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Abstract. We study the problems of sorting signed permutations by
reversals (SBR) and sorting unsigned permutations by transpositions
(SBT), which are central problems in computational molecular biology.
While a polynomial-time solution for SBR is known, the computational
complexity of SBT has been open for more than a decade and is consid-
ered a major open problem.
In the first efficient solution of SBR, Hannenhalli and Pevzner [HP99]
used a graph-theoretic model for representing permutations, called the
interleaving graph. This model was crucial to their solution. Here, we
define a new model for SBT, which is analogous to the interleaving graph.
Our model has some desirable properties that were lacking in earlier
models for SBT. These properties make it extremely useful for studying
SBT.
Using this model, we give a linear-algebraic framework in which SBT can
be studied. Specifically, for matrices over any algebraic ring, we define a
class of matrices called tight matrices. We show that an efficient algorithm
which recognizes tight matrices over a certain ring,M, implies an efficient
algorithm that solves SBT on an important class of permutations, called
simple permutations. Such an algorithm is likely to lead to an efficient
algorithm for SBT that works on all permutations.
The problem of recognizing tight matrices is also a generalization of SBR
and of a large class of other “sorting by rearrangements” problems, and
seems interesting in its own right as. We give an efficient algorithm for
recognizing tight symmetric matrices over any field of characteristic 2.
We leave as an open problem to find an efficient algorithm for recognizing
tight matrices over the ring M.

1 Introduction

One of the most promising ways to understand evolution between species is to
reconstruct their evolutionary history based on genome rearrangements. In the
last decade, a large body of work was devoted to a family of computational
problems, called genome rearrangement problems. Genomes are represented by
permutations, where each element stands for a gene. The basic task is, given two
permutations, to find a shortest sequence of rearrangement operations (such as



reversals, transpositions, translocations, etc.) that transforms one permutation
into the other. Assuming (without loss of generality) that one of the permutations
is the identity permutation, the problem is to find the shortest way of sorting
a permutation using a given rearrangement operation (or set of operations). In
this paper we mainly address the problem of sorting signed permutations by
reversals and the problem of sorting (unsigned) permutations by transpositions.
For more background on genome rearrangements refer to [Pev00, SEM02].

A signed permutation is a permutation with + or − on every element, which
represent the direction of the corresponding gene. A reversal reverses the order
of the elements in a segment and flips their signs. The problem of sorting signed
permutations by reversals (SBR) is the problem of transforming a given signed
permutation to the positive identity permutation using a minimum number of
reversals.

A transposition is a rearrangement operation in which a segment is cut out
of the permutation and pasted in a different location. The problem of sorting
unsigned permutations by transpositions (SBT) is the problem of transforming
a given unsigned permutation to the identity permutation using a minimum
number of transpositions.3

Hannenhalli and Pevzner, in their seminal paper [HP99], gave a polynomial
time algorithm for SBR. Subsequent works gave algorithms with better running
times, and simplified the underlying theory [BH96, KST00, Ber01, KV03, TS04].
The computational complexity of SBT on the other hand is still open. There
are several 1.5-approximation algorithms [BP98, Chr99, HS06], and the best
algorithm to date has approximation ratio 1.375 [EH05].

To obtain a polynomial time algorithm for SBR, Hannenhalli and Pevzner
used a labelled graph called the interleaving graph [HP99]. Each vertex of this
graph is labelled either black or white. The interleaving graph models the effect of
a reversal on a permutation as a graph operation on a vertex. In this operation,
which we call clicking a black vertex v, we eliminate v while (1) replacing the
subgraph induced by the neighbors of v by its complement, and (2) flipping the
color of each neighbor of v.

There is a basic lower bound for the reversal distance called the cycle lower
bound [BP96]. A central subproblem of SBR is to characterize the permutations
whose reversal distance is equal to the cycle lower bound. We call these permu-
tations tight. Hannenhalli and Pevzner proved that a permutation is tight if and
only if each connected component of its interleaving graph contains a black ver-
tex. This leads to an efficient algorithm for finding a minimum sorting sequence
for tight permutations. They also showed how to find a minimal sorting sequence
for a permutation which is not tight.

We believe that a similar approach should be used to solve SBT. Indeed there
are models for SBT that try to capture the effect of performing a transposition
in a way similar to the clicking operation in the interleaving graph model (e.g.

3 See Section 3 for an explanation of why we study SBR on signed permutations, while
SBT is studied on unsigned permutations.



[Chr99]). However, all existing models are incomplete, in the sense that they do
not capture entirely the effect of performing a transposition on the permutation.

A cycle lower-bound exists also for SBT [BP98]. Therefore, one can generalize
the notion of tightness. A characterization of tight permutations – those which
can be sorted in a number of transpositions which is equal to the cycle lower
bound – may be the key to a polynomial algorithm for SBT.

Our Contributions. Our first contribution is a graph-theoretic model for
SBT which is analogous to the interleaving graph. In contrast with previous
models, this model is complete in the sense that it captures the entire effect
of a transposition in graph-theoretic terms. Although we can define it using a
labelled graph (which has labels on both vertices and edges), it turns out that
it is more natural to specify the model in linear-algebraic terms. The model is a
matrix over a certain 16-element ring, which we denote by M. A transposition
is modelled by a certain clicking operations on a nonzero entry on the diagonal
of the matrix. Equipped with this model we can state the “tightness” question
for SBT in algebraic terms. This is presented in Section 3.

Our second contribution is a unified model, for which both the interleaving
graph and our model for SBT are special cases. This model consists of a matrix
over an arbitrary ring with a certain clicking operation. In Section 2 we define
the matrix tightness problem, which is a generalization of both the problem of
checking tightness for SBR and of checking tightness for SBT.

Next, in Sections 4 through 6 we study the matrix tightness problem. In
Section 4 we give some general results on the problem, regardless of what the
underlying ring is. In Section 5 we give an efficient algorithm for recognizing
symmetric tight matrices over any field of characteristic 2, using an extension of
the technique of Hannenhalli and Pevzner [HP99]. In Section 6 we explore the
matrix tightness problem over M, and give some starting points for solving it.

We believe that our results shed some further light on the combinatorial
structure of SBR and why it is polynomially solvable. Despite the remarkable
progress in recent years and the discovery of efficient algorithms, the problem
is not fully understood. Better understanding may lead to even more efficient
algorithms. We show a nontrivial connection between SBR and SBT in showing
that both are special cases of the same algebraic question. We hope that this
would trigger further progress on SBT. The algebraic clicking scheme we propose
for matrices, and the question of tightness in this general context may find other
applications.

Finally, we note that Meidanis and Dias [MD00] gave an algebraic model
for SBT. We are not aware of any connections between their model and ours.
The algebra they use is that of permutation groups, while we use mainly linear
algebra.

2 The Matrix Tightness Problem

Algebra and Linear Algebra: Preliminaries. Let R be a (not necessarily
commutative) ring. Recall that a ring has the properties of a field except that the



multiplication operation does not have to be commutative, and the multiplication
operation does not have to be invertible. There must still be a multiplicative unit
element, denoted by 1.4

Some elements x ∈ R, such as 1, have a multiplicative inverse (i.e. there
exists y ∈ R such that xy = yx = 1). We call these the unit elements of R. The
other elements, which do not have a multiplicative inverse, are called non-unit.
Note that an element x ∈ R can only have a single inverse: if y1, y2 are both
inverses of x then y1 = y1xy2 = y2.

For a prime p and an integer m ≥ 1, the Galois Field Fpm is the (unique)
field of size pm. In the literature, this field is sometimes denoted by GF (pm).

The characteristic of a ring is the number of times 1 must be added to itself
to get 0 (the characteristic is defined to be 0 if no such number exists). The
characteristic of the Galois field Fpm is p.

We now define some standard linear-algebraic concepts in somewhat non-
standard ways in order to work over a non-commutative ring instead of a field.
Specifically, we avoid using a determinant operator, since such an operator is
hard to define over non-commutative rings. On fields our definitions coincide
with the usual definitions. Let R be a ring. The vectors v1, . . . , vn ∈ Rm are
called linearly dependent if there exist α1, . . . , αn ∈ R not all of which are 0 such
that

∑n
i=1 αivi = 0. Otherwise, v1, . . . , vn are called linearly independent. We

call a matrix A over R regular if its rows are linearly independent. Otherwise,
we call A singular.

Let A be a n×n matrix over R. We always assume that the rows and columns
of A are both indexed by a set V of cardinality n in a symmetric manner: row i
and column i of A are indexed by the same element of V . As usual, for S ⊆ V we
define the minor of A on S to be the matrix A[S] which is obtained by leaving
only entries with both indices in S. A[∅] is the empty matrix, which is a matrix
indexed by the set ∅. We consider the empty matrix to be regular. For v ∈ V ,
we denote by A↓v and Av→ the column and the row indexed by v, respectively.

We denote by M the ring of 2× 2 matrices over the binary field F2, with the
usual matrix addition and matrix multiplication operations as ring operations.
This ring consists of 16 elements. Six of them are units and ten of them are
non-units.

The Matrix Tightness Problem. Let A be a n×n matrix over R indexed
by V . We define the operation of clicking an element v ∈ V . This operation is
only defined when Avv is a unit of R. In this case, v is said to be clickable.
Clicking v turns A into the matrix A(∗v) , A−A↓vA−1

vv Av→. In other words, for
every i, j ∈ V , A

(∗v)
ij = Aij − AivA−1

vv Avj . Equivalently, the clicking operation
performs n− 1 elementary operations on the rows of the matrix, which turn all
elements of column v, except Avv, into zeroes, and then it sets row v to 0.

The matrix A is called tight if there is a sequence of clicking operations where
each element of V is clicked exactly once. (So, a matrix is not tight if we always
“get stuck” with no clickable vertices). Note that the final result of a sequence
4 In some of the literature, a ring that contains a multiplicative unit element is called

a unit ring.



of operations where every vertex is clicked exactly once is a matrix with all
elements equal to 0. A is called weakly-tight if there is some sequence of clicking
operations such that the final result is the zero matrix. In both cases, a sequence
of clicking operations with the desired property is called a sorting sequence.

Let R be a fixed ring. The tightness problem over R is the following decision
problem: The input is a n×n matrix A over R. One wishes to determine whether
A is tight in time polynomial in n.

The Symmetric and Hermitian Cases. While the tightness problem is
defined over any matrix, of special interest are two specific classes of matrices:
the symmetric matrices and the Hermitian matrices. We now define the property
of being Hermitian.

Let R be a ring, and let ∗ : R → R be a function from R to R. For convenience,
we write ∗(x) as x∗. ∗ is called an involution on R if: (a) For any x ∈ R,
(x∗)∗ = x. (so ∗ is an invertible function); (b) For any x, y ∈ R, (xy)∗ = y∗x∗;
and (c) 0∗ = 0, 1∗ = 1.

For example, the complex conjugate is an involution over C. For a matrix A
over R, its conjugate with respect to involution ∗ is the matrix AH obtained by
transposing A and applying ∗ on each element of the matrix. If A = AH then A
is called Hermitian (with respect to ∗).

If R is a ring and ∗ is an involution over it, we call the pair (R, ∗) an inv-
ring. The matrix tightness problem in its symmetric form over the ring R is the
problem of determining whether a symmetric matrix over R is tight. The matrix
tightness problem in its Hermitian form over the inv-ring (R, ∗) is the problem
of determining whether a Hermitian matrix is tight.

We often consider the matrix tightness problem over the inv-ring (M,♦),
where ♦ is the involution over M that exchanges the two elements on the main

diagonal:
�

a b
c d

�♦
=

�
d b
c a

�
. It is not hard to check that this is indeed an invo-

lution.
We believe that the tightness problem is of interest also outside the field of

genome rearrangements. We leave open the question of applicability to other
fields of research.

3 The Relation of SBR and SBT to Matrix Tightness

In this section we define the concept of r-tight and t-tight permutations, and
give a short account on why checking r-tightness or t-tightness of a permutation
is a sub-problem of the matrix tightness problems. A considerably more detailed
explanation is included in the full version of the paper (available online).

Sorting By Reversals and Sorting by Transpositions: Preliminar-
ies. Here we give a quick introduction to standard concepts from the theory
of genome rearrangements. More relaxed presentations of these concepts can be
found, e.g., in [HP99, KST00].



Let π = (π1 . . . πn) be a signed permutation on n elements5. A rever-
sal ri,j (for 1 ≤ i ≤ j ≤ n) on π reverses the order and sign of the segment
of π which starts at i and ends at j, yielding: ri,j · π = (π1 . . . πi−1 −
πj−1 . . . − πi πj . . . πn). A transposition ti,j,k (for 1 ≤ i < j < k ≤ n)
exchanges between the two segments bounded by i, j and k, yielding: ti,j,k · π =
(π1 . . . πi−1 πj . . . πk−1 πi . . . πj−1 πk . . . πn).

In this paper we discuss two problems. The problem of finding a shortest
sequence of reversals that transforms a permutation into the identity permu-
tation is called Sorting by Reversals, or SBR. Similarly, for transpositions the
problem is Sorting by Transpositions, or SBT. Note that a transposition does
not change the signs of the elements, and thus, SBT is defined only on unsigned
permutations (permutations of only positive elements). The reversal (transposi-
tion) distance of a permutation π, denoted by dr(π) (dt(π)), is the length of the
shortest sorting sequence.

The Breakpoint Graph. Following Bafna and Pevzner [BP96], we first
transform permutation π on n elements into a permutation f(π) = π′ = (π′1 . . . π′2n)
on 2n elements. f(π) is obtained by replacing each positive element i by two el-
ements 2i − 1, 2i (in this order), and each negative element −i by 2i, 2i − 1. In
the rest of the paper we identify, in both indices and elements, 2n + 1 and 1.

Definition 1. The breakpoint graph BG(π) is an edge-colored graph on 2n
vertices {1, 2, . . . , 2n}. For every 1 ≤ i ≤ n, π′2i is joined to π′2i+1 by a black
edge, and 2i is joined to 2i + 1 by a gray edge.

(see Figure 1(a) for an example).
Since the degree of each vertex is exactly 2, this graph uniquely decomposes

into cycles. A cycle with k black edges and k gray edges is called a k-cycle and is
called odd if k is odd. A permutation is called r-simple (t-simple) if its breakpoint
graph contains only 2-cycles (3-cycles). Let c(π) (resp. codd(π)) be the number
of (odd) cycles in BG(π). Bafna and Pevzner showed that a reversal can change
c(π) by at most one [BP96], and that a transposition can change codd(π) by at
most two [BP98]. This implies the following lower bounds for SBR and SBT,
called the cycle lower bounds: dr(π) ≥ n− c(π), dt(π) ≥ n−codd(π)

2 .
A permutation π that achieves the SBR lower bound (i.e., dr(π) = n− c(π))

is called an r-tight permutation. The problem of determining if a permutation is
r-tight is called the TIGHTr problem. Similarly, a permutation that achieves the
SBT lower bound is called t-tight, and the decision problem is called TIGHTt.
The restriction of the problem TIGHTr (TIGHTt) only for input permutations
which are r-simple (t-simple) is denoted TIGHTr,simple (TIGHTt,simple).

Two gray edges in the breakpoint graph are said to intersect if they intersect
when one draws the breakpoint graph as in Figure 1(a). In other words, the
gray edges (a, b) and (c, d) intersect if and only if the interval whose endpoints
5 For convenience, in this paper we consider circular permutations, that is, we consider

(π1 . . . πn) equivalent to (π2 . . . πnπ1). This does not matter since both SBR
and SBT are computationally equivalent for linear and circular permutations, see
[MWD00, HS06].



are (π′)−1(a) and (π′)−1(b) and the interval whose endpoints are (π′)−1(c) and
(π′)−1(d) have a non-empty intersection, but neither of them is fully contained
in the other.

The Overlap Graph. Kaplan, Shamir and Tarjan [KST00] give the overlap
graph, a graphic model which they originally used for SBR, but that we shall use
for SBT. For an unsigned permutation π, define the graph GKST (π) as follows.
GKST (π) has one vertex for each gray edge of the breakpoint graph BG(π). Two
vertices are connected by an edge if their corresponding gray edges intersect. See
an example in Figure 1(b).

3.1 The Relation to Matrix Tightness

We can now state our theorems that relate SBR and SBT to the matrix tightness
problem:

Theorem 2. The problem TIGHTr,simple is a sub-problem of the tightness prob-
lem on symmetric matrices over F2.

Theorem 3. The problem TIGHTt,simple is a sub-problem of the tightness prob-
lem on Hermitian matrices over (M,♦).

The proof of Theorem 2 is given implicitly in [HP99]: one simply translates
an r-simple permutation π to its interleaving graph, and takes the adjacency
matrix A of the interleaving graph. It holds that π is r-tight if and only if A is
tight over F2. In a similar fashion, Kaplan, Shamir and Tarjan [KST00] implicitly
prove that the problem TIGHTr is a sub-problem of the tightness problem on
symmetric matrices over F2.

For the proof of Theorem 3 we need to transform a t-simple permutation π
to a Hermitian matrix A over (M,♦) such that π is t-tight if and only if A is
tight. For simplicity, we give here only the transformation itself. A more detailed
version can be found in the full version of the paper.

To get A we perform the following 3 steps (see example in Figure 1):

1. Draw G = GKST (π), π’s overlap graph.
2. Let Ci denote the ith 3-cycle of π, under some arbitrary ordering. G has 3

vertices for each such 3-cycle. Denote them by v1
i , v2

i , v3
i . For any v, u which

are vertices of G, denote G(v, u) = 1 if there is an edge in G between v and
u, and G(v, u) = 0 otherwise.

3. Now we can write the matrix A: It is an n/3 by n/3 matrix. For every
1 ≤ i, j ≤ n/3, the entry Aij will be the following element of M:

(
G(v2

i , v1
j ) G(v2

i , v2
j )

G(v1
i , v1

j ) G(v1
i , v2

j )

)

Another way to view this construction is: Take the overlap graph of π. Delete
one (arbitrary) vertex from each triplet. Take the adjacency matrix of the re-
sulting graph. Exchange between each consecutive pair of rows (the first and
second, the third and fourth, and so on). Now view this (2n/3)× (2n/3) matrix
as a (n/3)× (n/3) matrix over M. This is A.
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Fig. 1. (a) The breakpoint graph of the permutation π = (1 8 4 3 6 5 9 2 7). The bold
lines are the black edges, and the others are the gray edges. (b) The overlap graph,
GKST (π). If you are viewing this on a color printout, the edges are colored in order
to be more distinguishable. (c) The matrix A, which is our model for the permutation
π. Observe that A is indeed Hermitian over (M,♦)

4 On the Matrix Tightness Problem

In this section we explore the matrix tightness problem. We give several equiv-
alent conditions for tightness. We show that the problem exhibits some connec-
tions to familiar linear-algebraic structures, such as gaussian elimination and
matrix decompositions.

Due to lack of space we only give here a brief list of results. In the full version
of the paper we give a full description of these results, and some further algebraic
connections.

Theorem 4. A is tight iff there is an ordering (v1, . . . , vn) of V such that for
all 1 ≤ k ≤ n, A[v1, . . . , vk] is regular. These orderings with this property are
exactly the sorting sequences of A.

(Here and in the sequel we write A[v1, . . . , vk] instead of A[{v1, . . . , vk}].
Recall that this is the minor of A obtained by leaving only the entries with both
indices in the set {v1, . . . , vk}.)

Corollary 5. If A is singular then A is not tight.



A permutation matrix is a matrix with exactly one 1 in each row and each
column, and the rest 0s.

Theorem 6. Matrix A over ring R is tight iff there exist a permutation matrix
P , a lower-triangular matrix L (over R) with diagonal 1, and an upper-triangular
matrix U (over R) whose diagonal contains only units, such that A = PLUPT .
The permutation matrices P which realize this decomposition are in 1-to-1 cor-
respondence with the sorting sequences of A.

Analogously, for the Hermitian case, one gets that a Hermitian matrix A over
inv-ring (R, ∗) is tight iff there exist a permutation matrix P , a lower-triangular
matrix L with diagonal 1, and a diagonal matrix D with only units on the
diagonal, such that A = PLDLHPT . The situation for symmetric matrices is
the same with A = PLDLT PT . These decompositions are similar to Cholesky
Decompositions of positive definite matrices.

5 Tightness over Fields of Characteristic 2

In this section we give a polynomial-time checkable characterization of tightness
for symmetric matrices over any field with characteristic 2. We do this by proving
that the H-P theorem [HP99] generalizes, with some necessary changes, to this
case.

Let A be a symmetric matrix over a field F , such that A is indexed by V .
Define G0(A) to be the graph whose vertex-set is V and which has an edge (u, v)
iff Auv 6= 0. Vertex v ∈ V is colored black if Avv 6= 0, and white otherwise. A
connected component of such a vertex-colored graph G is called white if all its
vertices are white, and black otherwise.

Theorem 7. Let A be a symmetric matrix over a field F of characteristic 2.
Then A is tight iff both of the following conditions hold: (a) A is regular; (b)
every connected component of G0(A) is black.

Due to lack of space, the proof is omitted. It is included in the full version
of the paper.

Theorem 7 is false over every field of characteristic other than 2. The matrix0@ 1 −1 −1
−1 1 −1
−1 −1 1

1A has determinant −4, and is thus regular over every such field. Any

clicking operation performed on it gives the matrix
�

0 −2
−2 0

�
which is obviously

non-tight.
The problem of checking tightness over fields of characteristic other than 2,

such as F3 or R, seems interesting both in its own right and as a way to develop
techniques that will help resolve the Hermitian problem over M. Also of interest
is the problem of checking tightness of Hermitian matrices over the inv-ring
(F, ∗) where F is any field, and ∗ is the involution with x∗ = x−1 for x 6= 0 and
0∗ = 0. We could not resolve this even for fields of characteristic 2 (except F2,



where it coincides with the symmetric case). This is especially interesting for
the field F4, because, as we describe in the next section, it arises naturally as a
sub-problem of the Hermitian problem over M.

6 On Tightness over M and Other Difficult Variants

In this section we consider the problem of checking tightness of Hermitian matri-
ces over the inv-ring (M,♦). Although this ring has characteristic 2, the problem
is difficult both because we are dealing with Hermitian instead of symmetric ma-
trices, and becauseM is a ring rather than a field. It seems natural to ask whether
this problem has any interesting sub-problems. One way to define a sub-problem
is to restrict our matrices to have elements only from a sub-ring of M. Every
sub-ring of M defines a sub-problem in this manner.

In the full version we discuss all sub-rings of M. Here we only discuss the
sub-problem where all elements are taken from the sub-ring

M4 =
{(

1 0
0 1

)
,

(
0 0
0 0

)
,

(
0 0
0 1

)
,

(
1 0
0 0

)}
. This sub-problem is equivalent to a

much more elementary problem: to the tightness problem of general (i.e. not
necessarily symmetric or Hermitian) matrices over F2. Thus, we would like to
consider the tightness problem for general matrices over F2.

There is a natural graph formulation of the general problem over F2. This
formulation may be easier to visualize. Let G be a directed graph with vertices
colored black or white. The clicking operation on v, defined only when v is a
black vertex, performs the following three operations: (1) for every vertex u, flip
the color of u iff (u, v) and (v, u) are both edges of the graph; (2) For every
ordered pair of different vertices u, w, if (u, v) and (v, w) are both edges of the
graph then the directed edge (u, v) is created if it does not exist, and deleted if it
does exist; and (3) delete from the graph the vertex v and all edges touching it.
G is called tight if there is a sequence of clicking operations where every vertex
is clicked exactly once. We wish to find a polynomial-time characterization of
the tight graphs.

This problem seems to be difficult. We suspect that if this problem can be
solved then one can use it to solve the Hermitian problem over (M,♦), as well
as over other fields and rings of characteristic 2.

Here is an example that shows some phenomenon that may be surprising. Let
G be a graph consisting of a single directed cycle of length n. We are interested in
what ways of coloring it make it tight. It can easily be seen that coloring any set of
at most n− 2 vertices of G black and the other vertices white makes the graph
non-tight, while coloring n − 1 vertices black and the remaining vertex white
makes the graph tight. Coloring all vertices black makes the adjacency matrix
of the graph non-regular and therefore non-interesting (because of Corollary
5). We see here that the tightness problem over directed graphs exhibits some
“counting” properties that seem not to exist in the undirected case.



The tightness problem over directed graphs is also non-monotonic. Consider
the following two matrices

A =




1 0 1 1
1 0 1 0
0 1 0 1
1 1 0 1


 , A′ =




0 0 1 1
1 0 1 0
0 1 0 1
1 1 0 1


 .

Both A and A′ are regular. However, A′ is tight while A is not. This is surprising
since this cannot happen for symmetric matrices over F2: if B, B′ are symmetric
regular matrices such that for every i, j, B′

ij ≤ Bij , and if B′ is tight then B
must also be tight. This is a consequence of Theorem 7.

7 Conclusions and Discussion

The main open problem is to resolve the tightness problem for a wider range
of fields and rings, as well as involution operators, than we have done here. A
specifically interesting and approachable problem is the general (i.e. not sym-
metric and not Hermitian) matrix tightness problem over F2, which has been
discussed in Section 6.

We have recently discovered that the results presented in this paper can be
viewed in the more general framework of the theory of delta-matroids (see e.g.
[Gee96]). It seems that one can define a tightness problem over delta-matroids,
and there exists a generalization of the H-P theorem to that setting.

We believe that the matrix tightness problem may be even more closely re-
lated to sorting by rearrangements problems than we show in this paper. Specif-
ically, we show how the problem of r- or t-tightness of a permutation is a special
case of the problem of tightness of a matrix. It seems interesting to try to cast
the problem of finding a minimum-length sorting sequence of a permutation,
or determining the length of such a sequence, into the algebraic realm that we
explore here. One would perhaps first try to get a graph-theoretic model that
models the effect of any reversal/transposition.6

Our approach here can be applied to the problems of sorting under other
genome rearrangement operations (or sets of rearrangement operations). This
will be discussed in the full version of this paper.
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