed: (i) computing a set of defining equation of
the original curve. (ii) then computing the discrete set of locations where the
moving point was at each time instant a picture was made. The first of these
computations involves an elimination problem. In that case the sensitivity to
noise is a research issue completely open. For this reason, we chose to show, at
this stage, only synthetic experiments.

Consider a point moving over the twisted cubic, defined parametrically as
follows: P (t) = [t3, t2, t, 1] ∈ P3. Equivalently it is defined by the following set
of equations: {Y ∗ T −Z2 = 0, X ∗ T − Y ∗Z = 0, X ∗Z − Y 2 = 0}. The point
is viewed by a camera moving along a straight line. The tangent to the motion
is captured by the camera. Only 34 images are used to recover the trajectory
of the point. This is the lower bound given by the theory. Then the dual curve
is computed and given by the following polynomial:

Φ = −27A2D2 + 18ABDC − 4DB3 + C2B2 − 4AC3.

From the dual curve it is possible to recover the defining equations of the
curve generated by the motion of the point. Then one can extract the locations
of the point at each time instant an image was made.

6 Summary and Discussion

In this paper we have focused on general algebraic curves as the building blocks
from which the camera geometries are to be recovered and as the scene building
blocks for the purpose of reconstruction from multiple views, in both static and
dynamic cases. The new results derived in this paper include:

1. Extended Kruppa’s equations for the recovery of epipolar geometry from
two projections of algebraic curves.

2. Dimension analysis for the minimal number of algebraic curves required
for a solution of the epipolar geometry.

3. Homography recovery from two views of a general planar curve, when the
epipolar geometry is either known or not.

4. The reconstruction from two views of an irreducible curve of degree d is a
curve which contains two irreducible components one of degree d and the
other of degree d(d − 1) — a result that leads to a unique reconstruction
of the original curve, for d > 2.

5. Formula for the minimal number of views required for the reconstruction
of the dual curve.

6. Formula for the minimal number of views required for the reconstruction
of the curve representation in G(1, 3).

7. Trajectory triangulation from both tangential and point-based measure-
ments.

8. The number of independent constraints on the trajectory of a mving point
provided by a moving camera as a function of the motion the camera.
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9. The extraction of practical geometric information on the trajectory of a
moving point by simple algorithms.

Some of the algorithms presented in this work lead to solving a system of
polynomial equations. There exist two main approaches to handle this problem:
(i) computing a Gröbner basis of the ideal defined by the equations, (ii) process-
ing in the dual space via the computation of resultants (see [7, 8] for a detailed
presentation). There exists a third method, known as the homotopy method,
whose field of applications is broader than the resolution of polynomial systems
[1]. However it is generally admitted that the symbolic methods, namely those
based on Gröbner basis or resultants, provide better results.

Note that numerical optimization tools like Newton-Raphson or Levenberg-
Marquet optimization are not considered here because (i) zero-dimensional poly-
nomial systems which are not overdetermined have more than one root and these
optimization methods are designed to extract a single solutions, (ii) the conver-
gence to a solution with these tools is well behaved only when one starts in a
small enough neighborhood of the solution.

The use of symbolic tools (either Gröbner basis or resultant) for computer
vision applications is not without challenges. First, symbolic computations re-
quire large amounts of available computational and memory resources. There is
the issue of computational efficiency, scalability to large problems and the ques-
tions of effectiveness in the presence of measurement errors. The full answer
to these questions is far beyond the scope of this work. The field of symbolic
computations for solving polynomial systems is a very active field of research
where major progress has been made in the past decade [8, 21, 52]. For ex-
ample, throughout this paper, the experiments, involving polynomial systems,
were performed with one of the latest symbolic tools Fast GB developed by
Jean-Charles Faugere for efficient and robust Gröbner basis computation. With
those latest tools, such as FastGB, one can achieve a high degree of scalability
and efficiency in the computations.

Finally the problem of the sensitivity to noise is related to perturbation
theory. It is necessary to note that since the computations are symbolic, they
do not add any perturbation to the solution. Therefore, as opposed to nu-
merical methods, there is no additional error due to possible truncation during
the computations. However, there is very little research on measurement error
sensitivity and their propagation throughout the symbolic computations. Such
research would be of great interest to the computer vision community, however,
this topic is largely open. Nevertheless, a first step in this direction has been
done by the introduction of a hybrid of symbolic and numeric computations,
especially for the case of zero-dimensional system (which is the case of interest
in vision) solved by resultant based methods [52, 41].
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